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contributions 


j Back Scattering Cross Sections of Cylindrical 
a Wires of Finite Conductivity* 
E. §. CASSEDY} anv J. FAINBERG{ 


? Summary—The back scattering cross sections of fine wires, through the use of EMF principles! or the variational 

_ taking the effect of finite conductivity into account, have been found. technique2-—* Th : 

G. 3 e agreement of computed cross secti 

_ The variational procedure is used to find theoretical expressions for a 8 Pp phic 

_ the cross section and it is concluded that the zeroth and the first- 

_ order solutions of Tai converge to one another with the addition of 

loss, in the region of first resonance. For fine copper, platinum and small.?~® 

_ bismuth wires, experimentally determined cross sections agree with The effects of loss in the cylindrical conductor can be 

 Sapeaan ee the pone ee = computed by extending the variational analysis of Tai? 
.5 per ce and- : ; : aes, 

al eae ee easier oe and Sevick.®:* This can be done by using the skin im- 


- width. ; ; 3 
a pedance per unit length’ in the equation for the bound- 
Z INTRODUCTION ary condition at the surface of the cylinder. The expres- 
sion for the back scattering cross section will then in- 
clude an impedance term dependent on losses in the 
cylinder. Kouyoumjian‘ has given the results of this 
procedure using the zero-order solution trial function of 
Tai’ but has not indicated further investigation of the 


* Manuscript received by the PGAP, January ie 1959; poe validity of the results. 
' manuscript received, August 10, 1959. This research was supported - lc itheeerost ener, 
by the U. S. Air Force through the Wright Air Dev. Center of the In the Decent ioe snot the zero- and the first-order 
Air Res. and Dev. Command. trial functions of Tai? are used to obtain the loss- 
ay Radiation Lab., The Johns Hopkins University, Baltimore, dependent back scattering cross sections of thin cylin- 


ry, H. Van Vleck, F. Bloch, and M. Hamermesh, “Theory of ders. The zero-order expression agrees with that given 

radar reflection from wires or thin metallic strips,” J. Appl. Phys., by Kouyoumjian.! These results are then compared 
vol. 18, pp. 274-294; March, 1947. a cea 
: 2C. T. Tai, “Electromagnetic back scattering from cylindrical with experimentally obtained values for cases where the 
wires,” J. Appl. Phys., vol. 23, pp. 909-916; August, 1952. cross sections are significantly affected by losses in the 
3 J. E. Storer and J. Sevick, “General theory of plane-wave scat- yA, 

tering from finite, conducting obstacles with application to the two cylinder. a 
on problems,” J. Appl. Phys., vol. 25, pp. 369-376; March, From the computed expressions for lossy cylinders 
19 


+R. C. Kouyoumjian, “The Calculation of the Echo Areas of less than one wavelength long, it is found that there is 
Perfectly Conducting ahaa by EN a oe ia cag a negligible difference in numerical results in using the 
i i i o, Tech. Rept. No. : ; re, 
; ae ae j two trial functions. This is true for the lossless case 
5 J. M. Minkowski and E. S. Cassedy, “Cross section of collinear also.2 Furthermore, an investigation of the adjusted 
arrays at normal incidence,” J. Appl. Phys., vol. 27, pp. 313-317; 
March, 1956. 


6 J. Sevick, “Experimental and Theoretical Results on the Back oh) b 
Petes Cetce Settion of Coupled Antennas,” Cruft Lab., Har- 7S. Ramo and J. R. Whinnery, “Fields and Waves in Modern 


vard University, Cambridge, Mass., Tech. Rept. No. 150; May, 1952. Radio,” John Wiley and Sons, Inc., New York, N. Y.; 1949. 


with experimentally obtained values is good in the range 
of physical parameters where the absorption losses are 


N recent years the back scattering cross sections of 
thin metallic cylinders have been computed by 
means of formulas based on the assumption of per- 
fect conductivity.'* These formulas have been derived 
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first-order constant in the trial function shows that the 
first-order trial function converges to the zero-order 
trial function with the addition of loss. 

The general effect of loss is to reduce the scattering 
cross section and to widen the bandwidth. The resonant 
length is virtually unaffected. Experimental measure- 
ments of scattering cross sections of fine copper, plati- 
num, and bismuth wires were made, and a comparison 
with computed results yields agreement to within 4 per 
cent in peak values and to within 1.5 per cent in band- 
width, wherever good experimental control was ob- 
tained on alignment of the wires. 


VARIATIONAL METHOD APPLIED TO A CYLINDRICAL 
WIRE oF FINITE CONDUCTIVITY AT BROAD ASPECT 


Consider a plane electromagnetic wave incident upon 
a cylindrical wire of finite conductivity, known perme- 
ability and a diameter small in comparison with wave- 
length, as shown in Fig. 1. The electric vector of the 
incident wave is parallel to the axis of the cylinder 
and the incident direction is normal to the cylinder 
axis. Using Hallén’s equation,® and rationalized mks 
units, we are able to write the following scalar approxi- 
mation for the electric field at the surface of the cylinder 
due to currents induced in the wire: 


—jop 1 0? 7 exp (—7kR) 
EX) = i I(z’ E = | dz’ (1 
An J_1 ©) k? d202' R ) 
where: 
T(z’) = “total current” 
R=V(s-2/P+@ 
k=27/d 
time dependence =exp (jwt) 
B= Tee (; 


For this approximation, it is assumed that the wire is 
sufficiently thin for the current at a given position along 
the wire to be uniform around the axis of the wire and 
so that it may be considered as a current filament [I(z) | 
on the axis. In the lossless case, the integral in (1) is re- 
duced from a surface integral® over both z and ¢ involv- 
ing the exact expression for the distance: 

== ¢’ 
2 i 


R= 4/¢ — 2/24 tat int (* 


[t is possible to include a small correction term due to 
the angular dependence? of R, and results of such com- 
putations compared with experimentally determined 
results on wires having negligible losses are very good.§ 
Both analyses, of course, neglect the effect of the end 
faces of the cylinder. The only attempt to consider this 


8 E. Hallén, “Theoretical investigation into the transmitting and 


receiving qualities of antennas,” Nova Octa (U. : 
ee a (Upsala), vol, 11, p. 1; 


January | 


Cylindrical Wire 


Fig. 1—Cylindrical wire scatterer at broadside incidence. 


effect is in the choice of a trial function in the variational - 
procedure.” 

In the following we use the approximation shown in _ 
(1) for the case of a cylinder of finite conductivity. For | 
this case, the currents actually penetrate into the vol-— 
ume of the cylinder, and the assumption of the “total 
current” filament used in the near field integral (1) is 
at least as good as for the lossless case. 

With this approximation for the near field and with | 
the approximation of the filamentary current with the | 
skin impedance per unit length, the boundary condition — 
at the surface of a cylinder of finite conductivity — 
becomes 


I(2)Z¢ = Eime(z) 


UST Wee 1 02 Jexp(—ikR 
An J _1 k? dzdz' R 
where’ 
. Fa ieee B is B “ - 
{pee k er (q) +j Bei (g) 
a 2ro L Ber’ (q) + j Bei’ (q) 
where 


q = (wuo)'?a 
Ber (q) = Re Jo(j-"2q) 
Bei (q¢) = Im Jo(j-/?q). 


This reduces to the case of a vanishing tangential field 
at the cylinder surface for the lossless case (Z;=0). 

The procedure from this point on is the usual varia- 
tional method? of constructing a homogeneous functional 
for the “far scattered amplitude.” The result of this pro- 
cedure applied to (2) is as follows: 
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l l 1 2 
ef f I(z’) E — | 
1 ea fee, k? dzdz’ 


nL; (" 
(z)dz'dz — j == f I?(z)dz 
R Cae 


<a 


where S is the usual far field functional? such that 
Ef°(r) __ exp (—itkr) A 
Fine kyr 


with 


r=distance to observer in the direction back toward 


the transmitter, and 
n=Vu/e. 


This also reduces to the lossless case? when Z;=0. The 
condition for stationarity is the boundary condition (2), 


_as in the usual variational treatment of electromagnetic 


problems. 


SOLUTIONS 


The variational treatment is completed by the sub- 


stitution of a proper trial function in (3). The simplest 


trial function, used in the treatment of the lossless case 


-at broadside incidence,’ is the shifted cosine distribution 


I(z) = Io(cos kz — cos kl). (4) 


_ The use of this trial function in (3) yields a solution 


which corresponds to the zeroth order solution of Tai.’ 
~The solution is obtained directly, since (3) is homogene- 


“ous, and the trial function involves just the single con- 


‘stant multiplier. The first integral of the numerator of 
(3) is evaluated for the shifted cosine J(z)*:’ and will be 
‘signified as g. The second integral of the numerator and 
‘the integral in the denominator of (3) are elementary 
‘and are dénoted as g’ and f respectively. The zeroth 
order solution, for the case including losses, is then 


(Le a 


R) i be 


(S) 


where: 


a 


g?9 = Si(4kl) + jCi(4kl) — jln(y4kl) 
+ 4[cos ki] [kl cos kl — sin kl] 


; Al 
y pa | ican = jSi(2kl) — In(y2kl) + In =| 


a, 
, 


— j2[cos? kl] [exp (—j2kl) — 1] 
4ka . 
— — sin? kl 
Tv 


4 ; 
= Se Z,([RI(2 + cos 2kl) — 3/2 sin 2k/] 
n 
f = 2sin kl — kl cos kl) 


She bs at “Radar Response from Thin Wires,” Stanford Res. 


‘Tnst., Stanford University, Stanford, Calif., Tech. Rept. No. 18; 
March, 1951. 


Pfr] 


(3) 


where 
aia leipod WON ede 


The zero order solution shown in (5) is subject to the 
restriction that the current vanishes at both ends 
[Z(+1) =0]. In order to obtain some data on the effect 
of losses on the current wave shape, the trial function 
with “relaxed” end conditions was used next to obtain a 
“first order solution” as defined by Tai.? That is, the 
trial function 


I,(z) = Ip(cos kz — K) (6) 


is substituted into (3) and the functional SS is evaluated. 
In this case the constant K is evaluated from the 
condition . 


Os 
=e. () 
OK 


The procedure followed is well known??> and has the 
following result in this case: 


AnZ; 
Mu—2Kyy+ K2p2—j aos [Mm—2Kg,4+-K°g0| 
1 kn (7) 


Si [gi— Kg |? 
where 
AnZ; ; 
FASO ai Os a | (gi? = hig) 
kn 
K — 
§1éMo2 — 212 
and? 
bu = — A cos? kl — 7L(4ki) 
me = — Acoskl + [In4 + Q — 2L(2kI)| sin kl 
Uo = — A+ 72[1 — cos 2k + j sin 22/] 
+ 2ki[In4 + Q — 2L(2kI) | 
g1 = 2 sin kl 
by 2kl 
hy = kl + 3 sin 2h1 
where 


— “ [exp (0/2) — exp (—j2#/)] 


L(x) = Ci(x) + jSi(x) 
21 


Q = 2in— 
a 


Ci(x) = In(yx) — Ci(x). 
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This reduces to the first order solution of Tai® for the 
case Z;=0. 
The normalized back scattering cross section is found 
by use of the following well known relation ak! 
1 
o/s = —| S|. (8) 
Tv 
Computations of back scattering cross section have 
been made using the zero-order solution and the results 
thus obtained have been compared with first-order 
solution results in the region of first resonance. The re- 
sults are nearly identical (for kl <7) over a wide range of 
conductor losses. Computations have been made for 
various amounts of loss up to the case where the reso- 
nant cross section is reduced to 4 per cent of the no loss 
value and the zero- and first-order results differ by less 
than 0.25 per cent. This coincidence of results is further 
verified by inspection of the curves of the first-order 
parameter K and cos &/ as functions of k/, as shown in 
Fig. 2. It is seen that the small difference between K and 
cos ki, for the case of no loss, is further diminished by 
losses. (All losses less than 96 per cent give curves of 
Re (K) that lie between the two shown.) Tai? has shown 
that K is nearly identical with cos k/ over the range 
kl<. The present results show that in the region of 
first resonance this correspondence increases with the 
addition of loss. 


COMPARISON OF THEORETICAL RESULTS 
WITH EXPERIMENTAL RESULTS 


Computations were made using the formulas de- 
veloped from the variational method. These were com- 
pared with experimental results measured on thin cop- 
per, platinum and bismuth wires in the region of the 
first resonant length. Due to the close correspondence 
of the results from the zeroth and first-order solutions, 
the simpler of the two, (5), was naturally chosen to make 
the computations. 

The apparatus and the experimental method used in 
determining the radar cross sections of the thin wires 
have been fully described elsewhere.!° The method rests 
on the Doppler modulation of the signal by the motion 
of the scatterer. In the particular arrangement used, the 
sample and the standard of known radar cross section 
are alternately presented to the incident field. The 
styrofoam bar of six-foot length, which supports the 
sample and the standard, rotates with an angular 
velocity of 1 rps. The synchronously detected Doppler 
modulation is commutated to twin feedback rectifier 
systems, providing a comparison of voltages which are 
linearly dependent on back scattered fields of the 
standard and of the sample. 

In order to support the fine wires (diameters 0.001 
to 0.005 inch) adequately, it was necessary to have 


* H. Scharfman and D. D. King, “Antenna measurements by 


pscdulazion of the scatterer,” Proc. IRE, vol. 42, pp. 854-858; May, 


January 
0.3 ——-—— Real Part of K (No Loss) 
——— Real Part of K (96% Loss) 
———— Cos kg 
0.2 Imaginary Part of K(All Cases)~O — 
K 
0.1 
(@) 
0.441 0.4511 0461 0.471 0481 0497 
kk 


Fig. 2—Parameter K as a function of kl. 


the dipoles mounted completely in styrofoam holders. 
Although styrofoam has a dielectric constant of 1.03 at 
the 3000-mc measurement frequency, small end loading 
effects are observed on a dipole completely immersed in 
it. These loading effects of styrofoam have been meas- 
ured on thick rigid dipoles. The back scattering cross 
section was measured with the dipole completely im- 
mersed in styrofoam and also with only the middle of the 
dipole supported, leaving the ends in air. In Fig. 3, ex- 
perimental results are compared with zero-order varia- 
tional results. The experimental resonant length of the 
dipole completely immersed in styrofoam is shifted from 
the theoretical value by 0.01 \ more than the experimen- 
tal resonant length of the dipole supported in the mid- 
dle. In addition, the experimental resonant length of the 
dipole supported in the middle is shifted by 0.01 » from 
the theoretical result which does not include end ef- 
fects.45 

The “end loading” effects just described are also evi- 
dent in the results shown for the fine wires in Figs. 4-10. 
The total discrepancy between the theoretical and the 
experimental resonant lengths is only 0.010 in all cases, 
except in the case of the 0.005-inch diameter platinum 
wire where it is 0.012 d. 

Inspection of the curves of back scattering cross sec- 
tion vs lengths of fine wire in Figs. 4-10 shows, after ac- 
counting for the end loading effects, that the assump- 
tions of the theory are fairly well supported by the ex- 
perimental results. The experimental curves are con- 
sistently lower (about 4 per cent on the average) than 
the theoretical curves, indicating that the theory has 
not accounted for all of the loss. A tabulation of results 
for each case is shown in Table I. It should be noted 
that the discrepancy between theory and experiment 
does not appear to diverge with increasing losses. 

A further comparison of experiments with theory of 
practical interest is that of bandwidth. The half-power 
(cross section) bandwidths of the experimental and 
theoretical curves from Figs. 4-10 are listed in Table I. 
The maximum discrepancy of the theory and the meas- 
urements is 1.5 per cent. 


The limit of statistical error in the experimental 
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Fig. 3—Back scattering cross section vs length of thick wire. 
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Fig. 5—Back scattering cross section vs length of fine wire. 


Cassedy and Fainberg: Back Scattering Cross Sections of Cylindrical Wires 


0.8 
1 AT BROAD ASPECT 


Wire Dia.= 0.001 Inch 
Material— Copper 


0.7 Freq. = 3,000 me/sec. 


0.6 


0.5 


oie Theory (No Loss) ——-—— 
0.4 Theory (With Losses) 
\ Experiment ——-———-—-— — 
\ 
0.3 
0.2 
0.1 


0.4 0.5 0.6 
2 
Ly 


Fig. 4—Back scattering cross section vs length of fine wire. 
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Fig. 6—Back scattering cross section vs length of fine wire. 
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Fig. 9—Back scattering cross section vs length of fine wire, 
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Fig. 10—Back scattering cross section vs length of fine wire, 
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TABLE I 
Dipole Peak Values Per Cent Bandwidth 

Pon Sey aes Computed 

lameter ; ; nleky f ime 
(Nominal) Material in Q/m in Q/m Theory Experiment ay i ame 
in Inches o/N? o/X? Per Cent Per Cent 

0.001 Copper 34.0 189 +7180 0.742 05733 12.1 le? 

0.003 _ Copper 3.79 62.5+ 759.7 0.805 0.768 14.0 1350 

0.001 Platinum 229. 527 +7458 0.603 0.572 13.1 14.0 

0.002 Platinum Show! 227+ 7221 0.725 0.690 Si) 14.4 

0.003 Platinum Davin 115+7147 0.760 0.727 13.8 15.23 

0.005 Platinum 8.56 93 .0-+788 .6 0.788 0.763 15.6 16.4 

0.001 Bismuth 2800. 2940 +7700 0.202 0.195 2503 24.7 


measurement of back scattering cross section is esti- 
mated at +4 per cent and the lengths of the wires used 
in the experiment were determined to within +0.002X. 
_ The limit of error in cross section due to the values of 
_ resistivity used for the skin impedance in the computa- 
tions is estimated to be an additional + 2 per cent. The 
resistances of the wires were measured on a General 
Radio Resistance Limit Bridge, and the permeabilities 
were all taken as o=4m X1077 henrys per meter. From 
_ these the values of Z; were computed.’ 


CONCLUSION 


Resistance losses in a thin cylinder modify the back 
scattering results in the region of first resonance by re- 
ducing the cross section and increasing the bandwidth. 
The first resonant peak occurs virtually at the same 


cylinder length. The experimental results reported 
above show that the zero-order variational expressions 
for back scattering describe fairly accurately the be- 
havior when losses cause as much as a 75 per cent re- 
duction in the peak cross section. Furthermore, for com- 
putations in the region of first resonance, no additional 
accuracy 1s gained by the use of the next higher order of 
approximation of Tai. 
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A Multipurpose Radar Target* 
J. W. CARRt 


Summary—Consideration of methods of simulating a moving 
target by making a mechanically stationary target appear [to an 
_MTI (Moving Target Indicator)-equipped radar] to be moving 
~ resulted in the use of crystals as switching elements in a low-voltage 
low-energy battery-powered device. Extending the use of these 
switching elements results in a target that is visible to any polariza- 
tion. By applying these concepts to composite waveguide structures, 
a dual-band simulated target head was developed and field tested. 


* Manuscript received by the PGAP, October 9, 1958; revised 
manuscript received, August 19, 1959. The work presented here was 
~ done at Gilfillan Bros., Inc., Los Angeles, Calif., where it was officially 
- disclosed on June 6, 1955. } 

. + Missile System Div., Lockheed Aircraft Corp., Sunnyvale, 
Calif, . 


INTRODUCTION 


lar aircraft landing systems, two of the most valu- 

able adjuncts are 1) an MTI for detecting moving 
targets in the presence of stationary ground clutter and 
2) circularly polarized antennas for better target detec- 
tion in the presence of rain. Standard geographically- 
located stationary reference targets provide definite 
range and angle markers for normal radar use when 1) 
and 2) are not employed. However, when the MTI is 
placed in operation, a standard passive target reflector 
is cancelled out along with the rest of the stationary 


[: several radar systems, especially in some particu- 
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clutter; this leaves only synthetic geographical reference 
points, if such are provided, on the indicator. When 
circular polarization is employed in the radar antennas, 
the plane reflector-type target is masked, since the re- 
flected wave is polarized in the opposite sense to the 
radar antenna. An active device is required in order to 
provide a visible target when MTI is used, whereas the 
requirements for circular polarization alone can be 
achieved by a passive scheme. 

After considering several schemes to simulate a mov- 
ing target, the nonlinear impedance characteristic of a 
crystal looked the most promising from the standpoint 
of low power requirement. Also, there was a large range 
of commercially available silicon and germanium crystal 
diodes to choose from. 


PRINCIPLES OF OPERATION 


Fig. 1 shows qualitatively the dc forward resistance 
characteristic of a crystal diode. For little or no applied 
forward voltage Vi, the resistance is high in the vicinity 
of A. For some value V2 of applied potential difference, 
the resistance is some low value in the vicinity of C. If 
the RF resistance has a similar characteristic, one sees 
the possibility of controlling the RF impedance by ex- 
ternally applied biasing voltages. Suppose a crystal and 
a transmission line are so chosen that the characteristic 
impedance Z of the transmission line lies in the vicinity 
of B. Further, assume that the combined crystal and 
mount can be designed such that the impedance pre- 
sented to the line is mainly the crystal resistance. Let 
Z, be the predominantly real terminal impedance pre- 
sented to the line by the crystal and its mount. Let ke” 
be the reflection coefficient. 


For VS Vi, Zi >Zo, and Rye" ~ Ry. 
For = Vio Zin Kh and kye2%2 ~ —k». 


Thus, if the applied bias is V; on the uth incident radar 
pulse and V2 on the (n+1) radar pulse, it is noted that 
the phase of the reflected RF signal has been changed on 
the order of 180° from pulse to pulse. On a voltage basis 
the efficiency of the target head (transmission line- 
crystal network) may be expressed as 


: kye7%1 — Ryoe1% 
per cent voltage efficiency = 100 |————____— 


50 [ki — Reet —%) |, 


When ki=k.=1 and 0,:—6,;=7, the efficiency is 100 
Per cent: 

A voltage efficiency is defined since the most common 
MTI systems linearly detect the echo pattern from one 
pulse, delay it and compare it with the return from the 
next pulse, etc. 

Fig. 2 shows some measured efficiencies at S band. 
X-band efficiencies were approximately the same. 
These 4 per cent bandwidth data do not represent band- 
width limitations. Tests were made only on commer- 
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Fig. 1—Forward bias. 
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cially available crystals. With switching characteristics 
considered as the main design parameter it may be pos- 
sible to develop and package a crystal, or family of 
crystals, which has much more efficient switching char- 
acteristics. In an attempt to apply the technique to an 
externally pulsed low-power TR device only about 10-db. 
rejection was realized. No further investigation was 
made. 

Fig. 3 shows schematically a primary feed horn with 
a crystal-terminated transmission line. 

Fig. 4(a) shows an RF pulse chain and Fig. 4(b) 
shows an enveloping symmetrical waveform from a 
multivibrator with a frequency half of that.of the 
radar PRF. 

The multivibrator.yayeform is the bias waveform ex- 
ternally applied to the crystal. It may be assumed, for 
the sake of presentation, that the multivibrator is syn- 
chronized with the radar PRF. However, this is not 
necessary in systems where the pulse-to-pulse signal 
differences due to a phase differential at the target are 
integrated over many pulses, i.e., over the number of 
pulses per sweeping antenna beamwidth. 

The above discussion has demonstrated how such a 
device can return a detectable signal to a linearly 
polarized radar set equipped with a pulse-to-pulse phase 
comparison MTT. If only an amplitude-sensitive radar 
detection system is used, it may be desirable to design 
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(b) 
Fig. 4—(a) Pulsed RF envelope. (b) Pulsed bias. 


a high reflection coefficient for the uth pulse and a 
matched termination for the (+1)th pulse. This mode 
of operation was accomplished. 


DESIGN OF THE TARGET FOR CIRCULARLY 
POLARIZED RADARS 


Consider Fig. 3 again, but now use a waveguide with 
orthogonal symmetry such that it can support two or- 
thogonal modes with the same phase and impedance 
characteristics. Add a second crystal half-a-guide-wave- 
length towards the horn from the first one and at right 
angles to it. Apply Vi to one crystal and V2 to the other. 
The arrangement is shown in Fig. 5. 

- For any RF pulse, if the polarization is circular or 
elliptical, the vertical component will be biased for a 
positive reflection coefficient, while the horizontal com- 
ponent will be biased for a negative reflection coef- 
ficient. The Ag/2 spacing is necessary in the above 
- scheme in hollow waveguide to provide a round-trip 
360° phase lag of k2 with respect to ki, so that the 
phase difference between orthogonal components is 
2nm + (02—81). (82 —61) is the phase difference due to the 
difference of bias levels. This results in a target which is 
now detectable on a radar equipped with both MTI and 
circularly polarized antennas. If ki=k2 and 6:—0,=7, 
the sense of polarization of a reflected circularly polar- 
ized wave is of the proper sense to be received most 
effectively by the circularly polarized radar antenna. 


A DuAat BAND TARGET 


Some radar systems are equipped with a higher fre- 
quency microwave radar for short-range precision data, 
and a lower frequency microwave radar for longer range 
search purposes. Fig. 6 shows a diagram of a combina- 
tion X.S-band target head, which, when used by itself 
or with an axially symmetrical reflector such as a pa- 
raboloid, will provide a target return for the following 
types of operation on both S and X band (pulse-to-pulse 
phase comparison MTI): 
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(b) 
Fig. 6—(a) Side half-section. (b) Front view. 


1) circular polarization, 

2) horizontal polarization, 

3) vertical polarization, 

4) circular polarization with the MTI in operation, 
5) horizontal polarization with the MTI in operation, 
6) vertical polarization with the MTI in operation. 


Voltage efficiencies of the device on the order of 50 
per cent were achieved over 10 per cent bandwidths for 
total battery current drain on the order of 20 ma. This 
is for the combined feed shown in Fig. 6, where 6 crystals 
are driven by a transistorized free-running multivibrator 
powered by a 6-volt dry cell (see Fig. 7). 

Neither the frequency of the multivibrator nor the 
battery voltage (limiting the driving current for the 
crystals) is critical. Dropping the battery voltage from 
6 to 3 volts resulted in only a small reduction in ef- 
ficiency. This is due to the fact that the crystal current 
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is still near its saturation value for the lower applied 
voltages. 

As suspected, it was found that the efficiency of the 
crystal as a control element depends greatly not only on 
the type of crystal but on the crystal “package” and 
mount as well. 

The S-band target head is a square coaxial arrange- 
ment in which 2 TE, orthogonal modes are excited. The 
terminal impedance for each of these modes is controlled 
by 2 crystals, one on each of opposite sides of the square 
center conductor. The cross talk between the modes is 
not great enough to cause any difficulty. Values of cross 
talk obtained were estimated as being about —20 db. 

The X-band target head is a square quadruple ridge 
waveguide with a gradual transition into a square wave- 
guide, the open end of which serves as the horn aperture. 
It supports two orthogonal ridge waveguide TE;) modes 
each terminated by one crystal. This choice of wave- 
guide was made to obtain a working combination of 
waveguide impedance relative to the crystal character- 
istic (for orthogonal mode operation) and to minimize 
crystal lead inductance. 

Because of the following factors, microwave crystals 
were not used in a working model. Microwave crystals 
have low burnout levels, a weakness which was en- 
hanced by the forward biasing. Also, the microwave 
crystals did not exhibit as large a change in impedance 
between low- and high-level biasing states for higher in- 
cident RF power levels. The amount of change varied 
much more with change of incident RF power level than 
was the case for the low-frequency point-contact or 
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junction-type diodes. On a sample germanium point- 
contact crystal the efficiency remained practically con- 
stant (dropping off a little at higher power levels) for 
incident 0.5-ysec pulses of peak incident RF power level 
variations over a 40-db range from one milliwatt to ten 
watts. r 

A compromise multivibrator frequency of about 0.7 
of the S-band radar PRF and about 0.2 of the X-band 
radar PRF was used. It was estimated that this gives 
pulse-to-pulse bias state changes to about one-third of 
the pulses per beamwidth on the higher PRF X-band 
radar and about one-half of the pulses per beamwidth 
on the S-band radar. Field tests disclosed that the multi- 
vibrator frequency was not critical. The optimum bias 
frequency for a single fixed PRF radar would be in the 
vicinity of one-half the radar PRF so that practically 
100 per cent of contiguous incident radar pulses are al- 
ternately biased and unbiased. Fig. 7 shows the transis- 
tor multivibrator circuit and shows how the crystals are 
driven. This particular circuit had very good frequency 
stability up to ambient temperatures of 140°F and for 
large changes in power supply voltage. As previously 
noted, the voltage level or frequency is not critical. The 
main concern is to sustain oscillations under large 
changes in ambient temperature levels. 


CONCLUSION 


This type of target [meeting the requirements of 1) 
and 2) in the Introduction] appears to offer the most 
versatility and most economical fabrication and main- 
tenance of the various types considered. For fewer func- 
tional requirements fewer crystals are required and 
therefore longer battery life is obtained. The low power 
requirements make its use more widely applicable than 
some device requiring a line power source. The ability to 
produce pulse-to-pulse amplitude changes as well as 
phase changes may make it applicable for monitoring - 
radar systems equipped with pulse-to-pulse amplitude- 
sensitive MTI. 
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On Uniform and Linearly Tapered Long Yagi Antennas* 
DIPAK L. SENGUPTA 


Summary—Traveling-wave analysis of long Yagi antennas is 
reviewed briefly. The method of designing a Yagi antenna from this 
viewpoint is discussed and some experimental results are given in 
order to verify the analysis. A long Yagi antenna, when designed ac- 


_ cording to the Hansen and Woodyard condition, has a sidelobe ratio 


of 9.32 db in its radiation pattern, irrespective of the length of the 
antenna. It is shown that by varying the propagation constant linearly 
along the length of the antenna, the sidelobe ratio can be improved 


_ considerably without sacrificing much of the antenna gain. This 


_ linear variation of the propagation constant may be obtained by slowly 


tapering the element lengths and/or element spacings along the 


length of the antenna. An approximate theory is developed for the 
linearly tapered long Yagi antenna and it is verified by actual meas- 
urements. A comparison between the radiation patterns of the uni- 


form and the tapered long Yagi antennas clearly shows the ad- 


vantage of tapering. 


INTRODUCTION 


HE Yagi antenna is one of the cheapest and sim- 
a plest of the antennas which are commonly used for 

directional reception of linearly polarized electro- 
magnetic waves in the VHF and UHF ranges. The con- 
ventional analysis which considers the Yagi strictly as 
a resonant antenna is adequate for the practical design 
of short Yagi antennas consisting of three or four direc- 
tor elements. In the case of long Yagi antennas, where 
the number of elements may be very large, the design 
of the antenna according to this method becomes very 
complicated, if not impossible. However, the uniform 
long Yagi antenna may be designed! in a simpler way by 
considering it as a traveling-wave antenna. It can be 
shown that when the antenna is designed to have maxi- 
mum gain, the sidelobe level in its radiation pattern is 
9.32 db down, irrespective of the length of the antenna. 
This ratio may be improved up to a theoretical limit of 
13.2 db down, but at a considerable sacrifice of the 
antenna gain. In the present paper, it is shown that by 
varying the phase velocity of wave propagation accord- 
ing to a predetermined fashion along the length of the 
antenna, the sidelobe level can be improved consider- 
ably without deteriorating the gain appreciably. A Yagi 
antenna having such propagating characteristics will 


be called a tapered Yagi antenna in contrast to the uni- 


form case where the phase velocity is maintained con- 
stant along the length of the antenna. This idea of taper- 
ing the phase velocity is similar to the idea used in the 


* Manuscript received by the PGAP, February 16, 1959; revised 
manuscript received, August 10, 1959. The research reported herein 
was made possible through support to the Dept. of Elec. Engrg., 
University of Toronto, Canada, by the Natl. Res. Council of Canada, 
under Radio-Astronomy Project, Grant No. G587. : ; 

+ Gordon McKay Lab. of Applied Science, Harvard University, 


# Cambridge, Mass.; formerly with the Dept. of Elec. Engrg., Univer- 


sity of Toronto, Canada. : ; ‘ 
: D. L. Sengupta, “Traveling Wave Analysis of Certain End-Fire 
Antennas,” Ph.D. dissertation, University of Toronto, Canada, pp. 


81-86; 1958. 


case of modulated surface wave antennas.? However, in 
the present case, the phase velocity is allowed to vary 
monotonically with length rather than periodically 
along the length, as is done in the latter case. 

In the following sections, the traveling-wave analysis 
of the uniform long Yagi antenna is reviewed first, and 
the method of design is discussed briefly. The experi- 
mentally determined radiation patterns of such an an- 
tenna of length L=6X at 3000 mc are given and com- 
pared with the theoretical results. Secondly, the radia- 
tion properties of a tapered long Yagi antenna are in- 
vestigated. An approximate theory is developed to ex- 
plain the action of tapering. The theory is verified by 
actual measurements. A comparison between the results 
of the uniform and tapered cases clearly points out the 
advantages of tapering. 


Unirorm LonG Yact ANTENNAS 


As mentioned in the Introduction, the analysis of long 
Yagi antennas becomes very complicated if one follows 
the conventional analysis. This is because one has to 
adjust too many parameters in order to obtain the de- 
sired performance from the antenna. However, the 
analysis becomes much simpler if one considers the Yagi 
as a traveling-wave antenna. It can be shown that the 
radiation properties of a long Yagi antenna may be de- 
termined once the phase velocity of the traveling wave 
along it is known. The phase velocity itself being a func- 
tion of the different physical parameters of the antenna, 
the complete design of the antenna can be carried out 
once the phase velocity along it is known. 

The application of traveling-wave ideas to the Yagi 
antenna is a relatively new concept. Smith* suggested 
that the physical action of the director elements in the 
Yagi is to reduce the phase velocity of the wave travel- 
ing along the length of the antenna. In other words, it 
may be said that the driven element of the Yagi launches 
a traveling wave which moves through a region of re- 
fractive index greater than unity. Ehrenspeck and 
Poehler,’ Spector,® and Reynolds’ have made extensive 

2F. J. Zucker and A. S. Thomas, “Radiation from modulated sur- 
face wave structures I,” 1957 IRE NATIONAL CONVENTION RECORD, 
pt. 1, pp. 153-160. 

*U. Shintaro and Y. Mushiake, “Yagi-Uda Antenna,” The Res. 
Inst. of Electrical Communication, Tohoko University, Sendai, 
Japan, ch. 9; 1954. ’ t 

4R. A. Smith, “Aerials for Metre and Decimetre Wavelengths, 
Cambridge University Press, Cambridge, England, pp. 150-151; 
1950. 

5 H. W. Ehrenspeck and H. Poehler, “A New Method for Obtain- 
ing Maximum Gain from Yagi Antennas,” Antenna Lab., AF Cam- 
bridge Res. Center, Bedford, Mass.; July, 1956. Also, IRE TRANs. 
on ANTENNAS AND PROPAGATION, vol. AP-7, pp. 379-386; October, 
1959. 

6 J. O. Spector, “An investigation of periodic rod structures for 
Yagi aerials,” J. IEE, pt. B, vol. 105, pp. 38-43; January, 1958. 


7D. K. Reynolds, “Broad-band travellng-wave antennas,” 1957 
IRE NaTIONAL CONVENTION REcoRD, pt. 1, pp. 99-107. 
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experimental investigations on the properties of the uni- 
form long Yagi antenna considered as a traveling-wave 
antenna. In the following sections, the design of the long 
Yagi antenna and its radiation properties are discussed 
briefly. 

In order to obtain an expression for the radiation pat- 
tern, the uniform long Yagi antenna of length L is re- 
placed® by an equivalent line source of longth L which 
is assumed to be excited by a traveling wave whose 
velocity of propagation is equal to the phase velocity of 
propagation along the antenna. The radiation pattern 
of the uniform long Yagi antenna is then obtained from 
the following expression: 


L/2 
S(0) it exp — i(8 — k cos 0)dz 


—L/2 


Fone) 


=e (1) 


See ae?) 


k is the propagation constant in free space, 

6 is the propagation constant in the antenna, 

6 is the angle measured from the axis of the antenna 
which is aligned along the z-axis, 

w is the angular frequency and the assumed time de- 
pendence is of the form e**. 


where 


Eq. (1) may be recognized as the usual expression for 
endfire radiation pattern if 6>k. It should be men- 
tioned at this stage that (1) is approximate; it can ex- 
plain the main beam and the first sidelobe character- 
istics of the antenna with an amount of accuracy suf- 
ficient for practical purposes. A better theory is required 
to explain the minor lobe details of the pattern. In a re- 
cent paper,’ Zucker and Kay theoretically discussed the 
problem of radiation from this kind of antenna by apply- 
ing the concept of surface wave. Although from the sur- 
face wave point of view, the approximations made in 
deriving (1) are questionable, this expression is found 
to be extremely useful for the practical design of the 
antenna. It can be shown ” that for obtaining maximum 
gain from an antenna having a radiation pattern given 
by (1), the following relation must be satisfied, 


(@—HL=- 
v L/x 

or, (2) 
Comoe). 


* Sengupta, op. cit., p. 12. 
® The author is indebted to one of the reviewers for pointing out 
the Paper of F. J. Zucker and A. F. Kay, “A surface wave antenna 
paradox,” presented at the Fall URSI meeting, Pennsylvania State 
University, University Aes October 20-22, 1958. 
© W. W. Hansen and J. R. Woodyard, “A new principle in direc- 
oe antenna design,” Proc. IRE, vol. 26, pp. 333-345; March, 
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where 


c is the phase velocity in free space, 
y is the phase velocity in the antenna. 


Eq. (2) is the well-known Hansen and Woodyard con- 
dition which predicts that the phase velocity in the an- 
tenna should be less than free-space velocity in order 
that the condition may be satisfied. Fig. 1 shows the re- 
quired value of the phase velocity (v/c) in the antenna 
as a function of the antenna length. Once the necessary 
phase velocity is chosen, the radiation pattern of the an- 
tenna may be analyzed by using (1). 
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Fig. 1—The optimum phase velocity as a function 
of the antenna length. 
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The propagation constant 8 (from which the phase 
velocity may be obtained by using the relation v=w/8) 
in the antenna is a function of the different physical 
parameters of the antenna and can be obtained from the 
following approximate expression,!! 


cos Bd = cos kd — § exp kdf(a, R) (3) 

where 
sin ka cos kR 

(cos ba) ( ) — ka(cos ka) ( ) 

f(a, R) ka RR (4) 
a, = 
sin ka — ka cos ka ; 

and 


2a is the length of each director element, 
d is the spacing between two adjacent elements, 
R is the radius of each element. 


The approximations involved in (3) are d>R, a>kR, 
d>a/2. 

Perhaps it will not be inappropriate at this stage to 
make the following comments about (3). 

1) The expression is obtained for an infinite structure 


MDE ey Sengupta, op. cit., p. 45. Also, “On the phase velocity of 
wave propagation along an infinite Yagi structure,” IRE TRANS. ON 
ANTENNAS AND PropaGation, vol. AP-7, pp. 234-239; July, 1959, 
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which extends to infinity in both the positive and nega- 
tive directions along the axis of the structure. However, 
_ since the phase velocity is independent of the length of 
the structure, this expression can be used for calculating 
the phase velocity in a long but finite Yagi antenna. 

2) The phase velocity is less than the free-space 
velocity as long as a<)/4. This is the range of practical 
interest, since the antenna utilizes the slow-wave nature 
of the propagation. 

3) The phase velocity decreases continuously with 
increase of a and decrease of d. Its value is very close 
to c for small values of a and large values of d. The phase 


_ velocity increases with decrease of R, and its value ap- 


proaches the free-space value in the ideal case of R=0. 
4) The phase velocity decreases continuously with 


increase of frequency. 


Thus it is seen that by using (3) and (4), the different 
parameters of the uniform long Yagi antennas can be 
chosen for any desired value of 8. These can also be de- 
_ termined by consulting the published experimental and 
theoretical curves.®:+1! 
| By following the above technique, a uniform Yagi 
antenna of length L =6 at 3000 mc has been designed. 
The design values of the different parameters are given 
_ below: 


operating frequency fy=3000 me, 
relative phase velocity v/c=0.923, 
radius of the director element R=0.008 X, 


iy, 
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We 
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- Fig. 2—The E-plane radiation pattern of a uniform long Yagi an- 
ids B a L at 3000 mc. Dashed line: theoretical; solid line: 
experimental. - 
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spacing between the two adjacent directors d=0.15X, 
length of each director element 2a =0.352 X. 


It should be noted that for a given length L of the 
antenna, the optimum phase velocity may be achieved 
for different combinations of the three parameters d, a, 
and &. In this sense, the design method outlined above 
is not unique. However, from a critical study" of the 
variation of phase velocity with the different parame- 
ters, suitable ranges of values for these parameters may 
be given. The value of R should be chosen between 
kR=0.05 and kR=0.15. For this choice of R the desired 
phase velocity may be obtained for suitable values of 
the parameters a and d. The directivity of the antenna 
becomes less frequency sensitive for values of d<)/4. 
The proper choice of d should be governed by this con- — 
sideration; for cases of practical interest, a possible 
range for d may be given as between 0.1 \ and 0.25 X. 
Once R and d are chosen, the parameter a is auto- 
matically fixed. 

The principal plane radiation patterns of the above 
antenna have been measured experimentally and com- 
pared with the theoretical patterns. The results are re- 
produced in Figs. 2 and 3. It can be seen from the two 
figures that the sidelobe ratio in the pattern is about 
9.32 db down, as expected from the theory. A better side- 
lobe ratio may be achieved from the antenna by operat- 
ing it at a frequency lower than the design frequency fo. 
This, however, reduces the antenna gain because of the 


Fig. 3—The H-plane radiation field pattern of a uniform long Yagi 
antenna of length L=6 at 3000 mc. Dashed line: theoretical; 
solid line: experimental. 
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excessive broadening of the main beam. This can be 
seen from Fig. 4, which shows the variation of the rela- 
tive directivity and the sidelobe ratio of the antenna as 
functions of the frequency deviation from the design 
frequency fo. The directivity of the antenna at f=fo, as 
computed graphically from the experimental pattern, is 
found to be 16.6 db compared to an isotropic radiator. 
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Fig. 4—The variation of the directivity and the sidelobe ratio of a 
uniform long Yagi antenna with frequency. (Length of the an- 
tenna L=6 ) at the optimum frequency fo=3000 mc.) A =theo- 
retical curve for relative directivity; B=curve for relative direc- 
tivity as calculated graphically from the experimental patterns; 
and C=theoretical curve for the sidelobe ratio. 


TAPERED LonNG YAGI ANTENNA 


It is shown in the following sections that by using a 
linear variation of the propagation constant along the 
length of the antenna, the sidelobe level in its radiation 
pattern can be improved considerably without sacri- 
ficing much of the directivity. This type of variation of 
propagation constant should be distinguished from the 
arbitrary periodic variation used by Zucker? in the case 
of modulated surface wave antennas, of which the ta- 
pered long Yagi antenna may be thought of as a special 
case. Zucker showed that the periodic variation of B 
gives rise to several constant velocity and constant am- 
plitude space harmonic wave components. The over-all 
pattern of the antenna is assumed to be the superposi- 
tion of the patterns of these individual components. In 
a recent report, Malech and Blank” considered the ef- 
fect of tapering on a printed circuit equivalent of the 
long Yagi antenna. To explain the improved sidelobe 
ratio in the tapered case, they used Zucker’s method of 
space harmonic analysis. In the following analysis, a 
different approach is used; the radiation pattern is cal- 
culated from field theory considerations instead of the 


™ R. G. Malech and S. J. Blank, “Final Report on Propagation of 
Electromagnetic Waves,” Airborne Instruments Lab., Mineola, 


N. Y., Contract AF 19(604)-2446, Rept. No. 4571-1, pp. 15-22; 
June, 1958. 
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harmonic analysis. In the present analysis, it will be 
found that the amplitude distribution of the field along 
the length of the antenna can no longer be assumed to be > 
constant if the propagation constant is varied. The 
theory given below explains the effect of tapering with 
an accuracy better than the first approximation to 
Zucker’s method as given by Malech and Blank. 


PHysIcAL EXPLANATION OF THE 
ACTION OF TAPERING 


In this section the action of tapering the propagation 
constant 8 along the length of the antenna is discussed 
purely from physical considerations. In the case of con- 
stant B, the field distribution along the length of the 
antenna is uniform. The effect of varying 6 is to produce 
a nonuniform field distribution in the antenna. It is a 
well-known fact in antenna theory that a proper non- 
uniform source distribution produces better sidelobe 
ratio in the radiation pattern than that produced by a 
uniform distribution. Moreover, if the propagation con- 
stant is decreased slowly towards the open end of the 
antenna, then the effect of any possible reflection at 
that end will be reduced. It is thus reasonable to expect 
that the sidelobe level in the radiation pattern of a long 
Yagi antenna may be improved by judiciously tapering 
the propagation constant along its length. It should, 
however, be noticed that the amount of tapering should 
be kept very small so that the average value of 8 in the 
antenna may not be too different from that required by 
the Hansen and Woodyard condition. Otherwise, the 
advantage of tapering will be lost due to too much 
broadening of the main beam of the radiation pattern 


[see (1) ]. 
METHOD OF TAPERING 


As mentioned before, the phase velocity along the 
long Yagi antenna increases continuously with increase 
of the spacing between the director elements d or with 
decrease of the element length 2a. Therefore, the re- 
quired variation of the propagation constant along the 
length of the antenna may be obtained by varying either 
of the above two parameters, or by a combination of 
both. In the present case, for experimental verification 
of the approximate theory given below, the variation of 
a is used at first because of its simplicity. Later, the 
effects of the combined tapering of both the parameters 
are investigated and the results are then compared with 
the previous case. It should be remembered that this 
variation of the element length and/or spacing should 
be a very slowly-varying function of antenna length so 
that the propagation constant at any point along the 
structure may be assumed to have the value equal to 
what it would be on an infinite homogeneous structure 
characterized by the parameters at that point. The ap- 


proximate theory given below is valid under this as- 
sumption only, 
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AN APPROXIMATE THEORY OF TAPERING 


Let it be assumed that the propagation constant along 

q the length of the antenna varies linearly from B, at the 

feed end of the antenna to a value B, at the open end. 

_ The propagation constant at any point z along the an- 
_ tenna may be represented by the following relation 


B(z) = Box ees (5) 
where 


Bay =(81+B2)/2 is the average value of the propaga- 
tion constant; 
a= (8;—B:2)/L is the average variation of 8 per unit 
length along the antenna; for the present case, 
@ 1s a positive constant. 


_ The fields existing above such a structure must satisfy 
the following wave equation: 


ay 
ee +- 67(z)y = 0, (6) 
dz 


the assumed time dependence being of the form e+. 

_ _ Eq. (6) is extremely difficult to solve exactly, but it 
_ may be solved approximately by the WKB Approxima- 
_ tion Method,® provided 8 varies slowly in one wave- 
_ length along the structure. If a is small compared to 
- unity, the above condition is true and the following 
solution of (6) is obtained by WKB approximation: 


y(z) = ep -- i [ a@)ds, (7) 


From (7), it is evident that by varying the propagation 
constant, a tapered amplitude distribution of field is 
obtained along the length of the antenna. Assuming 
~ @/2BayK1 and performing the phase integration, (7) 
may be written in the following form: 


1 i az ( =) (8) 
val +e Peis aoa): 


Eq. (8) gives the proper traveling wave which should 
be used to calculate the radiation field of the tapered 
long Yagi antenna by the equivalent line source ap- 
proach. After introducing this in (1), the following is 
obtained for the radiation pattern of the tapered Yagi: 


¥(z) = 


L/2 
Sy = ¥(z) exp ikz cos 0-dz. (9) 
: ) SL 
After omitting the term 1/+/Bay in (8) and substituting 
the value of (z) in (9), the following result is obtained : 


if is oe sae 10) 
SE =f (1+ ) -expi( = r) Z 
\ ) —L/2 DPav 2 


13 P. M. Morse and H. Feshbach, “Methods of Theoretical Phys- 
ics, Part II,” McGraw-Hill Book Co., Inc., New York, N. Y., pp. 
1092-1094; 1953. 
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where 
b = (Bay — R cos 6). (11) 


The integration involved in (10) can be carried out in 
terms of Fresnel integrals. The final expression for S(@) 
may be written in the following form: 


b =< 
2B ey a 
eiaL?/8 hE 

= Bex : sin > (12) 


where F(v) is the complex form of Fresnel integral” de- 
fined as follows: 


Fo) = f eitl2)7. dr (13) 
0 


and 


als a6 035 eat | 
== VV 77 -wa) 


It can be shown® that for small values of a, (12) reduces 
to the following form: 


(14) 


S(0) = Lei#t*ls 
bL bL 


Sn a cose 


+14 b ) Dy (15) 
Ree ah, Ay Mealy ull 


It may be seen that for a=0, (15) reduces to the radia- 
tion pattern for the uniform case given by (1). After 
taking the magnitude of (15) and omitting the terms in- 
dependent of 0, the following expression is obtained for 
the radiation pattern of a tapered long Yagi antenna: 


[ fy 
Sin 
2 


$O=\ G72 


where 0 is given by (11). 


44 A. Summerfeld, “Optics,” Academic Press, Inc., New York, 
N. Y., pp. 239-249; 1954. 
16 Sengupta, op. cit., footnote 1, pp. 138-141. 
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EXPERIMENTAL RESULTS AND DISCUSSIONS 


In the specific case of a long Yagi antenna of length 
L=6) at 3000 mc (the design of this uniform case is 
given already), the elements are tapered so as to obtain 
the desired variation of 8 along the length of the an- 
tenna. This is done in the following manner. First, a 
convenient value of a is chosen; from this, the desired 
B is calculated by using (5) at some discrete points along 
the antenna length. Then the corresponding director 
lengths at these points are calculated by using (3) and 
(4). The intermediate directors are then slowly tapered 
in length while the director spacing and director radii 
are kept the same throughout. 

The radiation patterns of the tapered long Yagi an- 
tenna are measured at 3000 mc in both £ and H planes 
for various tapering ratios. The tapering ratio is defined 
as the ratio Qmax/@min, Where 2dmax is the element length 
at the feed end of the antenna and 2anjn is the element 
length at the open end of the antenna. The results are 
reproduced in Figs. 5 and 6. The theoretical pattern of 


the tapered antenna is calculated by using (16) for the — 


case with tapering ratio Gmax/@min = 1.176 (a=0.013) and 
is superposed on the corresponding experimental pat- 
terns in Figs. 5 and 6. [For the case with dmax/Qmin 
=1.176, a=0.013, Bi/k=1.136, B2/k=1.030, and B.,/k 
= 1.083, as required by (2).] The theoretical sidelobe 
ratio for this case is 15.37 db down, whereas the meas- 
ured sidelobe ratios are 16.6 and 13.6 db down in the 
Eand H planes respectively. The marked improvement 
in the sidelobe level for this tapered case as compared 
to the uniform case may be seen from Figs. 2, 3, 5, and 
6. It can also be seen that the beamwidths of the radia- 
tion patterns for the uniform and tapered (dmax/Qmin 
= 1.176) cases are approximately the same. This means 
that for this particular value of the tapering ratio, the 
directivity of the antenna is not reduced appreciably as 
compared with the uniform case. For tapering ratios 
beyond 1.176, the main beam in the radiation pattern 
broadens considerably, thereby reducing the directivity 
of the antenna. This broadening of the main beam for 
larger values of tapering ratios may be explained if one 
considers that for large tapering ratios, the element 
lengths near the open end of the antenna become too 
short, thereby reducing the effective radiating length of 
the antenna. From this consideration, one might expect 
a better result by using a combination of tapering in 
length and spacing, because this will enable one to 
achieve the desired tapering of 8 without making the 
element lengths near the open end of the antenna too 
short. This has actually been found experimentally, as 
discussed below. 

Let it be assumed that 6 varies linearly from B, at the 
feed end to 8, at the open end of the antenna, the aver- 
age value Bay =(61+62)/2 being the value required by 
(2). The tapering is obtained in two steps. First, B is 
varied linearly from B, to [8;—(8, —B2)/2| by gradually 
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D + ae 
a \ 
Fig. 5—The E-plane radiation patterns of a tapered long Yagi an- 
tenna for different tapering ratios. Frequency of measurement 


= 3000 mc; antenna length L=6 at 3000 mc. Dashed line: theo- 
retical; solid line: experimental. 


Fig. 6—The H-plane radiation patterns of a tapered long Yagi an- 
tenna for different tapering ratios. Antenna length L=6 dat the 
frequency of measurement 3000 mc. Dashed line: theoretical; 
solid line: experimental. 


increasing the spacing d toward the open end of the an- 
tenna, while keeping a constant all through. In the Aext 
step, @ is tapered to obtain the rest of the variation of B, 
thereby obtaining B, at one end and B» at the other end 
of the antenna. This technique has been applied to a 
tapered long Yagi antenna of length L=10 X at 3000 
mc. For this case, ()/k= 1.082; Biuy/h=1.050; 
B2/k=1.008, and a=0.0074. With this arrangement, a 
sidelobe ratio of 19.9 db down has been obtained with- 
out appreciably broadening the main beam in the radia- 
tion pattern. By using only length tapering in the same 
antenna, a maximum sidelobe improvement of about 
16.9 db may be obtained without too much broadening 
of the main beam of the radiation pattern. 
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CONCLUSIONS 


From the above investigation, it may be said that by 
using a linear variation of the propagation constant 
_ along the length of a long Yagi antenna, the sidelobe 

level in the radiation pattern may be improved consider- 
ably without reducing appreciably the gain obtainable 
from the antenna. This increases the possibility of using 
such an antenna for directional reception, particularly 
in radar and radio-astronomical applications. The ap- 
proximate theory as given above is able to explain the 
action of tapering with an amount of accuracy sufficient 
_ for practical purposes. Since the tapering function is re- 
quired to be a very slowly-varying function of the an- 
tenna length, the method can be applied advantageously 
only to long Yagi antennas. The effect of tapering in the 
case of short Yagi antennas has not been investigated, 


~ Taylor: Design of Circular Apertures for Narrow Beamwidth and Low Sidelobes 17 


but it is probable that the sidelobe level in the radia- 
tion pattern of a short Yagi antenna may be improved 
by this method; the improvement may not be as good 
as in the case of long Yagi antennas. This method of 
tapering, although applied here to the particular case 
of long Yagi antennas, may be utilized in the case of 
other long end-fire antennas of traveling-wave type. 
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Design of Circular Apertures for Narrow Beamwidth 
and Low Sidelobes* 
ia era VLORG 


Summary—this article extends a method of antenna design de- 
scribed in an earlier article! by the same author. A family of continu- 
ous circular aperture distributions is developed in such a way as to 
involve only two independent parameters, A, a quantity uniquely re- 
lated to the design sidelobe level and n a number controlling the de- 
gree of uniformity of the sidelobes. An asymptotic approach to the 
condition of uniform sidelobes thus becomes possible. A companion 
article by Robert Hansen contains aperture distribution tables and 
examples. 


INTRODUCTION 
| YHE advent of maser and parametric low-noise 


amplifiers has, for many radio astronomy, scatter 
communications, and radar applications, made 
the antenna a major noise source with a typical noise 
temperature several times that of the amplifier. This 
troublesome situation, together with the long-standing 
clutter return problem, makes urgent the consideration 


* Manuscript received by the PGAP, March 16, 1959; revised 
manuscript received, July 8, 1959. The work reported in this article 
was performed at the Hughes Aircraft Co. and_has been described 11 
somewhat greater detail in Hughes Aircraft Co. Tech. Memo. No. 
372 dated August 30, 1954. The work was partially supported by the 
AF Cambridge Res. C. under Contract AF 19(604)-262. ; 

+ University of California, Riverside; formerly with Hughes Air- 
craft Co., Culver City, Calif. _ 

1T. T. Taylor, “Design of line-source antennas for narrow beam- 
width and low sidelobes,” IRE TRANS. ON ANTENNAS AND PROPAGA- 


TION, vol. AP-3, pp. 16-28; January, 1955. 


of sidelobe reduction in circular aperture antennas. A 
recent commentary”? by Jacquinot reveals that the cor- 
responding problem in the diffraction of light, known 
as “apodization,” has also become important to optical 
astronomers and spectroscopists and that a considerable 
volume of research on this problem has been undertaken. 
Of particular interest are the works of Osterberg and 
Wilkins’ and Dossier,* a student of Jacquinot. For dis- 
tribution functions, these authors propose superposi- 
tions of certain component functions whose individual 
diffraction patterns are well known and the problem 
becomes one of ascertaining what requirements to im- 
pose upon the total diffraction patterns, given that they 
must be compounded of partial patterns of a certain 
type. This point of view is probably better known in 
the antenna field because of the work of Woodward.5 In 
any event, some very good examples of apodization 
have been reported. The method of the present article 
is somewhat different in that a certain arrangement of 


2 J. Strong, “Concepts of Classical Optics,” W. H. Freeman and 
Co., pp. 410-418; 1958. 

3H, Osterberg and J. E. Wilkins, Jr., “The resolving power of a 
coated objective,” J. Opt. Soc. Amer., vol. 39, pp. 553-557; July, 1949. 

4B. Dossier, “Récherches sur l’apodization des images optiques, ” 
Rev. Opt., vol. 33, pp. 57-111, 147-178, 267-296, and 552; 1954. 

5 P. M. Woodward, “A method of calculating the field over a 
plane aperture required to produce a given polar diagram,” J. IEE, 
vol. 93, pp. 1554-1558; 1946. 
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zeros in the total pattern, chosen with due regard for 
the general properties which the arrangement must 
possess, is first proposed and then a method, employed 
by Dossier and similar to that of Woodward, is invoked 
for the calculation of the distribution function. It may 
be remarked that the practical realization of optical 
apodization in the general case is contingent upon the 
successful construction of absorbing screens which are 
free from phase errors. 

The concept of a “circular aperture” as a source of 
radiation is, in the field of antenna theory, an outgrowth 
of the analysis of that very common configuration which 
consists of a paraboloidal reflector and feed. If such a 
device is completely enclosed by an imaginary surface, 
then, in principle, it is merely necessary to know 
tangential H and H upon this surface in order to calcu- 
late the radiated fields. It is customary to draw the sur- 
face in such a way that it has a large plane expanse just 
in front of the antenna configuration and to suppose 
that the tangential fields are zero except within the cir- 
cular area which is directly “illuminated.” This circular 
area is regarded as the aperture. 

In this article it will be assumed that, upon any small 
element of the aperture, the fields are identical in char- 
acter with those which would be found in an emerging 
plane electromagnetic wave. It is further assumed that 
the direction of polarization is the same for all elements 
but that the field strength varies from place to place, 
perhaps in both amplitude and phase, and is propor- 
tional to a distribution function g(p, ¢). It is not neces- 
sary, of course, that the device producing the fields ac- 
tually be a reflector and feed; any device which gener- 
ates fields of the type assumed over a circular area would 
come under the scope of this article. 

Let the geometry of the aperture, which has radius a, 
be as illustrated in Fig. 1. The radiation pattern in 
power per unit solid angle is 


v= Vo 


Qa a 2 
ie f f lo, Sei 7 pode]. (1) 
0 0 


Here ¥ which is proportional to (1-++cos 0)? is the 
“obliquity factor” of a Huygens source® and is what 
would normally be called the element factor, The inte- 
gral is called the space factor and, because of the broad- 
ness of the obliquity factor, the relationship between the 
beamwidth and sidelobe level of the space factor 
will be adopted as the subject for discussion. 

In (1), & is the free space wave number, 27/\, and 
is the angle measured between the observer’s direction 
and the radius vector to the element pdpdf. Since the 
scope of this article will be restricted to those cases in 
which the space factor has rotational symmetry about 
the w axis [an extension to certain other cases involving 
a linear phase shift in g(p, ¢) is obvious], the same type 


alone 


6S. A. Schelkunoff, “Electromagnetic Waves,” D. Van Nostr: 
Co., Inc., New York, N. Y., p. 354: 1943. i 
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Fig. 1—Geometry of circular aperture. 


of symmetry devolves upon the distribution function 
and the latter becomes a function of p only. A well- 
known Fourier expansion’ makes it possible to write the 
space factor as a Hankel transform: 


a 


S(6) = Ink? i pete Ta beet aide (2) 


It will be advantageous to introduce new variables as 
follows: 


a 
_ 2asing 4) 
“u= = ( 


The quantity \/2a will be known as a standard beam- 
width; the beamwidth (in radians) between half-power 
points for a uniformly illuminated circular aperture is 
1.029 standard beamwidths. It is interesting to recall 
the corresponding figure for a uniformly illuminated 
line source, 0.8859 standard beamwidth. 

With the substitution of (3) and (4), (2) becomes 


3} 2 yg 
s(w) = 22(=) f pep) Ju(puldp. (5) 


The constant factors will be dropped and the integral de- 
noted F(x): 


F(u) = i) pg(p) Jo(pu)dp. (6) 


Eq. (6) expresses the basic relationship which will be 
studied here. 


PROPERTIES OF THE DISTRIBUTION FUNCTION 


As in the corresponding article! on line sources, the 
variables p and wu are imbedded in the complex domains 
£ and z, respectively, such that £=p+iq and z=u-+iv, 


The “visible range” of the z plane is the real segment 


TJ. A. Stratton, “Electror (skcy a i 
Co., Inc., New Work Na Yer p. 372: oun or 
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O<u<2a/d and a unit distance in the g plane corre- 
sponds to one standard beamwidth. An observer who 
travels around the aperture to examine its radiation 
pattern will cover all real angles in the range 0<0<z. 


_ This coverage is translated twice into the point set 


O<u<2a/d, v=0, in the zg plane by the relationship 
u=2a(sin 8)/ as shown graphically in Fig. 2. The pro- 
file of F(z) on the visible range is the only part of F(z) 
which enters into the formation of the radiation pattern. 
It is evident from Fig. 2 that the space factor attains the 
same value at t—0 as it does at 6; the total radiation 
pattern is not “double-ended,” however, for the obliquity 


a factor nullifies the rearward beam. 


Consider, now, the ~ plane. The integral in (6) be- 
comes the limit as r tends to zero of the integral along 
the path C of Fig. 3, beginning at zero and following the 


_ axis of reals to 7 —r. The reason for the limiting process 


will be made evident later. Eq. (6) becomes 


PG) = lin f be(t) Fo(2) dé. (7) 
70 Cc 


It is assumed at the outset that g(£) can be written 
as the product, 


g(t) = h(é) (mw? — &)2; (8) 


The quantity (7? —£&) is regarded as having its principal 
value in that region of the € plane which remains after 
the latter is cut from — © to —7 and from7z to ~ along 


arealand > — 1. 


the axis of reals. The function h(&) is supposed to be 


even, nonvanishing at = +7, and regular in the race- 
track shaped region R of Fig. 3, the ends of which have 
a radius 6>0. Singularities of h(&), therefore, may be 
arbitrarily close to the real line segment —7<p<m but 


‘may not fall exactly upon it; the only singularity ac- 


tually permitted in the distribution function is the one 
which must necessarily occur when this function ceases 


~to exist physically for values of >a and which cor- 


responds to the branch point at =z in (8). It is consid- 
ered necessary that a be greater than or equal to zero 
for physically realizable distributions; nevertheless, 
values of a between —1 and zero will be included for 
completeness since F(z) exists even for these values. 
Care should be taken not to confuse the & plane of 


Fig. 3 with the xy plane of Fig. 1. The function g(p, e) 


which is defined on the real xy (or pf) plane is a surface 
of revolution formed by rotating g(p) about the w axis. 


- The function g(p) or g(p), however, is obtained by taking 


the profile of h(E) (1? —£&)* on the real axis of the com- 
plex £ plane. Thus the & plane is a mathematical con- 
struct from which the function g(p) is derived; this 
function is then rotated in the real xy plane to give the 


actual distribution function. e 
The fact that the singularities of h(é) are not limited 


as to number and can be arbitrarily close to the real line 


segment just mentioned gives the function g(é) enough 
flexibility, in the author’s opinion, to make it represen- 
tative of any aperture distribution likely to be en- 
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Fig. 2—Relationship between real space and complex z plane. 


_ € PLANE 


Fig. 3—Contour of integration in complex £ plane. 


countered in practice. The postulate of the evenness of 
h(é) is no essential handicap here since the radius of 
curvature at the origin can be made arbitrarily small; 
the fact that such a radius does exist, however, pre- 
cludes the possibility of a singularity being generated 
as g(p) is rotated about the w axis in the xy plane. 


PROPERTIES OF THE SPACE FACTOR 


Given that the distribution function is in accord with 
the mathematical model just described and following a 
procedure analogous to that employed earlier, it is easy 
to prove that F(z) is an even entire function of zg with the 
following asymptotic forms for large z: 


( 1.5 + *) 
cosr | 2 — ——— 
h(a) (27) *9T (1 + a) 2 
F(z) ~ = : 
/2 gt -b+e) 
for Re 2>.03.,.(9) 
( 1.5 + “) 
cos r{ — 2 — ——— 
h(w)(2r)'FeT (1 + a) 2 
F(z) ~ = ; 
Wp n(— g)(1-5+a) 
for Rez < 0; (10) 
ry Heaeeni te as 
NP) aS | Z |a-5a) 
forRez=0. (11) 
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It is interesting to compare the asymptotic forms of 
F(z) for the line source and for the circular aperture. 
Table I makes this comparison for integral values of a 
and for g in the right-half plane. From Fig. 2, the right- 
half plane forms are obviously sufficient for making pre- 
dictions concerning the radiation pattern. 


TABLE I 


Comparison oF Asymptotic Forms OF F(z) FOR LINE 
SoURCE AND CIRCULAR APERTURE 


Asymptotic Form of F(z), Re z > 0 


Line Source Circular Aperture 


sin 7 h(r)(2r) sin r(z — 1/4) 
0 h(a) (277) ee V3 : ane 

9 COS TZ h(a)(2r)2 — cos r(z — 1/4) 
1 h(a) (27) Ss Vi me 


sin 72 h(a) (2)3(2) iz sin r(z — 1/4) 
7s V/2 


2 h(a) (2x)°(2) 


ree5 


cos TZ h(a) (22) 4(6) Cos aw(z — 1/4) 
Te" /2 


3 h(x) (21) *(6) 


args} 


When a is an integer, as in Table I, the results agree 
with those of Dossier who predicts the relationship be- 
tween the asymptotic form of F(z) and the value of the 
first nonvanishing derivative of g(&) at the edge of the 
aperture. 

As with line sources, the decay rate of the remote 
sidelobes is dependent only on the behavior of the dis- 
tribution function at the edge of the aperture. It is al- 
ways greater for the circular aperture, however, by a 
factor of z—/? if the a values are the same. 

Finally, it is possible to prove that if the zeros of 
F(z) are grouped in pairs, +21, +22, etc., and numbered 
in such a way that the moduli of successive pairs do not 
decrease, then the members of the mth zero pair tend to 
the positions +(u+a/2+1/4) as nm tends to infinity. 
This statement should be compared with the corre- 
sponding one for line sources in which the members of 
the nth zero pair tend to the positions +(n+a/2), 


DESIGN OF A PRACTICAL CIRCULAR APERTURE 
DISTRIBUTION FUNCTION 


As was pointed out in the earlier article on line 
sources,’ essentially two areas of flexibility are available 
in regard to the form of F(z). These are 1) the value of 
a and 2) the placement of the central zeros, that is, the 
zeros near the origin in the z plane. It is possible to draw 
the same conclusions as before, namely, that for highly 
directive patterns, a should equal zero (this gives the 
distribution a “pedestal”), and that the central zeros as 
well as the remote zeros of F(z) should be simple zeros 
on the axis of reals. For choosing the positions of the 
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central zeros, the scheme used for line sources will be 
employed again. This scheme permits the space factor 
function F(z) to approach the ideal function cos 
ni/2—A?asacertain parameter is increased; it involves. 
setting a finite number of the central zeros of F (z) equal 


to the corresponding zeros of the function, 


Zz 2 
F(z, A) = cos @ (/(=) — A’, 
(ay 


which, for o slightly greater than unity, is an ideal func- 
tion with slight horizontal dilation. 

A set of points on the axis of reals, hereafter desig- 
nated as the “u points,” will now be defined. The defini- 
tion of up, the mth such point, is simply 


Ji(1 Un) = 0. 


(12) 


(13) 


The points are counted in the order of increasing value 
and are shown in Table II. Evidently w,—-n+% as 
n—>«, from the well-known asymptotic formula for 


TABLE II 
SOLUTIONS OF J; (run) =0 

n Bn 

0 0 

1 1.2196699 
2 2 .2331306 
3 3 .2383154 
4 4 .2410628 
5 5 .2427643 
6 6.2439216 
7 7 .2447598 
8 8 .2453948 
9 9 2458927 
10 10. 2462933 


J\(7z). It is also evident that if an even entire function 
has its zeros positioned in such.a way that the uth zero » 
pair approaches +u, as n>, it will be an acceptable 
space factor functioning with an @ value of zero.The 
reason for introducing the uw points is not obvious now 
but will become so later. 

The zeros of (12) lie at the points, 


Bn = + oV/A? + (n — 1/2)2. (14) 


Let the dilation factor ¢ be chosen so that eventually 


one of these zeros falls on a specifically chosen pa point, 
Ma. Chen 


ae Mi : 
Ow” VAP Oe 


The plan is now to construct an entire function with 
the following zeros: 


(15) 


@n = + oV/A? + (n — 1/2)? 


CA —- 


on 


oe 


fori<n< oo 


This function, normalized so as to have unit value at 
the origin, is as follows: 


>» = 
, 


eee 


EE Se ET 
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1 i 
2Ji(arz) *=1 na 2! 42 aay 2 
Ce ee ial [A + (n 1/2)?] (17) 
TS es 22 
i) = 
Mn? 


This expression defines a two-parameter family of entire 
functions whose members approach the (normalized) ideal 
Space factor, cos t/z*— A®/cosh 7A, arbitrarily exactly 
as m 1s increased. The value of #, which is finite in any 
practical case, is of considerable significance. In rela- 
tionship to the pattern, the points +, divide the region 
of uniform sidelobes (| | <j) from the region of decay- 
ing sidelobes (| u| >a) where here, as before; z=u-+i. 
As vis increased, the region of uniform sidelobes extends 
farther out from the main beam. In the region of uni- 
form sidelobes the lobes actually decrease slightly as | u| 
increases and their initial level is very slightly lower 
(that is, better) than the design level 7. This design side- 


lobe ratio is related to A as follows: 


n = cosh rA, (18) 


which is the same as in the case of line sources since the 
same ideal space factor is approached in either case. 
The chief disparity between the practical pattern and 
the ideal is in the beamwidth which is greater than the 
ideal by a factor almost exactly equal to «. However, 7 


- does not have to be very large to make o only a few 


per cent greater than unity. 
To summarize, the members of the pattern family 
F(z, A, 7) have two independent characteristics: 


1) The design sidelobe ratio, 7. 

2) The boundary of the region of approximately uni- 
form sidelobes, wa, which depends directly upon 
nm, an integer. 


Once these two parameters have been chosen, the pat- 
tern, the distribution function, and all other relevant 
data may be calculated. In selecting %, it is essential to 
avoid values that are too small; the change from 
F(z, A) to F(z, A, #), in which the trans-, zeros 
migrate to the u-points, must be such that the spacing 
never increases between any of these zeros. In order that 
this condition be fulfilled, 7 must be chosen such that 


a unit increases in % does not increase a. Practically, 
this selection means for a space factor with a design 


sidelobe ratio of 30 db, % must be at least 3 and that 
for a design sidelobe ratio of 40 db, it must be at 


least 4. Apart from this limitation, one has consider- 


able liberty in the choice of ”; large values make o more 
nearly equal to unity, thereby sharpening the beam; 
however, the additional benefit obtained in this way 
soon becomes negligible as # increases. If 7 is increased 
so as to place us well beyond the endpoint of the visible 


range (2a/h), the effect is to make all the visible side- 


lobes uniform. Further increase of % has little influence 
upon the visible pattern but has the effect of increasing 
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the invisible sidelobe energy and “super-gaining” the 
aperture. 

The beamwidth of the ideal space factor (in terms of 
standard beamwidths) is a function of the sidelobe ratio 
7 only. It is given rigorously as follows: 


2 2 
Bo= 5, 4/ (ore cosh 7)? — (ax cosh =) F (19) 


This relationship is illustrated graphically in Fig. 7 in 
Taylor. From what has been said before, it is evident 
that this beamwidth cannot be equalled without either 
1) allowing # to become infinite or 2) making the visible 
zeros of the given space factor coincide with, or perhaps 
fall within, those of the ideal space factor and accepting 
high invisible lobes at the inevitable transition regions 
which will separate the visible zeros from the remote 
zeros. Both of these alternatives result in super-gain 
apertures. For v finite, the beamwidth of an F(z, A, 7) 
space factor is given by the following extremely good 
approximation: 


MrBo f 
VA? + (mw — 1/2)? 


B = aBo — (20) 


THE INVERSE TRANSFORM 


In calculating the distribution function g(p) to give 
the space factor F(z, A, 7), the method of Dossier will 
be used. Let the distribution function g(p) be built out 
of functions of the form Jo(ump). In other words, 


£(6) = Do Du Salim) (21) 


Applying the Hankel transformation (6) to this expres- 
sion term by term yields the following results: 


Plu) = Dm { pIulpum)Iulpwdap. (22) 
m=0 0 
The integral in (22) is well known’ and given by 
[ pIuCpn)Folou)dp 
0 
e E (Pim) So(pu) — put o(pim) I see) s (23) 
A Tree — 0 
= mud (am) Ji(ru) ; (24) 
uv me ree 


The above expression is an even function of wu with a 
zero at every m point except at +u,, at which points it 
attains the value, 


8 E. Jahnke and F. Emde, “Tables of Functions,” Dover Publica- 
tions, New York, N. Y., p. 146; 1943. 
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a wud (mm) Jr(mu) (25) 


2 2 


ae 
= [ Jo(arHm) 2 
io Ore 2 


Uhm 
Just as in the Woodward method, then, the pattern is 
a superposition of functions 


s DJ (Hm) ae 


m=0 m 


F(u) = (26) 
Each of these functions has its principal maxima (or 
maximum, in the case of m=0) at the points +yn, 
points which are zeros for all the other functions. It 
follows then, that 


Dm? 
F(um) = 5; [Jo(rpHm) |? (27) 
or 
2F (tem 
pe fe en) (28) 
[Jo(aum) |?ar? 
In the present situation, F(u,,) means F(um, A, %) as 


given by (17). The process of setting z equal to wm in 
this equation, however, is complicated by the presence 
of removable singularities at all the uw points for which 
m<n. At m=0, the singular factor is Jy(1z)/mz and for 
O<m <A, it is J,(mz)/(1—2/un2). These can be evalu- 
ated by well-known methods and the results are 
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Since these numbers (and hence the D,,) vanish for 
m>v, it is clear that g(p) will actually be given by a 
finite sum. In other words, no Bessel component of the 
form Jo(ump) with m>% can appear in the distribution — 
function; such components would generate partial pat- 
terns having principal maxima at points for which the 
total pattern, according to (16), is supposed to be zero. 
Thus g(p) is 


n—1 


gp) = 


m=0 


2F (Um, A, 7) 
[Jo(mHm) |? 


The article by Hansen which follows® contains tables 
of this function for a variety of parameter values to- 
gether with illustrated examples. 


Jo (MnP) 2 (30) 
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‘Summary—Tables of the circular aperture distributions de- 
scribed in the preceding paper by Taylor’ are given. Steps in the 
design process are illustrated by examples. 


HE appropriate formulas from Taylor’s paper! 
have been collected here for easy reference. The 
ideal beamwidth of a one-wavelength source in z is 


2 
Bo = oe Vv (arc cosh »)? — (arc coshy/V 2)? (1) 


where 7 is the sidelobe voltage ratio. The actual beam- 
width is 


r r 
B = Boo — 02) 2earcisin ap 
2a 


(2) 


4a 


where a is the aperture radius, and o is the beam broad- 
ening factor due to the # approximation to the ideal 
space factor, so that 


Ba 
"VAP + (a — 1/2) 


(3) 


in which n=cosh A and pa is given in Table II of Tay- 
_lor’s paper. The values of o and By have been summa- 
_ rized here in Table I. For ease in using (2) with arc sine 


approximated by argument, fy is given in degrees. 
Where o values are omitted from Table I, the choices 
of % are sufficiently small to produce shifting of trans-% 
zeros and are thus unallowable. In general, higher 
values of # produce peaked distributions (peaked at the 
center and edge of the aperture), while low values pro- 
duce tapered distributions (tapered from a maximum 
value at the aperture center to a minimum at the edge). 
The distribution shapes produced by different 7 values 
are shown in Table II. 

The aperture distribution g(p), where p= 7p/a is the 
normalized radius, is 


we J (ump) F (Mm, a 7) 


<2 a 4) 
g(p) = as [o(arpm) |? ( 


m=0 


where 


F(uo, A, #) = 1 (5) 


g ipt ived by the PGAP, May 12, 1959. 
Eee Techoolony Bahai Los Angeles, Calif. Formerly at 


‘Microwave Lab., Hughes Aircraft Co., Culver City, Calif. 


17, T. Taylor, “Design of circular apertures for narrow beam- 
width and low sidelobes,” this issue, p. 17. 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


Tables of Taylor Distributions for Circular 
Aperture Antennas* 
R. C. HANSEN} 


23 
and 
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n—1 Mm? 
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ae o*|A* + (n — 1/2)? 
= ie ae 
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n=1 tine 
nm 
for m>0. 


With the radius divided into 20 divisions where 
p=kr/20, g(p) is tabulated for sidelobe ratios of 25, 
30 and 35 db with #=3(1)10, in Table III. Only rota- 
tionally symmetric distribtuions have been considered; 
thus the figures and tables give values only along a 
radius of the aperture. Typical curves are shown for 
sidelobe levels of 25, 30, and 35 db in Figs. 1-3. [More 
extensive tables have also been published? for sidelobe 
ratios 15(1)40 db, and 7=3(1)10.] 

The antenna pattern is given by 


F(z, A, 2) 

Ja(nz) * be [4 =e 1/2)?] 
(rz n—1 o 2 n— 2 
- Tj" 


TS n=l | 


: (7) 


1 


Bn 


with (g=2a/)) sin 0. 

In the design of a circular aperture, (2) and Table I 
are the starting point. If the diameter and sidelobe level 
are specified, 6, is found from Table I, and beamwidth 
vs o from (2). Large values of % give slight improve- 
ment in beamwidth at a cost of a peaked (at center and 
edge of aperture) distribution. Small % produce tapered 
distributions. The compromise ¢g is chosen by a bal- 
ance of beamwidth ‘against the distribution shape, 
found from Table I. Tables of the pattern function are . 
not given since the sidelobes are nearly constant out to 
n, then taper off. 

As an example, suppose a beamwidth of 3° with 30- 
db sidelobes is desired. From (2) 


2R. C. Hansen, “Tables of Taylor Distributions for Circular 
Aperture Antennas,” Hughes Aircraft Co., Culver City, Calif., 
Tech. Memo. No. 587; February, 1959. 
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TABLE I 
IDEAL BEAMWIDTH AND BEAM BROADENING FACTOR 


Design Side- 7 Ideal Beam- J Beam Broadening Factor o 
lobe Level, | (Sidelobe Volt- width, Bo, 3 a FS - z = = ae 
Decibels age Ratio) Degrees n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10 
5.62341 45.93 0.58950 | 1.2382 | 1.1836 | 1.1485 | 1.1244 | 1.1069 | 1.0937 | 1.0833 | 1.0751 
16 330957 47.01 0.64798 | 1.2330 | 1.1809 | 1.1469 | 1.1233 | 1.1061 | 1.0931 | 1.0829 | 1.0747 
17 7.07946 48.07 0.70901 1.2276 | 1.1781 | 1.0452 | 1.1222) 1 1). 1053 | 1.00259 1 0825 tet. 0ia5 
18 7.94328 49.12 0.77266 | 1.2220 | 1.1752 | 1.1434 | 1.1210 | 1.1045 | 1.0919 | 1.0820 | 1.0740 
19 8.91251 50.15 0.83891 1.2163 | 1.1723 | 1.1416 |. 4.1198 | 1.1037 V0 0013 1h 1 0S15 ete se 
20 10.00000 Sai 0.90777. | 1.2104 | 1.1692 | 1.1398 | 1.1186 | 1.1028 | 1.0906 | 1.0810 | 1.0732 
21 11.2202 SW Ril 0.97927 1.2044 | 1.1660 | 1.1379 | 1.1173 | 1.1019 | 1.0899 | 1.0805 | 1.0728 
22 12.5893 53.16 1.05341 1.1983 | 1.1628 | 1.1359 | 1.1160 | 1.1009 | 1.0892 | 120799 | 1.0723 
23 14.1254 54.13 1.13020 | 1.1920 | 1.1594 | 1.1338 | 1.1146 | 1.1000 | 1.0885 | 1.0793-; 1.0719 
24 15.8489 55.09 1.20965 1.1857 | 1.1560 | 1.1317 | 1.1132 | 1.0990 | 1.0878 | 1.0788 | 1.0714 
25 17.7828 56.04 1.29177 | 1.1792 | 1.1525 | 1.1296 | 1.1118 | 1.0979 | 1.0870 | 1.0782 | 1.0708 
26 19.9526 56.97 1.37654 | 1.1726 | 1.1489 | 1.1274 | 1.1103 | 1.0969 | 1.0862 | 1.0775 | 1.0704 
27 22.3872 57.88 1.46395 | 1.1660 | 1.1452 | 1.1251 | 1.1087 | 1.0958 | 1.0854 | 1.0769 | 1.0699 
28 25.1189 58.78 1.55406 | 1.1592 | 1.1415 | 1.1228 | 1.1072 | 1.0946 | 1.0845 | 1.0762 | 1.0694 
29 28.1838 59.67 1.64683 |) 1.1524°| 1.1377") 1.1204 |) 1.10567) 1.0935) 1.08360) 12 O7S6Niedoss 
30 31.6228 60.55 1.74229 | 1.1455 | 1.1338 | 1.1180 | 1.1039 | 1.0923 | 1.0827.) 1.0749 \)"1 0683 
Sil 35.4813 61.42 1.84044 | 1.1385 | 1.1298 | 1.1155 | 1.1022 | 1.0911 | 1.0818 | 1.0742 | 1.0677 
SB 39.8107 62.28 1.94126 | 1.1315 | 1.1258 | 1.1129 | 1.1005 | 1.0898 | 1.0809 | 1.0734 | 1.0671 
33 44 .6684 63.12 2.04473 | 1.1244 | 1.1217 | 1.1103 | 1.0987 | 1.0885 | 1.0799 | 1.0727 | 1.0665 
34 50.1187 63.96 2.15092 1.1176 | 1.1077 | 1.0969 | 1.0872 | 1.0790 | 1.0719 | 1.0659 
35 56.2341 64.78 2.25976 1.1134 | 1.1050 | 1.0951 | 1.0859 | 1.0779 | 1.0711 | 1.0653 
36 63.0957 65.60 2.37129 1.1091 | 1.1023 | 1.0932 | 1.0846 | 1.0769 | 1.0703 | 1.0647 
37 70.7946 66.40 2.48551 1.1048 | 1.0995 | 1.0913 | 1.0832 | 1.0759 | 1.0695 | 1.0640 
38 79 .4328 67.19 2.60241 1.1005 | 1.0967 | 1.0894 | 1.0818 | 1.0748 | 1.0687 | 1.0633 
39 89.1251 67.98 2.72201 1.0961 | 1.0938 | 1.0874 | 1.0803 | 1.0737 | 1.0678 | 1.0627 
40 100.0000 68.76 2.84428 1.0916 | 1.0910 | 1.0854 | 1.0789 | 1.0726 | 1.0670 | 1.0620 
TABLE SIT 
DISTRIBUTION SHAPES 
Sidelobe 
Ratio, db 
He 
16 
17 i PEAKED—END >CENTER 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 PEAKED 
29 
30 
31 
32 
33 TAPERED 
34 
35 
36 
37 
38 
39 
40 


Now from Tabl i ni i i 
ables I and II, a good choice of # is 4.So Here the beamwidths given are standard beamwidths 
2a ree (for a one-wavelength source) in radians. It is apparent 
moe x 1.134 = 22.9 that the Taylor distributions offer a significant beam- 
: width reduction for a given sidelobe level or, converse- 
and an aperture diameter of 23 wavelengths is required. ly, a significant sidelobe reduction for a given beam- 
Plots of the aperture distribution and of the far field Width. 
pattern, plotted in z, are given in Fig. 4. 
The Taylor distributions may be compared with *S. Silver, “Microwave Antenna Theory and Design,” M.I.T 


commonly used (1—p?) distributions* (see Table IV). ie oh ie en Book Co., Inc., New York, N. Y., 
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TABLE III 
APERTURE DISTRIBUTIONS 


25 


g(p, A, nv) for 25 db sidelobe level 


a 


ECC eT ee Te ee Pee 


tit n=5 n=6 k n=7 n=8 n=9 n=10 
0 0.36063 0.33057 ~—-0.33889——0.30780 0 0.32293 0.29429 0.31251 0.28546 
1 0.35908 0.33046 ~—s:0..33615. «(0.30936 1 0.31857 0.29778 0.30630 «0.29114 
2 0.35448 0.32990 0.32868 +=. 31243 2 0.30844 0.30347 «0.29483 ~=—S«(0. 29786 
3 0.34699 0.32819 0.31847 «0.31320 3 0.29874 0.30270 0.28024 0.29244 
4 0.33686 0.32441 0.30786 ~—»-0.. 30862 4 0.29329 0.29297 0.28900 ~—Ss-0.. 28061 
5 0.32441 0.31761 0.29845 0.29777 5 0.29021 0.28045 0.28399 «0.27480 
6 0.31004 0.30716 0.29043. —S«0..28328 6 0.28401 0.27201 0.27059 «0.27154 
7 0.29420 0.29287 0.28245 0.26914 7 0.27113 0.26663 «0.25695 0.25973 
8 0.27735 0.27519 0.27223 ~——«0.25796 8 0.25370 0.25698 0.24939 0.24310 
9 0.25998 0.25514 0.25766 «0.24805 9 0.23775 0.23050 ~ 0.24153 0.23334 
10 0.24258. 0.23419 0.23796 0.23816 10 0.22708 0.22022 0.22447 ~—«0..22620 
it 0.22559 0.21398 0.21432 ~—-0.22111 11 0.21856 0.20772 0.20305 ~—-0.20819 
12 0.20943 0.19607 0.18084 0.19633 12 0.20383 0.20070 0.19047 ~—-0. 18528 
13 0.19448 0.18162 0.16871 0.16752 13 Q.17714 —.18611 0.18518 0.17583 
14 0.18104 0.17124 0.15478 0.14286 14 0 
15 0.16938 0.16488 0.15027 0.13135 15 0.11694 0.11358 0.12166 0.13628 
16 0.15968 0.16195 0.15485 0.13805 10 0.11588 0.09509 0.08151 0.07862 
17 0.15209 0.16141 0.16570 —-0.. 16088 1 
18 0.14666 0.16210 0.17835 0.19077 18 0.19082 0.19498 0.18478 0.16623 
0.14344 0.16298 0.18816 0.21541 19 ; . 
20 0.14238 0.16335 0.19180 0.22481 20 0.26143 0.30063 0.34238 0.38688 
g(p, A, %) for 30 db sidelobe level 
i i= i= ni=8 n=9 n=10 
k n=3 n=4 n=5 n=6 k n=7 ni 
0.39892 0.37942 0 0.38363 0.36543 0.37280 0.35611 
t 0.40074 0.30847 «030661 «0.37926 1 0.38048 0.36644 0.36862 0.35833 
2 0.40483 0.39480 0.39006 —-0.37798 2 0.37254 0.36695 0.35995 0.35949 
3 0.30672 0.38849 0.38025 0.37378 3 0.36307 0.36235 0.35280 0.35256 
4 0.38552 0.37932 0.36834.» 36508 4 0.35412 0.35135 0.34701 0.34066 
5 0.37139 0.36707 0.35524 += 0.35165 5 ; 
0.33269 0.32416 0.32170 0.32064 
6 0.35458 0.35169 0.34123 0.33489 6 0 
0.31584 0.31151 0.30482 +~—«-0..30499 
7 0.33538 0.33328 0.32595 0.31697 7 049 
0.29557 0.29568 0.29024 ~—s- 0.28576 
8 0.31419 0.31221 0.30856 0.29946 8 76 
0.27519 0.27488 0.27480 +~—s-0..269 
9 0.29146 0.28909 0.28833 +0. 28226 9 0.26945 
10 0.25691 0.25241 0.25389 
10 0.26773 0.26471 0.26507 —-0.. 26369 Rin tae 
it 0.23949 0.23310 +~—-0..23018 
i 0.24361 0.24001 0.23947 0.24175 arenes: 
12 0.21892 0.21671 0.2109 : 
12 0.21974 0.21595 0.21315 0.21581 095 0.20796 
13 0.19238 0.19669 0.1958 
13 0.19680 0.19342 0.18824 0.18777 9583 0.19067 
14 0.16218 0.16773 0.1739 
14 0.17546 0.17316 0.16688 0.16176 0.16218 0.16773 0.17390 0.17621 
"15633. (0.15572 «0.15056 = 0.14251 15 
i¢ 0713900 0114143 «0.13073 «0.13304 16 0.12316 0.11326 0.10685 0.10573 
"12689 «0.13044. «= «0.13378 ~=—0..13307 17 0212720" 0. : : 
os ae "12273 «0.131300. 13899 18 0.14366. 0.14426 0.14032 0.13180 
19 0111166 iis Otsde6, 0.14554 19 0.16106 0.17646 0.19066 0.20350 
‘ ; : .1904 
20 0.10977 0.11674 0.13061 0.14827 20 0.16831 0 
g(p, A, ’) for 35 db sidelobe level 
= — esl k n=8 n=9 n=10 
k n=4 n=5 n=6 nN 
ee ae oa Cue fe Ree ce 
: ee ey a30 0.43406 2 0.42852 0.42253 0.42029 
2 0.45212 0.44813 0.43968 ey homaes Cee ane Mea en i 
127. 0.42323 3 
3 eee 0 s70t, 0S 43 4 0.40671 0.40237 0.39726 
‘ ee eee cc aptig 0.30548 5 0.38956 0.38768 0.38251 
3 He ee at -38043 0.37728 6 0.37109 0.36821 0.36622 
6 Cee o 0.35525 7 0.35145 0.34658 0.34551 
7 Q.26mo—— 0.36316 = 0.3875! 8 0.32904 0.32504 0.32175 
; 0.33888 0.33348 0.33026 ; eee: 
8 ates 0869 0.30426 9 0.30319 0.30227 
a Peso Oe 10 0.27588 0.27609 0.27558 
0.28275 0.27874 
10 ee eer, Se qat "25507 «0.253502 0.24991 0.24810 0.24900 
ue en 0.22802 0.22691 12 0.22559 0.22246 0.22085 
ee eer iste 19547 «0.19780 «13 0.19995 0.19946 0.19679 
13 I Sa ae’ 0.16739 14 0.17043 0.17375 —-0.17500 
16998 0.16836 (0.16674 13956 0.14223 0.14645 
14 0. ieee 014195. 0.13963 15 0. 0. 14645 
15 ere 015 . 0.11924 16 0.11515 0.11251 
"16 Set pitas? 044088317 0.10466 0.09886 0.09260 
17 et a 108 0.10699 18 0.10833 0.10728 0.10378 
18 Dee 00958 er 0.10915 19 0.11785 0.12620 0.13380 
0.08837 0.093 20 0.12258 0.1356 
20 0'08592 0.09128 0.09988 0.11052 
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Fig. 3—Aperture distribution for 35-db sidelobes. 
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(b) 
Fig. 4—Aperture and pattern plots for 30-db case. 
TABLE IV. 
COMPARATIVE BEAMWIDTHS 
Taylor (1 —p?)¥ 
Sidelob as idel : 
inet n Bo Eeeae N Beamwidth 
25 4 1.13 \/2a 24.6 1 1.27 d/2a 
30 4 1.20 A/2a 30.6 2 1.47 \/2a 
35 5 1.25 \/2a 36.0 5 1.65 \/2a 
40 5 1.31 A/2a 40.9 4 1.81 d/2a 
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| High-Frequency Diffraction of Electromagnetic Waves by a Circular 


Aperture in an Infinite Plane Conducting Screen* 
S. R. SESHADRI} anv T. T. WUT 


Summary—The scattering of plane electromagnetic wave of wave 
number k by a circular aperture of radius ain an infinitely conducting 
plane screen of zero thickness and infinite extent is considered. In 
the limit of large ka and at normal incidence, the ratio of the trans- 
mission cross section to the geometrical optical value 7a’, is found 
up to the order (ka)-*/2, 


INTRODUCTION 


N exact solution of the problem of diffraction of 
electromagnetic waves by a circular aperture in 
an infinite perfectly conducting plane screen was 

obtained by Meixner and Andrejewski.! Although their 
method is valid for all frequencies, their solution in the 
form of a series expression converges slowly. This makes 
numerical computation laborious. Frahn? used, in the 
study of this problem, Braunbek’s idea that in the high- 
frequency region the current on the shadow side of the 
screen vanishes everywhere except in a very small zone 
near the rim, and that the tangential electric field in the 
aperture is identical to the incident electric field except in 
a very small region near the rim. Levine and Schwinger? 
used a variational method in the study of the aperture 
diffraction problem and have obtained an approximate 
formula for the transmission coefficient of a circular 
aperture for normally incident plane waves. Using the 
variational principles of Levine and Schwinger, Chang* 
has obtained two different expressions for the transmis- 
sion coefficient of a large circular aperture for normally 
incident plane waves. Recently Millar’ has treated the 
aperture problem by assuming the aperture to be the 
envelope of a system of perfectly conducting half-planes 
lying in the plane of the screen. He obtained an expres- 
sion for the transmission coefficient which is identical to 
one of Chang’s approximations to the order of (ka)~*”. 


* Manuscript received by the PGAP, November 1, 1958. This 
research was supported in part by the U. S. Air Force under contract 
with Harvard University. This work was carried out while Dr. Wu 
was Junior Fellow of the Society of Fellows, Harvard University. 

+ Gordon McKay Lab. of Applied Science, Harvard University, 
Cambridge, Mass. p . 

1 J. Meixner and W. Andrejewski, “Strenge Theorie der Beugung 
ebener elektromagnetischer Wellen an der vollkommen leitenden 
Kreisscheibe und an der kreisformigen Offnung im vollkommen 
leitenden ebenen Schirm,” Ann. Phys., vol. 7, pp. 157-168; April, 


1950. 
2 W, Frahn, “Die Anwendung des Braundek’ schen Naherungs- 


‘verfahrens auf die Beugung electromagnetischer wellen an der 


Dreisformigen Offnung im wollkemmen leitenden ebenen schrim und 
an der oT reader Kreisscheibe,” Diplomarbeit, Rheinisch- 
Westfalische Technische Hochschule, Aachen, Germany, 1951. Un- 
lished. 
ae iareoine and J. Schwinger, “On the theory of electromagnetic 
wave diffraction by an aperture in an infinite plane conducting 
screen,” Commun. Pure Appl. Math., vol. 3, pp. 355-391; December, 
1950. ; f ate 
4. H. C. Chang, “On the Diffraction of Electromagnetic Waves 
by a Circular essence.” Cruft Lab., Harvard University, Cambridge, 
Mass., Sci. Rept. No. 2; 1955 (unpublished). : . 
5 R. F. Millar, “The diffraction of an electromagnetic eve bya 
circular aperture,” Proc. [IEE (London), Monograph No. 196R; : 


Furthermore he assumed that the next correction term 
is of the form (ka)~ in the normal incidence transmis- 
sion coefficient of a circular aperture, and estimated by 
numerical means the coefficient of the (ka)~? term by 
comparing the results of the semi-empirical transmission 
coefficient with the results of the exact theory. Millar’s 
result is in closer agreement with the results of the exact 
theory than those of Frahn, Levine and Schwinger, and 
Chang. In this report, employing the general technique 
used by Levine and Wu,° for the high-frequency dif- 
fraction of scalar waves by a circular aperture, the first 
few terms in the asymptotic expansion of the trans- 
mission coefficient of a circular aperture in a plane con- 
ducting screen are calculated directly from the integral 
equation without employing any numerical procedure. 
The formulation is based on the integral equation for 
the current induced on the shadow side of the screen. 
In this formulation the geometrical optics part separates 
out in a natural way in the expression for the transmis- 
sion coefficient. Two simultaneous integral equations 
are obtained for the two components of the current on 
the shadow side of the screen. The radial and the angular 
components of the current have simple dependencies on 
the angle variable and the integrals occurring in the 
kernels of the integral equations are approximated by an 
asymptotic evaluation with respect to the angle variable. 
The resulting simultaneous integral equations for the 
components of the current involve only the radial co- 
ordinate and are solved by an iterative procedure. 


INTEGRAL EQUATION FORMULATION OF 
THE PROBLEM 


Consider an infinitesimally thin, perfectly conducting 
plane screen S, of infinite extent, which is perforated 
by a circular aperture A of radius a. A rectangular co- 
ordinate system is chosen whose origin is at the center 
of the aperture and which is oriented so that the screen 
lies in the xy plane (Fig. 1). The position vector of a 
point P(x, y, 2) in space will be denoted by r while the 
position vector of a point P(x, y, 0) in the xy plane will 
be denoted by p. 

A plane electromagnetic wave is incident normally on 
the aperture in the half-space z <0. The coordinate sys- 
tem is chosen such that 


BE (4) = Ke rkz 


e\ te 
H®*(r) = s(<) eike 


be 


(1) 


6 H. Levine and T. T. Wu, “Diffraction by an Aperture at High 
Frequencies,” Appl. Math. and Statistics Lab., Stanford University, 
Stanford, Calif., Tech. Rept. No. 71; 1957 (unpublished). 


28 
y Y p 
$y P ia 
(PP) 
$ p 
(P>P) 
te 


Fig. 1—Coordinate system for the diffraction 
by a circular aperture. 


where & is the wave number and the harmonic time de- 
pendence e~“* is omitted throughout. In polar coordi- 
nates the incident wave is described by 


Ee (0, dg, ry) = E,o cos @ Teo; d, Z) aa yo sin iy 
Es(p, ¢, Z) = E50 sin a) jae AQ). dg, Z) cee H 40 cos 0) (2) 
where 


Eno — E40 — eke 


€ 1/2 
Ayo = H4o = (=) en (3) 


bh 


The total electric and magnetic fields satisfy the free 


space Maxwell’s equations subject to the boundary con- 
dition 


E3(9) = E,() = 0 


The electric and magnetic fields vary continuously 
through the aperture. 


From the Maxwell’s equations (3) it follows that the 
total electric and magnetic fields are of the form 


E,(p, dg, Z) i Epo cos p 
Es(p, p, Z) = E40 sin i) 
E.Ap, 9g, Z) = E, cos oy) 


o on the screen. (4) 


H,(p, ?, z) = 40 sin g 
H4(p, 6,2) = H4o cos 
H,(p, 9d, z) ae Ho sin g, 


and the components of the total surface current density 
J=n”X#H are therefore of the form 

J,(p, &) = Jno cos 

Jo(0, 6) = Joo sin d (6) 
ihere #9, Feo, Hey, Hoo, Hes, Heo, Jp. and Jo are func- 
tions independent of ¢. 


Define the surface current on the illuminated side of 
the screen z=0- as J-, and that on the shadow side 
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of the screen g=0+ an Jt. Denote their sum as 


De bla ain (7) 
In the absence of the aperture, it is obvious that 
fr 0 
Nie 
y= 2(=) «= J (8 
be 
and thus, by (6), 
A: 
se-a(2) 
b 
€ 1/2 
J 3° = 2(=) : (9) 
m 


In the presence of the aperture, J* and J~ have different 
values from that given in (8). It is convenient to in- 
troduce 


Ji=F oP 
lf =f eT (10) 
Since J=0 in the aperture, it follows that 
A rel & (11) 


for p<a. 

The total electromagnetic field is decomposed into the 
incident fields, Ei™*(r) and Hi™*(r); the specularly re- 
flected fields, Et*f(r) and H*f(r), due to the reflected 
wave which would result if the screen were complete; 
and the diffracted fields, E4'f(r) and H#‘‘(r), due to the 
presence of the aperture 


E(r) = E™(r) + Eref(r) + Eil(r) 


H(r) = H™°(r) + H'ef(r) + Haif(r) os < 0 
E(t) = Er) 
HA(r) = H4t(r) z>0. (12) 


The entire diffracted field is due to J’ and can be derived 
from the vector potential 


mM exp [ik| r — 0’ | 
AM 7) = Al J'(9") a ; & las. (13) 
4a S+A | y ee | 
A‘il(r) satisfies the equation 
(V2--+- R)Att(7) = 0 (14) 


everywhere except at z=0. The diffracted fields are ob- 
tained through the use of the formulas 


1 
ee (15a) 
Lb 


1 
ES (re) = =_V x Vv x Adit, 


GLE 


(15b) 


Because of symmetry, the vector potentials A‘® are 
identical at the corresponding points in the half-spaces 


ie Ne pelle Dee Bt 8 oe 


ei) oe es 


Do aaa 


ee CST Ree ee CTS ead reaty eee eS ee eT oo ee eS 
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2<0 and z>0. It follows from (15a) that the perpen- 
dicular components of H# are equal and in the same 
direction whereas the tangential components are equal 
and in opposite directions. On the planes z=0+, ‘the 
unit vectors #% are oppositely directed and hence the 
currents are identical: 


1 ho (16) 
so that 
Ob ee ON pas (17) 


The electric field at any point (p, ¢) on the screen is ob- 
tained from (15b) using (13). With (14) it is given by 


a 
= if [vv-+ k?] 
Amwed gia 


se 
og aan 
lo—e'| 


E*“(p, 6) 


-dS' 


4 
; Hl U'(e!, #)-¥ 
TWE YS gia 


xp |7k —’ 
Jee . eo E 


dS! (18) 


Here it is to be understood that the differentiations 
with respect to p and ¢, should be carried out after the 
integration with respect to p’ and ¢’, even though V is 
written under the integral sign. It follows that the p and 


- @ components of the electric field at (p, ¢) are 


4 ) Tv 
B,(p,9) =—— | ode’ [ae 
2rwe J 9 ax 


02 
| Sst cos (¢’ — @) cos a 
p 


J prot 0° 
+ sin (¢’ — ¢) cos ¢’ sa 
p/or a ! d 

sin (¢’ — ¢) cos ¢ ab 
+ kJ ,+ cos (¢’ — ¢) cos ¢’ 
Qe? 


= J got sin (¢’ a $) sin ¢’ ey 
Op 


2 


i on 
uo z cos (¢’ — ¢) sin 6 ——— apae 
i 
ee een e — 
p? dd 


— kJ got sin (¢’ — ¢) sin é'| 


exp [it|o—#'| | 
le-e'| 


(19) 
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and 
E,*"(p, 6) = oc 
mil Ete 
od 
ie cos (¢’ — ¢) cos ¢’ — — — 
Op p Od 
J pror Fe te) 
a2 sin (¢’ — ¢) cos ¢’ — 
Op 
J prot 02 
see eG /—__ 
ms sin (¢ ) cos — 
+ RJ y-o+ sin (¢’ — ¢) cos ¢’ 
gi 
= Jo sin (¢° — 9) sin. p 
dp p do 
ST gro rs) 
Ss cos (¢’ — ¢) sin ¢’ — 
Op 
Tosa 92 
= cos (¢’ — ¢) sin ¢’ — 
Od? 
+ k?J 40+ cos (¢’ — ¢) sin ‘| 
e ik|o — 0’ 
exp [ik| o — e'| a 


lo—o'| 
It is useful to define 
exp [ik(o? + p’? — 2pp’ cos 9’) 1/7] 
(p” sep ==" 2 pp (C0siG a7. 


dae ir ae con a 


and 
Boro = 
Tv , 2 LAD Sons / / 
fame are amen. ay 
Then 


1 COS 


EA*(p, o) = 


02 


Th 
il 6) i 

+ J gro* (— == =) Ae, p’) 
p 10p. p* 


f, (= 0 “) 
NAG One aa! 


ile 6) 
ae 
ee Wie 


(22) 


sz + #) Bo, r)| 
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REDUCTION OF THE INTEGRAL EQUATION FOR 
ae HicH FREQUENCIES 
: asing (~*~ ee e Merete) 1 : ; ; : ; 
E5*"(p,$) = ; pdp |) — + Jer" (— re Wace It is desired to obtain an approximate solution of — 
ae aa ote (24) and (25) for large values of ka. In this case, the sig- 
nificant regions for the integral equation are near the 


1 
See (= m7 wt A(p, p’) rim of the aperture. With a fixed vector e for the point 
2 of observation on the screen, significant contributions 


and 


1 to the integrals A(p, p’) and B(p, p’) in (24) and (25) 
= {yt (= Pe ) + Foot correspond to two stationary values of $', namely 0 
ti and 7. : 
it 3) In order to obtain the contribution to the aha 
(—2+2)bae,0]. a 
Ba A(p, p’) 
The use of the boundary condition that the tangential exp [ik(p? + p’? — 2pp’ cos ¢’)!/2] 
electric field vanish on the screen, 7.e., E,‘f(p, @) [ a os? ¢? ——_________—_——__—_ (27) 
(p? +p"? —Zpp' cos 7)? 


= E,*i!(p, @) =0 for p>a, in (22) and (23) results in the 
following simultaneous integral equations for the two 
components of the current on the shadow side of the 
screen. They are valid for p>a. ; 


0) (CS 1/2 
g ee SEN AEN gs py ax = (1-) dg’. (28) 
‘dp’ J pot | — Poe ee tk eee k2 
cab Gag dp ate) 


+ Sgro" (— < ey =) Ao, p’) e2\2 e\1e 
pages Ao!) = f ax(1-S) (4-2) 


for ¢’ near 0, let the following variable be introduced: 


The result of substitution is 


tl ei 1 - 
-fo(tt-4 
p dp p "oe lie Se eae 
; - (29 
[2 Sai anes (eo =p? tre Ce : 
ee iu) 50 G4 
P tae 0 Xe After expanding the term 
and 
ie: 2 e i /2 
oe ee Ua) ae) 
f p'dp’| — fet(— 4) ? 4 
0 pop 9" 
1 in a power series, taking infinite limits of integration 
20 PG (= Le yt Ao!) and introducing the new variable 
p 
1 , pe pre 
Po = Be Kes rae 
+ Liv(< i) lp — | 
1 3 1 the contribution to the integral (29) from the neighb 
af F ghbor- 
ails Tyat( a ae = B(op, | 0 (25) hood of ¢’=0 is 
p 
The following values of J,’o+ and Jy o+ in the aperture Ao(p, p’) = f[s-- A lie PP tee 
are obtained by combining (0) and (11): a 
ce hvsad as ee 
; a+ ey” | 
Baie Since 
J oot = (=) (26) 
mm ; 
RF Aaa LRo(1 r2y72 
eee a: Hy (kx) =e ~f dt! xp [ika(1 + ¢/)1/2] (31) 
rds Sm 


ee ee 
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(30) becomes 


Re 71 Ho (| a 
pea ee) 
Trt : 
+ aGanna Mle — 0 | )2H0(2| » — 0'|) 


02 
+ =, Hobo — o'|)]. G2) 


Let the radial coordinates be referred to the rim of the 
aperture at p=a by introducing the new variable x, 


p=a+x p =at+xn'. (33) 
It follows from (32) that to the first order in Senor 
11 x + x’ 
Ay= [1 - | HO) 2 OA ee C34) 
a 2a 


In order to get the contribution of (27) near ¢’=7, 
¢’=7+¢ is substituted. Thus, 


A,(p, p’) = { a cos? > 
0 


@ 
exp E ((6 429.) 2 -4pp' sin? =) 


ob 1/2 (35) 
E + p’)? — App’ sin? 4 


If cos? ¢ and 
ot, ah alone @ T!2 
(e + p’)? — App’ sin mi 


are expanded in power series in ¢ and infinite limits of 
integration are taken, the value of the integral (35) near 
¢'=T becomes 


eik(ete’) « 
ji exp 


(pa p') J 0 
pp’ 
“11 — ¢2 1-_ _)... lag 
| ¢ ( 2p Aap.) 
12; Tv 
= [al exp Ez pi i=| 
. kop’ (p + p’) 


fri (tt - / )+--- | 
BN pp 2(p + p’) 


ikpp'¢” | 
2(p + p’) 


(36) 
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If (33) is used in (36), it follows that to the first order 
eve 


A, 
Ta : 71 3 
= — exp fine + [1+ 22 -=y] (37) 
a 4ka Aa 
where 
T 
a = (rka)—/? exp | 2ika - ial (38) 
The sum of (34) and (37) is 
4=2(1 x x! Ho (k| 4 
Og 2a . Oia sate 
+ exp fae + 2)|[1+ 2-2-2] 69) 
a ee a 4ka ics ree 


By a similar procedure, it can be shown that the value 
of the integral ; 


B(p, p’) 


LR 2 12 yee 3} 1 N1/2 
= fae Rap ged [ik(p? + p pp’ cos ¢’)*/?] (40) 


(p? step 2-2 pp! 608.60) 2 


near @’=0, is zero to the first order in x and x’, and 
equals B, near ¢’=7, where 


ma 21 ; 
B= B, = — —:-— exp [ik(x + x’). 
a ka 


(41) 
If in the integral equations (24) and (25), the radial 
coordinates are referred to the rim of the aperture as in 
(33); the values of A and B are substituted from (39) 
and (41); the substitution of the newly defined func- 


tions 
yw \12 P 
Fy(« ) S\) — p J 5/0 
€ 


mM 1/2 
pic) =(2) see 
€ 


is made in the range x’>0; and the values of J,’ot and 
Jg/ot as given by (26) are used for 0 <p’ <a, the follow- 
ing two equations are obtained for x>0: 


(42) 
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3m 
Saeed eke # 72 2 |) - 2. +) Oe 
if oe: F ie 2a = 2a Ox? : 2a’ Ox 
j ik 5 3ik Bika \. 
1 1 k? bale oe =(- Na eo gape Bae jenna 
+(e — pea) s oe. a Ox geek a 2a 2a? 4a 4a 
20 } a 
+f doe! F(x’) E (1 = =) Ho(k| « — «'|) — — Hy? (k | 2 —x'|) 
0 a 2a a 
+7(i = = — Stk x — a’) ear 
a 2a 4a 4a 
0 aS INGO a x\ a 
= { ax'| wi(1 = 2 4 =) re Pere ee (1 += )— (| PED als 
TA 2G. Jas ox? a ®/ 0% 
! 3ratk Soa 
ah ee a a Hy (k| e— x! | y= if (1 + =) coe | (43) 
Za 20 2a @ 
and 


= ] x wen CG Tr 
if dx! F,(«') Ee —_—- = |= Ho(k| « — « |) — —- Ho (k| x — «’|) 
0 a a a/ 0x 2a3 


Ta 5 3ik 31k 3 
a. “(18 vs aa oes x! \ gik(ate’) 
2 2a 4a 


a 4a 


aa [ ae (i x 2) a7 : orl i 3 a hie 1 
U / — — ei cs — ax — — a T laatth a! 
+f cating ; sa) 27 a 4ka 4a 4a 


: Ti z NO : 1 2 Rk? 1 
-{ as | (: —— ) Hy(k| x — «’|) + wi E _ = 2+( = 55) Hol 2 =") 
ere at XC 20 20) 0% MO Gi 2a 2a . 


3ik 5 3h? bik es st 
‘tS 4s elec rege) aoa Creare) ot Cal bs 


a 2a? 4a 4a? 
FOURIER-TRANSFORM SOLUTION OF THE = Ds 
‘- 2 =) 2 Mis 2 2 D) 
INTEGRAL EQUATIONS fe EAR Seow) ee a2 LESS) RE ee 


Two functions R(«) and S(x) which are both zero for 


«>0 are added to the right-hand side of (43) and (44) BO ne Me) ey) 
respectively, in order to extend the range of validity of - ie ac Ca a i KS hee 
those equations to all values of x from — x to o. A 

complex Fourier transformation is applied to (43) and es, ¢ aik Fy(— k) 
(44) with respect to x. While taking the transforms of ese ae 2)1/2 

the terms containing the factor e*@+, the integra- s Bs Soa 


tion with respect to « from 0 to ~ is performed; on the A 

; ; ; : a 1 
other hand, the contributions of the integrals in the = (R2 — ¢2) 1/2 4 
range of « from — © to 0 are added to the transforms of Ste 2 $+ ie 
R(x) and S(x) to yield, respectively, R(¢) and S(¢). The 
results, if only the first two orders of terms in ka are 1 ¢ 


(ome All LA . 
retained, are (e-Im &) “ CHie (B— 12 4 EH ‘ es (45) 


d (Rk? 2\1/2 
at set) 


= 1960 


Tp ee Re le See Shee) ties 


and 
Fi) a F(a) G _ ¢ 
(Rk? — £?)1/2 2 k—¢ Ae ak? As) (R2 — ¢2)1/2 
1 F,! Lie ) 
ee eeene 
ene ey Sai FCS #) 
Cae = aa ht 
3ai Fy(— k) at F\(— k) 
Seo? lek be 
ai il aia 1 
fie HAT Oe RE 
1 ¢ 1 
ie ftie 
i! 1 to) 1 
2 gtie oF ( — PP 
ee +300, 
2 k—¢ 8k (k—-¢)? 
where 


Fi(6) =f mR (aan 


F2(o) = f etrsayae. 


- Primes in (45) and (46) signify derivatives. 


An iterative procedure for solving the transform rela- 


tions (45) and (46) starts from the developments 
Fi(S) = HOO + AO), 
FA(f) = FLOd) + FOO), 
RF) = RS) + ROW), 


and 
BC SQ) O(N); 
where 
BG? 02 a BY + RO) 
‘and 
1a 
F2O(— k) =, es 
PF, (f) a k 
er 2 B= ¢ 
eo 


— ¢+ie (HB - 2)? 
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After rewriting (49) in the form 
Ee ia 
PLO) (R — 9)ire — —[(k — 912 — kil? | 
Ss 1€ 
= ie Rie RO ( ) (51) 
(f+ Ge se 


it is seen that the left side is regular in the lower half- 
plane (Im ¢>Im k), and the right side is regular in the 
upper half-plane (Im ¢>-—Im k). Therefore an integral 
function is defined in the entire ¢-plane. Since both 
sides tend to zero at infinity in their respective half- 
planes the integral function vanishes, or 


Ge) 


By setting (= —k and ¢=0 in (52), it follows that 


1a 


6+ te 


PLOW) = (52) 


FiO (— ES ee (1 — 2-1/2) (53) 
(46) k 
F ()(Q) 2 (54) 
a pci 
Similarly, (50) may be rewritten in the form 
(47) FL (¢) pected 1 a 
OM opie RHP BR 
a (F(— k) — ia/k) (0K) 1 
2 k—¢ 
ba 1a 1 a a (F0(- k) pecs =) 
Cie R12? 2 k 
k — We OF ae: es 
ee ee eC eee 
Ro 
In this case the vanishing of the integral function leads 
(48) ie 
eee (ee) 
Fo = — —— = 
(49) eae C-F te k 
ny ia 2k Ns 
Pe OC ee | 6 56) 
tee veer 
so that with ¢= —& and £=0 in turn, it follows that 
q 1/2 
ROI ees ee (57) 
k ra a 
(50) ; 2 | 
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and After the division of (60) by ~/2+¢ and the selection of 
: terms regular in the lower (—) and upper (+) half- 
F,(0) = — S ue Seige (58) planes, it follows from the vanishing of the integral 
2k Ok \ cae function that 
2 as 
s FLO (k — 4? = ( H(5) ) (63) 
The substitution of F,(—k) from (57) in (56) gives (k+ ge] . 
; eee eae Since 
Row = -—_(1- ee") 
(+ te k rl ao 
SS k = Lf2 — k — pf ee Ril2 
be ia a ( k Ni (59) E ae ip? : it @ Ke 8) I+ 2WeRi2 
Eee ret 1 1 secdeiea 
; ae ea ee 
With (48) and (49) the next approximation for (45) is 1 i (2k — 2) 
POG 12 — A) RO) (G0) Meet) Age ae 
where | ! | os 1 
(eas) OR — OAS (ORE ) 
aw io 
a) = pe egy ce and 
hes 0 | 1 | e 1 
=F a Oe (Ra 67) ei (k EO Plo 1 Dee (64) 
AS Ol ye oe ¢ it follows that [H(§)/(k+9 |_ is explicitly given by 
AES ie NRE se ee ee 
4a k—-e a FO) (R2 — ¢2)1/2 a 
H(s) 1 
——) =— [(k a Ril? ] a 
aik F(— k) 1 il F) Re heres Qeki/2 
= 5 ; ix + 5 ; (k? ex (eae 
a c Cr e205 Ee 1 1 (2k — &) 
1 G 3a 1 2h2 k—¢ 8k2(k — ¢)2 
Beran Get payin 4 pe os 
a 4 1 
When use is made of (52), (53), (57) and (59), then (61) a jens “ji as 
becomes : 
ee ee use eee (65) 
(¢ + te)? (5 + ie)? a 2k(k — §) 
(ase 
R1/2(k + oir Bile 1 2, 
2(6 + te)(R — §) 2 (kh — §)%(k + 98/2 With the omission of higher order terms in a, the 
1 ail? 4 1 principal part of F,(0) turns out to be 
+ — 1 
Meee i) 8 ( af i —¢ 1 a 
pee 1 Oe ae (66) 
kil? 1 Hence 
1 2 =D D oan Ly eis 
2 F,(0) = FOO} 2,00) = ee (67) 


2k 8k? = BR 


1960 a 


Similarly, the next approximation for (46) is 


FL (¢) a F,(— k) 
(R2 — ¢2)1/2 teil oh ate eee P + GE) +5), (68) 
where 


g i 
ee 


G(s) = — F@) Zee 
ak? a (k? — ¢2)1/2 
at Fy(="k) 1 


969) ees eee : 
Zak k—¢ ~ ~F, = Og (R2 — ¢2)1/2 


Tia Fe (— k) 3ai Fy/(— R) 


Se a ea & 8a UR SE 

3ai Fy(— k) 1 1 

ou ee —{)? Re 5) H2 
1 d 1 


~ 2G 4 ie) of (2 — A (69) 


Eqs. (52), (53), (57) and (59) are used to simplify (69) 
and the resulting equation for G(¢), up to linear terms 
in a, is 

1 1 


CO Bre + DE-DE Hine 


1 1 
T BRAG OT We + OME 0 


1 1 
Rk + ORD ee 32k? 


a a 1 


Rk—-¢ Uh? (R- OAR + OY 


at 34/2a 1 


* (70) 
2k/2(k — 6)°(k + ayei2 Sk (R = 


6)? 


After the multiplications of (68) by (k+¢)"” and the 
selection of terms regular in the lower (—) and upper 
(+) half-planes, it follows from the vanishing of. the 
integral function that 


@ d2k)? 
eee. fi f 


Fy (6) 


Gye 2 e-re” 
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Since 


he + a ks sw 


a = ( 1 1 1 
| AGH pe or) ogee 


Fess 


Pine + Ore QR 
eae a ok Ica 
| pei 
(Rk — ¢)? a TG) 4k(k — £)? 
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it follows explicitly that 


i 
kere zi nee) 
Ferd 
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Fy (¢) a Cage oe 
Pees weer 
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Ei Meca Bl) 
4@—9 FXG OR Be 
en 1 ak 3/2 Gee as if 
LC Re =) 
ak71!2 1 fc 
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(R— 6k Bo RR 
In particular, the special case § = —k in (73) gives 


a (2eye tT 729 
FLY (— k) = “(> at 2-1) p-512 
a 8 
Oo 


-(t S) 00 


After using (74) in (73), setting ¢=0, and omitting 
higher order terms in a, the principal part of F,“(0) 
turns out to be 


(73) 


il 15 
F,(0) = —k-? — ae ak-?, (75) 
Thus 
F.(0) = F2(0) + Fr. (0) 
1a is 1a a cae, 5 = (76) 
== NC! 
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THE TRANSMISSION COEFFICIENT 


A quantity of physical interest in this problem is the 
transmission cross section of the aperture. It is defined 
as the ratio of the power passing through the aperture to 
the incident power density per unit area. The normal- 
ized transmission cross section or the transmission co- 
efficient can be shown to be 


o 1 (Ne 
Bea eRe iarcmie: aan 
1 ( ) ef (p’) ( 


€ 


Eq. (77) can be rewritten with the help of (6) and (42) 
in the form 


1 i) ee) 
ae Re| { F,(2")dx’ — {) Fala!) | 
Ta OP 0 0 


1 — — RelF.(0) — F.(0)] (78) 


I 


The substitution of the values of F:(0) and F,(0) from 
(67) and (76), respectively, in (78) gives 


1 1 
== i) — 5 tin (20 - =) 
m!?(Ra)3!? 4 
+ —[>+5 in 2(28 =] 
——]|— +— sin a—— 
(ka)?L4 2x 4 
1 ff 1 
— | = cos ( aka - *) 
(m)1/2(ka)92 L 4 4 


1 1 
+ — sin 3 (2#< _ =) (79) 
4a 4 


The first two terms of the transmission coefficient have 
been obtained previously by Chang* and Miuillar.® 
Millar had evaluated the coefficient of the (ka)? term 
empirically as 0.70, which is quite close to the non- 
oscillatory part of the coefficient of (ka)~? in (79). 


NUMERICAL RESULTS 


The values of the transmission coefficients 1, fg and fs, 
which are obtained by adding respectively one, two, and 
three correction terms to the geometrical optics value, 
are tabulated in Table I, together with the value ¢ 
calculated from the exact theory in the range of values 
3<ka<10. The values of ¢ are taken from Millar's 
paper.’ The values of (¢—t;) given in the last column of 
the table show that the transmission coefficient with 
three correction terms as given (79) agrees with the one 
calculated from the exact theory to within about one 
per cent. Since the calculations from the exact theory 
may be unreliable beyond the second decimal place, 
more exact agreement of ¢3 with ¢ is not to be expected. 

In Fig. 2, the transmission coefficients t,, fo, t3 and { 
are compared for the range 0<ka<10. Due to lack of 
accuracy in the calculations from the exact theory the 
transmission coefficient ¢, is omitted beyond ka=6. 
From the graph it can be seen clearly that f and ¢s are 
much better approximations to ¢ than 4 which was ob- 
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TABLE 
NuMERICAL COMPARISON OF TRANSMISSION COEFFICIENTS 


i eee =) 
t = 1 — (a) (kaye? sin ( Se 

1 3 1 es ( ~)| 
» = >See = ae 2 2ka are Nas 45 
pare? Fe gia eh ry 


1 7 ~) fs: ( *)] 
= fy — ————_ | — —-— — 3 ( 2ka — — 
tz = te (x) "9(ba) 518 [ ri cos (2ke ri Tie sin a 4 


ka th te ts if t—t;3 

3 1.09517 1.16358 1.13291 sea ay —0.006 
4 0.94341 0.99981 0.98092 0.992 +0.011 
5 0.98947 1.01687 1.03367 1.039 +0.005 
6 1.03747 1.05643 1.05359 1.047 —0.007 
7 0.98161 1.00004 0.99365 0.995 +0.001 
8 0.98819 0.99783 1.00239 0.999 —0.003 
9 1.02086 1.03037 1.03045 1.030 —0.000 
10 0.99363 1.00219 0.99915 1.001 +0 .002 


l 
2 4 6 8 10 
Fig, 2—Graphical comparison of transmission coefficients. 


tained by Chang.‘ It is further noted that both the 
position and the magnitude of the first maximum of the 
transmission coefficient approach the one given by the 
exact theory; and this poses an interesting unsolved 
problem: whether the sequence of graphs for fy, fo, #3, - - - 
possesses any convergence property, even though the 
infinite series (79) for the transmission coefficient is 
believed to be divergent. 
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Summary—The scattering of plane electromagnetic waves of 
_ wave number k by an infinite slit of width 2a formed by two per- 
_fectly conducting coplanar screens of zero thickness is considered. 


INTRODUCTION 


( Y iofnite ali the problem of diffraction by an 
4 infinite slit formed by two perfectly conducting 
ee, coplanar screens. A plane electromagnetic wave 
_ with its direction of propagation lying in a plane per- 
- pendicular to the screens is incident on the slit from one 
| ‘side of the two screens forming the slit. The earlier 
treatments of the problem, with the exception of that by 
_ Levine! have excluded the limiting case of grazing inci- 
_ dence, 1.e., the case in which the direction of the incident 
; ‘wave is parallel to the screens. In this report the special 
_ case for grazing incidence is investigated with the pur- 


cn S Pa 


> 


S 


“ 


_ series for the transmission cross section for unit length 
_ of the slit. 

4 The case for grazing incidence becomes physically 
“more meaningful if the corresponding complementary 
problem of the infinite strip is considered. In that case 
_ the plane wave is incident edge-on the strip and the 


4 problem reduces to that of finding the total scattering 


cross section for unit length of the strip. Since it is con- 


Sy 


“venient mathematically to deal with the infinite slit 
rather than the infinite strip, the problem of diffraction 
of plane waves by an infinite slit rather than by the 
infinite strip is treated. However, Babinet’s principle 
~ makes it possible to obtain results for the problem of the 
infinite strip from those for the infinite slit, and vice 


_ versa. 

' It is possible to separate the problem of the diffrac- 
A tion of a plane electromagnetic wave by an infinite strip 
into two equivalent scalar problems: 1) the case when 
‘the magnetic vector is parallel to the edges of the strip, 
and 2) the case when the electric vector is parallel to the 
edges of the strip. In the first case, if a wave function is 


identified with the component of the magnetic vector 
ej 


+ 
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High-Frequency Diffraction of Plane Waves by an 
Infinite Slit for Grazing Incidence* 
S. R. SESHADRI} anp T. T. WU} 


parallel to the edges of the strip, then it is easily shown 
that the wave function satisfies the two-dimensional 
wave equation exterior to the screens. On the screens 
the normal derivative of the wave function vanishes. 
By the application of Green’s theorem, the wave 
function at an arbitrary point may be written as the 
sum of the incident field and a scattered field. The scat- 
tered field is determined by the discontinuity of the 
wave function across the screens. For the case when the 
wave is incident edge-on the strip, symmetry considera- 
tions indicate that the wave function is the same on 
both sides of each of the two screens. Therefore, the 
discontinuity of the wave function across each of the 
two screens becomes zero, with the result that there is 
no scattered field. Consequently, by the principle of 
complementarity, it is easily inferred that the limiting 
value of the transmission cross section per unit length 
of an infinite slit is zero when the incident electric vector 
is parallel to the edges of the slit. 

It remains, therefore, only to treat the case when the 
electric vector is parallel to the edges of the infinite 
strip. In this case the diffracted field is not zero and the 
total scattering cross section per unit length of the strip 
is calculable. As was stated before, for analytical rea- 
sons the treatment is in terms of the complementary 
problem of the infinite slit. The formulation of the prob- 
lem is similar to that used by Levine.! The pair of 
simultaneous integral equations, which specify the 
transforms of the current distributions on the two 
screens and which were derived by Levine, are solved 
in a systematic manner and the first six terms in the 
high-frequency asymptotic series for the cross section 
are evaluated. 


FORMULATION OF THE PROBLEM 


Consider the problem of edge-on scattering by an 
infinite strip. The incident plane electromagnetic wave 
is assumed to have its electric vector parallel to the 
edges of the strip [Fig. 1(a) |. If the x component of the 
electric vector is identified with a wave function 
¥i(y, 2), then it is readily seen that ¥ satisfies the scalar 
two-dimensional wave equation exterior to the strip, 
and obeys the Dirichlet boundary condition on the strip. 
Mathematically, it is convenient to treat the corre- 
sponding complementary problem and obtain the result 
for the strip by Babinet’s principle. The complementary 
problem of the infinite slit is illustrated in Fig. 1(b). The 
incident wave has its magnetic vector parallel to the 
edges of the slit. If the x component of the magnetic 
field is set equal to the wave function y2(y, 2), it may be 
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Fig. 1—Geometry of the problem. 


shown that y2(y, 2), in the region exterior to the screens, 
satisfies the wave equation 


0? 0? 

ee, a 2 — 
(Sot oa +B) nv, 9 =0. (t) 
On the screens, the following boundary condition is 
satisfied: 


OW 


oa Pu a 


(y, 0) =" 0. (2) 
It is desired to obtain the solution for grazing incidence 
[Fig. 1(b) ] as the limiting case of the solution for arbi- 
trary incidence [Fig. 1(c)] in which the angle of inci- 
dence @ is allowed to go to its limiting value 7/2 at a 
suitable stage in the calculations. Hence, the problem is 
formulated for arbitrary incidence. By application of 
Green’s theorem, it may be shown that 


Po(y, Z) = eik(y sin 6+2 cos 8) 


ed 
ai GN yo OB oo! 
y10) | HME o'D)] — G) 


ly’ |>a 


z’=0 
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where 
f AOE So 2 

19) = F007 SE = 10,09 — VO). 
Io(y), y > @ 

The first term e sin +2 c8 9) in (3) represents the inci- 


dent field and the integral represents the scattered field. 
Let the following transforms be defined: 


Pi) = f EA wer oes (S) 


and 


Pug) = [esta + y)dy. (6) 


Then, by the use of the Wiener-Hopf procedure to (3), — 


the following pair of simultaneous integral equations 
specifying the transforms Pi(¢) and P2(¢) is obtained: 


Vk + ksiné 


January 


a se ata ia e—ika sin 6 
nee i ” Serre ae 

27) ba eG 
and 
: /k- oP O= Vk — ksin 6 ika sin 6 
a gto ss (+ eksiné 

haf aE ae 
+ =f ies Vi — ke?***Py(t). (8) 


It is convenient to make (7) and (8) dimensionless by 
the introduction of 


LR eee 
Oxf) = a s/c GPS 
and 
ier oe eae 
ves + ¢P2(—kf). 


Q2(6) = (10) 


Then Q:(¢) and Q2(¢) satisfy the following simultaneous 
integral equations: 


1 + sin @ 
OWS) = erate evika sin 9 
¢— sin @ 
+—f" dt (ton o 
aaa ika t 
pa Prmvrwrers erg) (11) 
\/ 1) sin) 
2 Se pie, Bi 8 
¢ + sin @ f 


cate dt (a2) 
Pie Shee =) eee) (tne eC) 


Eqs. (11) and (12) are valid for all angles of incidence. 


(9): 


j 1960 an 


j It is desired to carry out the solution of (11) and (12) 
_ only for the special case 0=7/2. For 6=7/2, (11) and 
(12) reduce to | 
4 J2 
Os) = aw 
Ci) 
e ~{- dt (= ae 
2ikat 
ey sada) oma as 
1 Said arele PLN ar? 
QO (¢) eee lS) 2ikat : 
2 col une sage erie Bie Qi(%) (14) 


The main interest in this problem is the evaluation of 
the transmission cross section per unit length of the 
slit. It is easily shown? that the transmission cross 
section o per unit length of the slit is given by the for- 
mula 


ek ee are ee a ee SP W's = a oN ~ .\: Sy * a Vir x: 


Tees 


Im 


1 
—ika ss ae er A 
Te E QAO) yi | 


where Im means the imaginary part in the limit ->1-. 


[>1— 
It will be seen, after the solution for Q2(—£) is obtained, 
that the singularity due to 1/+/1—¢ is exactly annulled 
by that contributed by e~** Q2(—$). 


o 


(15) 


ITERATIVE SOLUTION OF THE INTEGRAL EQUATIONS 


It is convenient to reduce the pair of simultaneous 
integral equations (13) and (14) into two independent 
integral equations. This can be done by the method of 
“symmetrical components. Let 


Oia RY SY) 


ill a ila da NS or te Be a 


(16) 
Zi Bud 

: Q2(F) = RY) — SU). (17) 
By substituting (16) and (17) in (13) and (14), first by 
adding the two equations and then by subtracting one 


from the other, the following two independent integral 
equations are obtained: 


R = = e€ 
eG f 
co = 1/2 
ap Atty ne 
Tv 1 
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as pa = etka 
SO Tig 1) 
Pd == 2: 
vie 1 ie 


k 2S. R. Seshadri, “Asymptotic Solutions of Some Electromagnetic 
’ Diffraction Problems,” Ph.D. dissertation, Harvard University, 
' Cambridge, Mass.; 1958. Also, “High-frequency diffraction ot plane 
| waves by an infinite slit I & II,” Proc. Nat. Inst. Sci. India, vol. 25A, 


» pp. 301-336; 1959. 
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It is desired to solve (18) first by the method of itera- 
tion. The zeroth-order solution is 


1 
R = ———_—_ _ e~tka 20 
Ores 5c (20) 
With (18) and (20), the first-order solution becomes 
(Rg): = ie 
ee eae eee 
1 e) dt — 1 1/2 —ika . 
at ai a(S) erikat _________, (21) 
To fC Net 1 V2t— 1) 


With the change of variable ¢ to 1+7s/2ka, (21) may be — 


reduced to 

1 1 TaN ie 
QM = ee 
where 
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ae J ; leak pe! ‘| 
4 —1/2 
[(G=)s + 2| eds. 


By substituting (22) in (18), the second-order solution 
is obtained as 


(23) 
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i 1 Ne 
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BY paige sel wil) Be 
ae : iE a (= “J Qikat 
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Note that Ri(t) is regular at ¢=1. Hence, with a change 
of variable from ¢ to 1+7s/2ka, (24) becomes 


[RO]> 


(24) 


1 il 1 ae 
SS SS —ika a ika R 
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The iterative solution of (18) can be continued as far 
as is required. However, it is desired to evaluate only 
the first few terms in the high frequency asymptotic 
series for the cross section. It is seen from the solution 
of (18) that the first iteration introduces a factor .ke 
and each of the subsequent iterations introduces a factor 
of k-/2. Consequently, it is possible to obtain the first 
few terms in the series for the cross section even with 
the second-order solution of (18). 

In a similar manner, the solution of (19) may be 
worked out, since (19) differs from (18) only in the sign 
before the integral. The solution of (19) may be written 
down by inspection. Thus, 
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where Ri(f) and R,(f) are respectively given in (23) 
and (26). 
With the help of (16), (25), and (27) it is deduced that 
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(27) 


Qi(6) 


The substitution of (28) in (14) yields 
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The use of (29) in (15) results in the following expres- 
sion for a: 


¢=W)+ W, (30) 
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EVALUATION OF THE TRANSMISSION CROSS SECTION 
FOR GRAZING INCIDENCE 


The determination of the series for the cross section ¢ 
involves the evaluation of the integrals Wo and W,. In 
the solution for Q;(¢) and Q2(f), the contribution comes 
only from every other iteration. It is seen that the 
zeroth-order solution contributes terms starting with 
(ka)—/? to the cross section. The second iterative solu- 
tion contributes terms starting with (ka)—7/?. It can be 


easily verified that the next-order solution will give rise 


to terms of order (ka)~/?. Hence, in the evaluation of 
the integrals, it is enough to retain terms up to order 
(ka)—/2, 

Consider the evaluation of Wo. 
rewrite (31) as follows: 


It is convenient to 
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it follows that 
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It can be shown that 
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With (35) and (36), (33) becomes 
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When the limit is taken, the first term vanishes, and 


hence it results that 
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The integral in (38) can be evaluated explicitly with the 
result: 


‘ues Im | ef 220 (2a + iH, (2k ‘ 
2a ; a} " = 
Pea 2 Peer et 1 3 
2m (ha)? /2e 28 (ka)? | \/Im 28(ba)sl2 
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~ /2m 22(ka) 8? | pie 

In order to evaluate W,, it is necessary to evaluate 
Ri(§) and R2(¢) first, since the integrand in W, involves 
R(t). Consider Ri(§) given in (23). It may be rewritten 
in the following way: 
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where 


fo= 1 +. (41) 


In the asymptotic evaluation of Ri(f) and R2(f), each 
term is an order (ka)~! lower than the preceding term. 
_ It is enough to keep terms of order up to (ka)~? only in 
R2(¢), since the higher-order terms of R2(f) would con- 
tribute terms of order (ka)—/? to the cross section. This, 
in turn, makes necessary the evaluation of Ri(f) only 
up to order (ka)~*. The result of the asymptotic evalu- 
ation of (40), if only terms up to the order (ka)~? are 
retained, is 
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Next, the value of -Ri(f) for §=1+7s/2ka is sub- 
stituted in (26). With a procedure similar to that used 
in the evaluation of Ri(¢), Re(f) may be obtained as 
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By changing the variable ¢ to 1+7is/2ka, (32) re- 
duces to 
esika 1 1/2 re) 
W, = —Im (~) f ds si? 
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(44) 
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Substituting this value for R.(1+7s/2ka) from (43), and 


simplifying the integrand in (44) by retaining only 
terms up to order (ka)~?, (44) may be reduced to yield 


Tv 
W, sin (ste ++ =) 2iscos Cc + =) 


2a ~—S=—«:1288/2(fa) 72 2048m3/2(a) 9/2 


T 
861 sin (ste -+- 7) 


65,536a/2(Ra) 14/2 (45) 


With (30), (39) and (44), the first six terms in the 
asymptotic series for the transmission coefficient are ob- 
tained as follows: 
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It is instructive to examine how the various terms in 
(46) arise, if the ray picture is used to interpret the 
phenomenon. It is known that the far field in the direc- 
tion of the incident wave determines the transmission 
cross section. For the grazing incidence, no ray directly 
traverses the aperture. Hence there is no geometrical 
optics term in (46). The incident ray hitting the edge 
P, produces diffracted rays which, according to Keller’s® 
theory, all lie in a plane perpendicular to the screens. 
The diffracted ray, from the edge Pi traveling in the 
direction of the incident wave, is intercepted by the 
edge P, and, therefore, does not directly contribute to 
the far field in the forward direction. If the diffraction 


3 J. B. Keller, “Diffraction by an aperture,” J. Appl. Phys., vol. 
28, pp. 426-444; April, 1957. 
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process is considered as a sequence of diffractions by 
the two half planes, then, in the solution (28), each 
iteration gives the effect of one more diffraction in the 
sequence. Only the rays diffracted at the edge P2 
directly contribute to the forward field and it is because 
of this fact that, in the iterative solution (28), only 
every other iteration contributes to the solution. 

The incident ray and that ray diffracted by the edge 
P, proceeding in the incident direction are diffracted 
by the edge Ps. The first diffraction at P2 reduces the 
order of the incident field by (ka)~1/?. The field associ- 
ated with the ray diffracted by Pe is characterized by an 
infinite series in which each term is order (ka)~ lower 
than the preceding term. Consequently, the first dif- 
fraction at P,2 will contribute terms proportional to 
(ka)—*/?, (ka)—*/?, etc. to the cross section. Every subse- 
quent diffraction at the edges reduces the order of the 
field by (ka)—*/?. It is therefore evident that the second 
diffraction at P»2 will contribute terms proportional to 
(ka)—"!?, (ka)—*/?, etc. to the cross section. In the same 
manner, the third diffraction at P, will give rise to terms 
proportional to (ka)—/?, (ka)—/2, etc. The work of 
Levine was limited to finding the contribution from the 
rays diffracted once from P:. Since the behavior of the 
subsequent diffractions at P: is different from that of 
the first diffraction and since Levine’s work, in principle, 
cannot give the higher-order terms, this investigation 
was undertaken. Levine! had obtained the first two 
terms in (46). 

Numerical values of the transmission coefficient (46) 
are obtained for the range 2<ka<10 and are listed in 
Table I. 

In Fig. 2 a graphical presentation of the transmission 
coefficient is given for the range 2<ka<10. This curve 
approaches the value zero as ka is made indefinitely 
large. 
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TABLE I 
TRANSMISSION COEFFICIENT FOR GRAZING 
INCIDENCE-H POLARIZATION 

ka t ka t ka t 
20) 0.548145 5.0 0.352448 8.0 0.279917 
Des 0.492579 525 0.336424 8.5 0.271683 
3.0 0.451394 6.0 0.322399 9.0 0.264135 
SS 0.419073 6.5 0.309990 9.5 0.257182 
4.0 0.392873 7.0 0.298917 10. 0.250751 
4.5 0.371020 TS 0.288951 
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Fig. 2—Transmission coefficient as a function of 
ka for grazing incidence. 
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The Calculation of Reflector Antenna Polarized Radiation* 
| LOUIS E. RABURN{} 


Summary—A partly analytical process is described for calculat- 
_ ing the far-zone patterns of reflector antennas which may have non- 
4 linear polarization. Wave polarization equations are given for a 
_ focused but not necessarily symmetrical paraboloid. The process 
_ applies for any point-source feed whose radiation characteristics, sNVEETOR TN / 
r _ including wave polarization, are known either by theory or measure- 
- ments. 
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Calculated and measured patterns are given for a fan-beam an- FAR ZONE 


_ tenna whose reflector is 120 \ high and 30 \ wide. They agree well 
near the axis and agree qualitatively for off-axis angles of several 


beamwidths. The sources of errors are discussed. beet 
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_ Vf T is well known that where a paraboloid reflector is 1—Three reflector antenna components. 


4 fed by a linearly polarized electric dipole, the an- 
2 tenna system will radiate an appreciable amount of 
fi 


trigonometric equations. 3) The far-zone radiation field 
components are then calculated as a function of angular 


_ cross-polarized energy, assuming that the reflector sur- ©O™P®° ‘ ; 
direction by direct integration of the aperture-plane 


face is, for electrical purposes, a continuous sheet. This 


partial conversion of the wave polarization is caused by 
oblique reflections of the dipole’s linearly polarized 
wave from the curved inner surface of the reflector. 
This effect was first analyzed by Condon! and has 
_ been the subject of a recent study.? If the paraboloid is 
symmetrical about its axis and is illuminated sym- 
metrically, the cross polarization is zero on axis and 


fields, with due allowance for time retardation. 

This process does not consider “spill-over,” namely, 
the direct radiation of the primary feed in directions 
such that it is not intercepted by the reflector. The 
radiation field of this spill-over is directly related to the 
directive gain pattern of the primary feed in these direc- 
tions, and, if appreciable, can be measured and super- 


posed with proper phase on the far-zone fields due to the 
aperature-plane distribution calculated in step 3. Al- 
though this phase determination is a critical problem, it 
can be done to the precision of the known phase center 
location for the primary feed in the directions of spill- 
over and the focal location of the primary feed’s phase 
center. 

Practical primary feeds are usually not an elemental 
type whose far-zone field components are simply calcu- 
lated, so it is necessary to construct an experimental 
model of the feed and measure these components. This 
experimental model can be constructed to any con- 
venient scale factor and measured on a conventional 
short-span pattern range having a single-axis pedestal. 

The equations for calculating the aperture-plane fields 
due to the primary feed field components are derived 
by a generalization of the vector trigonometry proce- 
dure previously used by Condon! and Silver® for the 
case of the fields reflected off a perfect conductor sur- 
face. This procedure is derived from geometric optics 
and employs two assumptions which should be quite 
suitable in most cases. The first assumption is that the 
reflector surface has such a gentle curvature that it can 
~ be considered as composed of many small reflector ele- 
* Manuscript received by the PGAP, May 25, 195. ments, each of which behaves as a flat plane reflector 
a eaten Philadelphia, fo such that conventional laws of reflection are valid. In 


1B. U. Condon, “Theory of Radiation from Paraboloid Reflec- 
tors,” Westinghouse Res. Rept. SR 105; September, 1941. 

2. M. T. Jones, “Paraboloid reflector and hyperboloid lens es 
tennas,” IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. AP-2, 


pp. 119-127; July 1954. 


generally appears as a family of four sidelobes midway 
between the horizontal and vertical principal planes of 
the antenna. These lobes deserve consideration, since 
they lie close to the main beam and seriously degrade 
circular- and dual-mode polarized antennas. The pro- 
cedure described herein was developed for calculating 
the secondary field polarization characteristics and pat- 
_ terns of various feed and reflector systems. It applies to 
~ one linear-polarization mode at a time but can be ex- 
~ tended to the case of circular polarization, since this 
A case can be split into two orthogonal linear-polarization 
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modes which can be treated independently, with due 
- regard for the time quadrature requirement at the feed 
_ aperture and in the far field. 

- Thiscalculation procedure treats the radiation process 
e of the antenna in three separate steps (see Fig. 1). 1) The 
~ far-zone field components of the primary feed element 
are assumed or measured. 2) These components are 
- considered to propagate from the phase center point 
source of the primary feed to the reflector surface, and 
then to reflect into an assumed “aperture plane” with 
components which can be exactly calculated by simple 
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3S, Silver, “Microwave Antennas,” M.I.T. Rad. Lab. Ser., Mc- 
Graw-Hill Book Co., Inc., New York, N. Y., vol. 12, ch. 5. 
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other words, this procedure could not account for reflec- 
tions from a thin metallic grating. The second assump- 
tion is that effects at the edge of the reflector can be 
neglected. This assumption is also a common one with 
considerable justification in the case of apertures over 
10 wavelengths across. 


COORDINATE SYSTEMS 


Three coordinate systems are used in the general pro- 
cedure and in this section the systems and their appli- 
cations are described. Two other coordinate systems are 
used in this section for convenience in deriving the ex- 
pressions for a paraboloid’s reflections. Fig. NEVE (Gs) 
and (c) shows the three general systems and Fig. 2(d) 
shows the paraboloid’s system used here. These coordi- 
nate systems were initially chosen for evaluation of a 
vertical dipole feed element and may seem most logical 
for this element, but they are equally valid for any 
other type of primary feed. 

The first system is used in step 1 to express and, when 
necessary, to measure the primary feed’s field compo- 
nents which illuminate the reflector. It is a conventional 
spherical one in (0, ¢, R), as far as point locations are 
concerned. Its origin is at the feed’s phase center, its 
axis (9=0/180°) vertical, and its aximuth zero (¢=0) 
toward the reflector’s apex. The field vectors in the far- 
zone are functions of 6 and ¢ but are defined as Em and 
E, rather than the conventional Ey and Ey. This is done 
because the latter components are ambiguous in the 
normally forbidden polar zones near 6=0 and 6=7. 
This type of ambiguity also occurs when an aircraft flies 
over the earth’s North Pole and its course changes from 
due north to due south in an infinitesimal time, regard- 
less of its flight path meridian. These field components 
have continuity through the polar zones for many feeds 
and these components are treated without ambiguity by 
the rectangular coordinate system shown in Fig. 2(d). 
The field vector E,, on the sphere’s surface is aligned 
with a meridional great-circle ($1; ¢1+180°) and is very 
similar to MH». The alignment of +, is in the direction 
for increasing @ in the forward hemisphere 0<@<180°. 
The other field vector on the sphere’s surface, +£,, 
is aligned perpendicular to £,, in the direction of in- 
creasing ¢, so it is the counterpart to Ey. If the feed’s 
radiation in a given direction is linearly polarized, the 
En and E, are in time-phase, and only their polarity 
remains to be determined. If the radiation is not 
linearly polarized, then the time-phase angle also must 
be determined. These fields and their polarizations can 
be simply measured with a scaled model feed on a short- 
span antenna range as described in the next section. 

The second coordinate system is used in step 2 to 
express the calculated fields reflected into the aperture 
plane. It is a conventional rectangular system in (X, Y, 
and Z), [see Figs. 2(b) and 1]. The origin is on the 
reflector’s axis with positive Z in the direction of propa- 
gation (forward), [see Fig. 2(b) |. The field vectors in the 
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Fig. 2—Four coordinate systems with field components. (a) Spherical 
for primary feed. (b) Cartesian for aperture plane. (c) Modified 
spherical for secondary pattern. (d) Cartesian and spherical for 
paraboloid reflector. 


aperture plane are functions of X, and Y, and are de- 
fined as E, and £,. The E, component is neglected since, 
even if appreciable, it does not contribute significant 
radiation in the directions close to the Z axis. The F, 
and E, fields are defined to have positive polarity if their 
directions are in the direction of increasing X and Y 
coordinates, respectively. If the components E, and Ey, 
are in time-phase, the primary feed components E,, and 
E, also will be in time-phase. 

The third coordinate system is used in step 3 to ex- 
press the far-field diffraction patterns which are calcu- 
lated as the result of all the contributing aperture plane 
field components. It is a spherical one in (a, B, p) which 
is closely related to Mercator projection used in map- 
ping. Its origin is on the axis of the aperture plane with 
its a axis vertical and its 6 axis horizontal. The far-zone 
secondary radiation field components are functions of a 
and £8, and are defined as E, and Eg. Again the polarity 
of these components is defined as positive when the 
fields are in the direction of increasing angles. These 


fields are those measured in a relative way on long span 
antenna range. 


STEP 1, PRIMARY FEED MEASUREMENTS 


If the primary feed antenna differs from the three 
elemental types treated by Jones,? it is necessary to de- 
termine by measurements its radiation field character- 
istics in all directions subtended by the reflector. These 
characteristics are relative field components, wave 
polarization, and phase center coincidence. 
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The spherical coordinate system for the primary feed’s 
field components is shown in Fig. 2(a). The field com- 
ponents are simply related to the polarization angle in 
every direction where the radiation for a particular feed 
mode is linearly polarized. (It has been found that sev- 
eral conventional linear-polarized feeds fulfill this re- 
quirement well in all directions subtended by the re- 
flector.) In this linear-polarization case when the E,, and 
E, components are measured, their relative polarity is 
determined by the direction of rotation which the maxi- 
. mum field, the vector sum of E,+£,, has from the 
meridian plane. 

_ A suitable antenna range setup for measuring the 
far-field radiation characteristics of test feeds is shown 
in Fig. 3. This setup requires only a linear-polarized 
reference antenna, a single-axis pedestal, a tiltable yoke 
or support, a nonmetal vertical column, and several 
conventional items of microwave test equipment. The 
pattern plotting can be done either manually or auto- 
' matically, depending upon available equipment and the 
accuracy desired. 

The simple adjustable yoke on top of the column must 
provide as much tilt above and below the horizontal 
plane as the maximum horizontal plane angle “Z¢” 
subtended by the reflector. The test feed is mounted 
on its side so its vertical (@=0/180°) axis is hori- 
zontal. The angles of 9 and @¢ provided by column 
rotation and yoke tilt, respectively, are (90, 0) when the 
reference antenna is on the —Z axis of the illuminated 
reflector. 

The field moments need be measured only for the 
values of 6 and ¢ corresponding to match points or the 
centers of incremental areas in the aperture plane. The 
equations for calculating these values of @ and ¢ are 
given in the following section. 

The reference antenna is first set for horizontal polari- 
zation and a relative directivity pattern of EH, as a 
function of 0 for 6=0/180° is plotted by rotating the 
pedestal throughout the vertical plane angle subtended 
_ by the reflector. The reference antenna is then set for 
vertical polarization and a pattern of E, vs @ is meas- 
ured. 

An appropriately chosen new meridian-pattern cut 
- is then provided by tilting the test feed support mount 
on top of the column an amount @1. The relative direc- 
' tivity patterns for both polarizations of the reference 
antenna are then measured in path (¢1;¢1+180°) without 
changing the power of the signal source of the receiver 
sensitivity. In like manner, the E, and £, fields are 
‘measured for all appropriate values of @ and ¢@ which 
represent directions from the feed focus to incremental 
areas on the reflector, as well as other angles of interest 
where direct radiation may be appreciable. 

If the feed differs from a simple dipole, it will have 
appreciable amounts of both EZ» and E, in some direc- 
tions. Then either a shift in linear-polarization direction 
or else elliptical polarization is indicated. To determine 
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Fig. 3—Primary feed measuring setup. 


which it is, rotate the reference antenna at least 180° on 
axis while observing the signal variation. If a very deep 
null is found for some alignment of the linearly polar- 
ized reference antenna, the feed’s field is also linearly 
polarized. This is a convenient and reliable check on the 
primary feed when linear polarization is required, and 
it should be employed in all doubtful directions sub- 
tended by the reflector. Assuming that the radiation of 
the test feed is linearly polarized, the polarity relation- 
ship of the £,, and E, field components is determined 
experimentally by noting whether the reference an- — 
tenna must rotate clockwise or counterclockwise from 
the vertical position to reach the nearest null. If the 
former, E,, and E, are of opposite polarity. If the latter, 
En and E, have the same polarity. 


STEP 2, APERTURE PLANE FIELD CALCULATIONS 


After the radiation field components of a specific 
primary feed have been determined, they are then used 
in analytical equations to calculate the aperture plane, 
(AP) field components for the specific type of reflector. 
The equations for a perfect paraboloid reflector with a 
point source primary feed at its focus have been derived 
in the Appendix. 

These equations for the paraboloid are: 


_ Ex(sin 6 + cos ¢) — E.(cos @ sin ¢) (4) 


Eus = = 
1 + sin #6 cos @ r 


Yr 


‘s —En(cos 6 sin ¢) — E,(cos ¢ + sin @) (4) 
ae 1 + sin @ cos ¢ 


where 7 is the distance from feed to reflector surface and 
f is the focal distance. 

The calculation procedure is straightforward and not 
too tedious if only twenty or so points in the aperture 
plane are considered. 

The integration process in step 3 requires the choice 
of nearly equal increments for the aperture-plane areas. 
Then the values (x, y) for the center of each area de- 
termine the corresponding vaules of (6, ¢) for measuring 
the feed’s characteristics and calculating the AP fields. 
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Step 3, FAR-FIELD PATTERN CALCULATIONS 


A general equation for the far-field (Fraunhofer) dif- 
fraction pattern of an illuminated aperture has been 
given by Silver. This equation in the coordinate sys- 
tems shown in Fig. 2(b) and (c), and assuming small 
values of a and @ at range R gives 
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These integral expressions can be solved either 
analytically or by incremental parts which synthesize 
the aperture plane. A convenient way to do the latter 
is with a distribution of discrete, illuminated rectangular 
elements of height AX, and width AY,. Then, near the 


axis: 
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are conventional for the diffraction pattern of the uni- 
formly illuminated elemental areas. The dimensions 
AX, and AY, need not be the same in neighboring ele- 
ments, and in fact, systematic errors are reduced if they 
are chosen unequal. 

The choice of the quantity of area elements and their 
shapes is a matter of judgment, the required accuracy 
and the maximum off-axis angles required. If too few 
moments are used, they obviously cannot accurately 
represent with their finite steps actual field distribu- 
tions which vary smoothly across the aperture plane. 
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If too many moments are chosen the work in steps 1, 2 
and 3 for each moment becomes prohibitive, especially 
if manual calculation is used in 3. Even when the IBM 
No. 650, a high-speed digital computer, is used in step 
3, it lacks memory capacity and requires considerable 
programming and computing time. A Transac 5-2000 
has more memory and should simplify the program- 
ming, but this type of machine is expensive to rent. 

The general trend has been indicated by calculations 
for a modified dipole feeding an offset paraboloid with 
a —15 db taper. When the number of elements in height 
were increased from 4 to 8, the 3-db and 10-db vertical 
plane bandwidth did not change, the first cross-polarized 
side lobe level changed from —19 to —17 db, and the 
first direct-polarized side lobe level changed from ap- 
proximately —34 db to —24 db. The radiation char- 
acteristics of most feeds vary smoothly enough with @ 
and ¢ so that quantitative engineering answers can be 
obtained in the main lobe and the first cross-polarized 
side lobes if the aperture plane is simulated by an 8 by 8 
array of uniform elements. If quantitative data are also 
required on the first direct polarized side lobe which is 
further off axis, then more elements should be used. 

No doubt, if the area elements could have arbitrary 
slopes in both the X and Y directions, these would 
approximate an actual taper illumination distribution 
much better than elements with uniform illumination. 
But the phase-step error would remain and expressions 
for the diffraction patterns of various elemental slopes 
would have to be derived. 

A more elegant approach is to represent the two 
aperture-plane field distributions by linear polynomials 
whose terms are chosen for best fit by a digital computer. 
The area of the aperture plane is approximated by some 
analytical plane surface, and then the integration for 
the far-field is done analytically for each polynomial 
term. Then the computer is also used to calculate the 
values of the analytical functions for any special argu- 
ments not given in existing mathematical tables. This 
has been done for trapezoidal, elliptical, and one family 
of compound surfaces.4 Another approach using an in- 
verse matrix for machine computations has been de- 
scribed recently.® 


MEASURED AND CALCULATED ANTENNA 
CHARACTERISTICS 


This evaluation process was used to calculate the 
direct- and cross-polarized radiation patterns of a fan- 
beamed antenna with a sheet reflector. These calculated 
patterns are directly compared with the measured pat- 
terns for the same antenna. The measured patterns in 
the azimuth and elevation principal planes are shown 
in Figs. 4 and 5. 


“B. Podolsky, AVCO Mfg. Corp., Crosley Div., Cincinnati, 
Ohio; unpublished memo. 
_°M. Hoffman, “The Utility of the Array Pattern Matrix for 
Linear Array Computation,” Philco Rept. PC-668, 
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There was no measured cross-polarized radiation in 
the azimuth plane as would be expected since the an- 
tenna is symmetrical vertically. 

The antenna as shown in Fig. 6 has an aperture plane 
which was approximated by 30 equal rectangular ele- 
ments. The primary feed is an H-plane sectoral horn 
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Fig. 6—Fan-beam antenna system. 


REFLECTOR AXIS 
VERTICAL 
SECTION 


VERTICAL (E) PLANE HORIZONTAL (H) PLANE 


Fig. 7—Principal plane patterns of primary feed horn. 


designed to illuminate the reflector only vertically 
polarized with an edge taper of about —15 db, and no 
special design attention had been given to its cross- 
polarization characteristics. 

The far-zone radiation characteristics of the primary 
feed were measured as described above for step 1. Con- 
ventional E- and H-plane patterns for both EZ, and E, 
polarization were first measured for general reference 
and to give check points (see Fig. 7). The relative in- 
tensity of the E,, and £, fields were then measured at 
angles representing the centers of the 30 elemental 
panels when projected on the reflector surface. These 
are shown in Fig. 8. 

For step 2 the space attenuation factors and then the 
aperture-plane fields were calculated as described in 
the section on AP field calculations. The resulting Faz 
and E,y, at the panel centers are also shown in Fig. 8. 

For step 3 the secondary patterns were calculated in 
the vertical (a) and horizontal (8) principal planes. 
These calculations were done on an IBM 650 digital 
computer and the results were as follows: In the a plane, 
—3 db beamwidth 0.57°, —10 db beamwidth 1.0°, first 
cross-polarized sidelobe at +0.3,° and with a level of 
— 39 db, first direct-polarized sidelobe at +1.6°, anda 
level —24 db. In the 8 plane, —3 db beamwidth =1.9°, 
—10 db beamwidth=3.4°, first direct-polarized side- 
lobe at +6°, and level —19 db. These significant parts 
of these calculated patterns are also shown in Figs. 4 
and 5. They compare well with the measured patterns 
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F 3 and 31 
1 and 29 2 and 30 F , ] 

Bere ec nees 10 160.9° 20 .9° 159.1 meer 154.3 

¢ at Center —12.5 oe e A byes 

E,, at Center 1) 0.20 oe meee 

E, at Center 1) 2) 0.016 oe es 

Space @ at Center pete nee ee 

Cae ES +0.10 —0.10 “40.02. 0102 40.194 —0.194 

5 and 25 6 and 26 7 and 27 . 8 and 28 : 

ee een 36.2° 143 .8° Sinor TaZe 5] 40.1° 139.9 43.5 136.5 

¢ at Center —8.4° —24,.4° —39 i ar, a 

Ew at Center 1) 0.24 Oxo oe caee 

E, at Center 1) 2) 0.02 0.08 ere ae 

Space a at Center 0.79 0.78 ; ea 

(Cale hae 0.153 0.314 0.223 é 

Calc. Lay +0.002 —0.002 +0.018 —0.018 —0.006 +0.006 +0.015 —0.015 

1 9 and 21 10 and 22 11 and 23 , 12 and 24 

De clones 56.0° 124.0° SOG mle oom 58.2° 121.8 60.3 119 576 

¢ at Center —7° —20° —33 —45 

E, at Center 1) 0.33 0.81 0.66 0.26 

E, at Center 1) 2) 0.002 0.003 0.10 0.06 

Space a at Center 0.91 0.90 0.86 0.81 

Galewicn 0.275 0.64 0.49 0.19 

Calc. Eay +0.004 —0.004 +0.043 —0.043 +0.008 —0.008 +0.000 —0.000 
Panel # 13 and 17 14 and 18 15 and 19 16 and 20 

6 at Center 78.4° 101.6° 78.6° 101.4° 79.1° 100.9° 79 .8° 100.2° 

¢ at Center —6° —18° —31° —42 

E,» at Center 1) 0.355 0.88 0.78 0.31 

E, at Center 1) 2) 0.025 0.025 0.05 0.022 

Space a at Center 0.99 0.97 0.91 0.86 

@Calceice 0.358 0.82 0.66 0.302 

Gale. Ei, +0.015 +0.015 +0.003 —0.003 —0.008 +0.008 —0.011 +0.011 


Note: 1) Measured fields balanced for symmetry 


2) Feed field linearly polarized to an ellipticity ratio exceeding 30 db and rotated from meridian C.C.W. in top half; C.W. in 


lower half of reflector. 


Fig. 8—TIlumination and aperture plane fields of fan-beam antenna. 


only near the axis, and fair quantitative agreement 
exists in the first cross-polarized sidelobes in the a plane. 
Much better quantitative agreement for off-axis has 
been obtained by the analytic integration process. The 
other major sources of error are experimental measure- 
ments of F,, and E., and reflector imperfections. The 
dissymmetry in the a plane cross-polarization pattern 
may be caused by a known unsymmetrical deformation 
in the reflector surface. 


CONCLUSIONS 


A process for evaluating the pattern and polarization 
characteristics of reflector antennas has been described. 
This process checks out well with measurements for 
angles near the axis. 

It is considered that patterns calculated by the incre- 
mental process agree well close to the axis, but give only 
qualitative agreement for off-axis angles of a greater 
than one beamwidth. The analytic process has given 
good agreement for off-axis angles of several beam- 
widths. Both calculation processes are subject to the 
following error sources: 


1) Imperfections in the reflector surface. 


2) Experimental errors in the E,, and E, measure- 
ments. 


APPENDIX 
REFLECTION EXPRESSIONS FOR PARABOLOID 


Assume that a large, gently curved reflector surface 
with an outward normal 2 is illuminated by a radiation 
field of electric intensity E, propagating in the direction 
p from a point source. A surface current K flows on the 
reflector such that® 


eae 2 
K = —)alap X EB) 
Nt 


= [a(a-E) + E cos V/2| amps/m. (1) 
n 

Then the field reflected into the aperture plane is 

—n 


OF aN ecasamr sn yet 8 
2 cos W/2 


= 
7 


(2) 


Since the primary feed acts as a point source and is in 
free space with the spherical coordinate system of Fig. 
2(a), the radiation field can be expressed by the arbi- 


.) 5: Silver, “Microwave Antenna Theory and Design,” McGraw- 
Hill Book Co., Inc., New VorkaiNeeys, pe lod: 
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trary components L,, and E,. These fields in the rec- 


tangular system of Fig. 2(d) are 
 E = &(—Ensin 0) + §(Em cos 6 sind + E, cos ¢) 
+ 2(—E, cos@cos¢ + E, sin @). 


By inspection, the propagation unit vector is 


p = £cos0+ Vsin@sind — Zsin@ cos ¢. 


(3) 


(4) 


The unit normal for a paraboloid, using the spherical 


coordinate system of Fig. 4(d) is? 


w= zZsinV/2 cosé = jsin V/2 siné + Z cos W/2. 


(S) 


Table I, showing the coversion between this system 


and that in Fig. 2(a), can be written by inspection. 


TABLE I 
System x/r y/r 2/¥ 
6,¢ cos 6 sin 6 sin @ —sin 0 cos ¢ 
W,é sin VW cos E sin V sin E —cos ¥ 
Then 
cos VW = sindcos¢ = Q; sn V = /(14+ Q)(1 — Q) 
1— iA © 
sin V/2 = >: cos V/2 = ao 
2 2 
and 
: cos 0 
COS = ee 
ate OL 110) 
sin § sin ¢ 
sin § = (6) 


wt OU 0) 


a 
b 
¥ 
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Using routine manipulations, 
i: sin @ cos 8 cos? 
iE = E,\ == = 08.6 cos fp: eds-v/ 2 
4/2(1 4-0) 
it (= 6 sin ¢ cos ¢ anne ¥/2) (7) 
e —— = SI COS F 
V2(1 + Q) 
Completing the vector multiplication for # terms, 
n | —sin #@ — cos¢ 
(=) Ky. = Ey, cos yp{ =) 
2 1+ sin @cos¢ 
. cos 6 sin d 
+ E, cos W/2 oo) (8) 
1+ sin @cos@¢ 
sO: 
E,,(sin 6 + cos ¢) — E,(cos 6 sin @ 
ee ( ( es (9) 


1+ sin 6 cos @ 
Completing the vector multiplication for ¥ terms, 


nN cos ¢ sind 
(+ )x, = E,, cos V/2 (eet) 
2 1 + sin 6 cos @¢ 
sin 6 cos @ 


1D; vy /2( —————__—_ 10 
erorcsy (ee oo 


sO 
—En(cos @sin¢) — E,(sin @+ cos ¢) 


Ex, = (11) 
1+ siné@cos@¢ 
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Maximum Angular Accuracy of Tracking a 
Radio Star by Lobe Comparison* 
ROGER MANASSEf 


Summary—A general expression is derived for the maximum 
angular accuracy of tracking a radio star by lobe comparison (or 
monopulse). This angular accuracy depends on the input signal-to- 
noise ratio, the wavelength, the time-bandwidth product of signal 
integration, and the effective length of the antenna aperture. The 
maximum angular accuracy can be obtained, approximately, by 
performing a simple correlation of odd and even components of the 
antenna output. Angular accuracy formulas for simple antenna dishes 
or for interferometers appear as special cases of the general result. 

The Appendix discusses the interferometer technique in more 
detail, and the angular accuracy for the data processing technique 
used by M. Ryle is compared with that obtained from the optimum 


processing. 


sirable to obtain, with the aid of an antenna 

aperture of restricted size, very accurate angle 
measurements on a radiating noise source such as a 
radio star. For example, one might wish to use accurate 
angle measurements to study angle-of-arrival fluctua- 
tions introduced by propagation through the trop- 
osphere and/or the ionosphere. Another example might 
be the use of accurate angle measurements on stars 
for stellar navigation. It is the purpose of this paper 
to determine the maximum angular accuracy and the 
optimum signal processing in terms of a reasonable 
model for the angular accuracy problem which holds for 
an antenna aperture of arbitrary shape. 

For the purpose of the analysis to follow, it is assumed 
that a radio star is a point source of noise. In the pres- 
ence of external background noise and internal receiver 
noise we desire to estimate the apparent angular posi- 
tion of a radio star from the stellar noise waveform inci- 
dent on the antenna aperture. The aperture is not neces- 
sarily simply connected, e.g., it may consist of two or 
more disjoint coplanar areas. The antenna tracks the 
radio star and, thus, it may be assumed that the aper- 
ture plane is approximately normal to the direction of 
the star. The antenna is taken to operate only over a 
narrow band of frequencies, as usual, and the spectrum 
of the radio star is approximately flat over this band. 
For simplicity we consider the estimation of the angle 
of arrival, denoted by 8, in one plane only. The generali- 
zation of the theory to two dimensions should be 


Nae of situations exist in which it is de- 


‘a Manuscript received by the PGAP, January 5, 1959; revised 
manuscript received, June 22, 1959. The work reported in this paper 
was performed by Lincoln Lab., a center for research operated by 
Massachusetts Institute of Technology with the joint support of the 
U.S. Army, Navy, and Air Force. 

} The MITRE Corp., Bedford, Mass.; formerly at Lincoln Lab. 
Mass. Inst. Tech., Lexington, Mass. 

The results of this paper may be extended to include a point 
source radiating a band of colored noise. For the stellar noise source 


the usable spectrum of noise is usually determined by the pass band 
of the receiver, 
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> 
straightforward. 6 is assumed to remain approximately 


constant during the measurement. 

The lobe comparison technique? may be analyzed as 
follows. Construct two time outputs by taking the sum 
and difference of outputs corresponding to the two lobes 
of the lobe comparison scheme; 7.e., an even output 
x(t) corresponding to a voltage gain pattern which is 
even in 0, and x,(¢) corresponding to a voltage gain pat- 
tern which is odd in 6[2]. We define 


s(t) =waveform from the radio star received by an 
antenna with unity gain. 
A.(@) =one-way even voltage gain pattern. 
A,(0) =one-way odd voltage gain pattern. 
n-(t) =noise waveform associated with x,(é). 
no(t) =noise waveform associated with x,(é). 


Then we may write 


X(t) 
Xo(t) 


A ,(6)s(t) + n-(t) 
A,(0)s(t) + n(t). (1) 


I 


Because @ is assumed small, one may approximate 


A,.(0) ~ A,.(0) 
A,(0) ~ A,’(0)0. (2) 
So 
x(t) = A.(0)s(t) + n-(2) 


¥o(t) = A,’(0)Os(t) + n,(t). (3) 
In order to simplify the notation which follows, we set 
A.(0) =a and A,'(0) =8. Generally a and 8 are complex 
and give both an amplitude change and a phase shift 
of s(t). Clearly the time origins of «.(t), .(t), Xa Byte) 
can be redefined so that a and @ are real. Thus we may 


* Essentially this is the same as the so-called monopulse technique 
except that the received signal is not pulsed. The application of the 
monopulse technique to the radio astronomy problem has been sug- 
gested by Page [1]. 
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assume without loss of generality that all quantities in 
(3) are real. 

It is assumed that the received signal, the receiver 
noise and the background noise radiation are such that 
S(t), ne(é), and n,(#) are statistically independent and be- 
have as narrow-band-limited Gaussian noise with a 
rectangular shaped spectrum of width W centered about 
a frequency fo. W represents the width of the signal band 
which is available for processing. The average power of 
s(t), s2(t), is denoted o,?. x.(¢) and x,(#) are assumed to 
have been normalized so that the average noise powers 
of 2.(¢) and u,(t) are both equal to a,2, say. Both o,2 and 
o,” are assumed to be known. The observation time is 
restricted to a short interval (0, T) during which time 
it is assumed that @ is constant. We assume, further- 
more, that TW>>1. 

We wish to answer the following two questions. 1) 
Taking into account the statistical properties of s(t), 
n-(t), and n,(t), how should x(t) and x,(#) be processed 
in order to obtain the “best” estimate of 6? 2) What 
rms error in @ is obtained with this procedure? We shall 
use the probability approach as the method for esti- 
mating 6. The estimated value of @ will be that value 
which maximizes the a posteriorz probability distribution 
over 0. The variance of this distribution will measure the 
error in estimating 0. 

The received signal s(#) may be written 


s(t) = u(t) cos 2afot + v(t) sin 2rfot, (4) 


where u(t) and v(t) are independent Gaussian noises 
with rectangular spectrum of width W centered at zero 
- frequency. According to the sampling theorem, u(t) and 
v(t) may be represented by sampled values spaced 
1/W apart in time. In the interval (0, 7), s(#) may be 
(approximately) represented by the sampled values 

whe 


s(t) Seo (u}, u’, a wee, o, i ae 


We identify u‘=s‘ and v'=s**?", so that 


SCP). (st, 87, °° +, 977%). 
Similarly, 
Me(t) <> (mel, me? > + +, Ne?) 
Molt) <> (Mol, Mo? > + - , Moet”) 
ted) (cess x02, - > tT”) 
ee a tha - 5 20”). 
It follows that 
xe = ast + ne 
(1,2, >, 27 W) (5) 


o* <> BOs? a Ne". 


For the joint probability distributions we have 
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2TW 
P(s}, s?, sale s?TW) ue ih P(s?) 
j=1 
2TW 
P(n.}, Neen: netW) = TT P(n.') 
#21 
2TW 
P(n.', Nos = ite Il P(no') (6a) 
AS 
where for each 7 
Po) = ie 
/ 2105" 
Ps) = ete 
V 216 1” 
P(x!) = ———= eral on, 6b 
ee A, Daag? eo) 


We compute the conditional probability distribution 
over @ given x(t) and x,(t) in the interval (0, T), P(@ 
| «e(2), x(t)). Using Bayes’ theorem, 
P(2e(Z), %o(#) |) P(O) 
elt), to(t)) = , (7) 
P(xe(t), xo(Z)) 

where P(@) is the a priori probability distribution over 
6. Assuming that P(6) is essentially constant in the 
region of interest,’ and ignoring proportionality con- 
stants which are independent of 0, we have 


P(O| weld), xolt)) ~ Plaxe(2), xo(t) [@) 


P@ 


Oe ian. Uneen iee 
» Xe » Xo, ) 


ae2Th (0, shake 


a ds2Tw 


: SezAy 


, sor) ast 3 


f Peele, sl) eee P(x,.27¥ |0, 27) 


es?) eae Pitset yas* Auth ds2Ttw 
2TW 

~ II | Pla«.*|6, s‘) P(xo'|6, s*) P(s*)ds*; (8) 
i=1 


(~=“is proportional to”). From (5) and (6b) we have 
P(x’ | 6, s'\)~ en (east)? /20n* 


Pave’ | 8, 88) \ en e002? (9) 


Substituting these in (8), 


2TW 00 


1 
P(O| x(t), x(t) ~ at nee | - 2,2 


On Os 


3 This assumption will lead to an estimated value of @ which is the 
same as the maximum likelihood estimate. 
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The integral on the right-hand side can be evaluated 
using the relation 


i erae bee = a/ re? 4a-1/2 In a—e, (11) 
where we identify 
ata,? + on? B20,°6" 

a= E os | 
Doston aa? + on 
spee | Sordett) 

pS Se ; (12) 
on on 


and c is a constant which does not depend on 6. We ex- 
pand the exponent of e¢ in a power series in 9 and assume 
that for sufficiently small 6, terms of higher order than 
6? may be neglected. Ignoring all proportionality factors 
independent of 6, (10) can be reduced to the following 
form, after some algebra. 


P(6| x.(#), xo(2)) 


2TW a2 = 
pe earn |)? 
meen = o.'8") |} 
(Chas + O42) 
Cs” Tr 
Bar ee ere ih vA)ai)at) a 


T 
atproe2w f Xe? (t) dt 


0 


+ (ate 


4 
awe [ o(t)dt — 
+( a [a0 es 


= 27We.%8*) e|} (13) 
where we have used 
(14) 
i=1 0 


Because 6 is very small and 27 W>>1, the following ap- 
proximations hold: 


7 
{ Ler(t)dt = on?T + a2o,2T. 
0 


T 
f PAD a eT. (15) 
0 


Substituting these in (13) gives 


P(6| weld), xo(t)) ~ exp if ae | 


Gn7(a%e,7 + on) 


{2 f “sAdas(dat 4 = (Ta80.*) al Peo) 


The posterior probability distribution in 6 is normal and 
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the most probable value of 6, 6 say, is given by* 


T 
{ X(t) Xo(t) dt 
if 0 
§ = ——_—_——__ (17) 
TaBo,? 
This very simple result says that we must compute the 
correlation between the even and odd outputs in order 
to make the best estimate of 0. Other methods of proc- 
essing «,(t) and x,(¢) can of course be used, but these can 
never give better results. The rms error in estimating 
6, 59 say, may be computed directly from the coefficient 


of 6? in (16). 
eee 
Gees) 
Gre 


aloe 


Because of the assumptions in (2), this expression does 
not take into account the possibility of angular am- 
biguities, though in practice they may occur. It is seen 
from (18) that @ and B should be made as large as 
the antenna aperture allows in order to minimize 6,.° 
Denoting the total available signal power at the re- 
ceiver a’a,”? by P, and the noise power in each output 
on by Py, we have 


66 (18) 


| Vt PB, Px 
(«/8)(P./Py)/2TW 


Denote the antenna aperture by S, rectangular co- 
ordinates measured from the centroid of the aperture 
by e and 7, the aperture illumination function by p(e, 7), 
and the angles with respect to the aperture normal by 
6 and ¢. The situation is shown in Fig. 2. The far-field 
voltage gain pattern is a function of #and ¢, A = A(6,@), 
and for small 6 and ¢ is related to the aperture function 
u(e, ) and the wavelength d as follows [3]: 


(19) 


@ 


— ule n) e7 27/d) (8-40) ded: 
20/4 dh ‘ : 


: vf. | u(e, n) |2dedn 


In (20) a constant phase shift of 4(6, @) corresponding 
to the time of propagation from the source to the origin 
of the receiving aperture has been ignored. From 


Schwarz’s inequality 
1/2 
2dz f | g(z) as | (21) 


<| flr 


it is easily seen that the maximum real value which 
A(0, 0) can take is [3] 


A(6, $) (20) 


| | 1@«@as 


WV rS 
Alo Oak = va 


(22) 


* For the normal probability distribution, the most probabl i 
. a . u t - 
mate Hh also kat peg which has minimum variance, ‘ ie 
; e problem of obtaining suitable A.(6) and A,(6) h - 
sidered by Kirkpatrick [2]. . 0) Bee 
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7 
AVY1 + P,/P 
oe (29) 
ae dy(P./Px)/2TW 
H(E,7) Se ae ae (A(8,4) y 
oS Jo > APERTURE Ai 
re NORMAL on : is 
== : It is interesting to note that at large values of P,/Pw 
the expression for 69 becomes approximately 
$<<T7 6 = ——— 
page ers u(E,9)=0 OUTSIDE § Sey pee 
0 a 


{ 


] 


Fig. 2. 


and is supplied by u(e, ») =1. The maximum value of 


a is then 
2V/rS 
max — : 23 
a (23) 
Also, 
ave f ( vi (=) da 
9A(0, 0) Tv et 2 edn 
= Sue aes : (24) 


4 A Vf. ule, n) |?dedn 


From Schwarz’s inequality it is easily seen that the 
maximum real value which this can take is [2] 


06 ? 


where dy is a measure of the effective length of the an- 


_ tenna aperture (in the direction e) and is defined by 


(26) 


dy = 2 f/f edetn/s, 


This maximum is supplied by the aperture function 
u(e, n) = —je. The maximum value of f is then 


QWdow/ 1S 


PAE ee x2 


(27) 


For these optimum values of a and 8 


Om ax do 


3 ie (28) 


For various practical reasons (and perhaps some 


theoretical reasons) it is not possible to obtain the maxi- 
mum values of a and B indicated ‘in (23) and (27), but 
the above ratio is quite representative. For further de- 
tails concerning @ and the reader is referred to Kirk- 
patrick’s paper. Substituting (28) in (19), we have for 


the optimum angular accuracy, 


where we have defined 


E=signal energy =P,T, 
No=noise power per cycle= Py/W. 


Eq. 30 has been derived previously by a different 
method for a signal which is known exactly [4]. It is 
expected that at large P,/Pwy the effect of the signal 
being unknown should be negligible, and therefore this 
agreement is not surprising. 

For a rectangular aperture of length D, do equals 
rD/»/3 giving® 


/1 + P./ Pw 


VW. 
one (5) (P./Px)/2TW oe 


The interesting fact about this expression is that for a 
sufficiently large 2TW, P;/Pw need not be large in order 
to obtain a good estimate of 6. Typical values might be 
T=0.01 sec, W=108 cps, P;/Py =0.1, which give 


r 
59 = 0.041 (=). 
D 


For a circular aperture of diameter D, dy equals 7D/2, 
giving 


(32) 


oe /1+ P./ Pw 


b6 = : (=) ae (33) 
a \ D/ (P./Px)/2TW 


For an interferometer system in which the aperture con- 
sists of two equal coplanar areas whose dimensions are 
small compared to their separation D, d)~ aD and 


rae ~(—) /1 + P,/ Pw 
DY (Pa Bn DEW. 


(34) 


APPENDIX 
ANALYSIS OF THE INTERFEROMETER TECHNIQUE 
The receiving system consists of two similar receiving 
antennas, A and B, separated by a distance D which is 
large compared to their dimensions. The radio source is 
located at an angle 6 as shown in Fig. 3. 


6 This expression for angular accuracy agrees with an expression 
derived by Hiller [5] using a different approach. 
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All the signal information is contained in the two out- 
puts x4(é) and xa(t), which are the sum of signal and 
(external plus internal) noise. Further amplification 
which necessarily precedes the actual processing of 
x4(é) and xg(t) does not affect the inherent angular in- 
formation, provided that no more noise is introduced. 
For this reason we ignore the scale factor changes intro- 
duced by the preamplifiers and all further amplifiers. 
The voltage gain of each antenna, denoted by VG, will 
be approximately independent of @ over the angular 
region of interest. Then we have 


D sin 6 


va) = VOs(1— ) + mato, 


au D sin 6 
a(t) = /Gs (: + =] + np(t), (35) 


where c is the velocity of light. s(#) is assumed to be 
very narrow-band and therefore may be written. 
s(t) = &(2) cos (wt + ¢(2)), (36) 


where &(t) and ¢(¢) are slowly varying. Then we have 
approximately 


( D sin 6 
te = 
2c 


Dsin 6 
(1+ a )= ew cos (ot + (9) + ‘). (37) 


MG, 


)~ &(t) cos (. + $(t) — es “|, 


This last approximation will be good providing that the 
difference in path length D sin @ satisfies 
Dsinéd<«c/W. (38) 

If it is not convenient to track the interferometer 
mechanically so that (38) is satisfied, then one can, in 
principle, track the interferometer electronically by ap- 
propriately delaying x(t) or xz(t). The only theoretical 
disadvantage of the electronically scanned interferome- 


ter appears to be the somewhat shortened effective 
baseline. 
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From (37) we note the following two relations: 
- Dsiné D sin @ 
Ky ( — ) + st t+ 
2c 2G 
aD sin 6 ; 
= 2 cos (=) s@): 
r 
D sin 6 D sin @ 
of: _ ) —s(it+t 
2¢ 2¢ 
aD sin 0 3X 
== 2 sin (=) (1 + =). (39) 
oN 4c 


Using these relations we take two orthogonal linear 
combinations of x4(#) and x,(¢) to form «;(¢) and x2(Z). 


a(t) = 5 (xa(¢) + xp(t)) 
Baar aD sin 6 1 
= 1/2G cos (=) s(t) + ye (na(t) + np(t)). 


ao(t) = 5 (x(t) — xa) 


LED sin 3X 
= «/2G sin | ——— _ J st 1) 
r 4c 


+ (malt) ~ mal. (40) 
We identify 
Lee aD sin 6 
A.(@) = VW2G cos (==), 
oan aD sin @ 
A,(@) = 2G sin “—"), 
x 1 
Melt) = Vi (na(t) + na(t)), 
1 3d 3X 
no(t) = (ms ( = =~) — NB (: Sie )), 
eet) =a) 
golt) = 3 (:- an 
00) = Xo l =). (41) 


For independent receiver noises and background noise 
radiation which varies slowly with angle, .(t) and 1,(é) 
will be uncorrelated on the average and will have equal 
average power. From the above relations there follow 


te(t) = A.(9)s(t) + n.(2), 
%o(t) = Ao(O)s(t) + no(?). (1) 
For small values of @ we may approximate sin 6 ~@ and 


a D6 a DO 
= A,(0) cos 


A.(0) =~ +/2G cos 


d 


a D0 


Boks a D6 
A,(6) = +/2G sin he = A,(0) sin (42) 
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Fig. 4. 


Using this approximation we have, furthermore, 


Ad(8)__ D 
Hoy eck 


(43) 


Recalling that d)=7D for the interferometer, we see 
that this ratio has the maximum theoretical value 
indicated by (28). It is seen that both A.(6) and 4,(@) 
exhibit the fringe pattern characteristic of interferome- 
ters. Taken about 0=0 (or 9=kR(A/D), & integral), A.(8) 
represents the even pattern and A,(@) represents the odd 
pattern. Taken about @ =3(A/D) (or? =3(A/D) +kR(/D), 
k integral), A.(0) represents the odd pattern and A (@) 
represents the even pattern. We assume, as before, that 
6 is sufficiently close to zero (or k(A/D)), so that we may 
use the desired approximations 


10 =4(2 


(44) 
2 kD kD 


A,(0) ~ Ad'(0)8| (0) ~ Ao! (=) ¢ = = 


A.(6) ~ A.(0) 


on which (3) is based. As before we shall abbreviate 
A,(0) =a. 

Subject to the assumptions noted above, the process- 
ing of x-(#) and x,(¢) proceeds as indicated by (17) and 
the theoretical angular accuracy is given by (34). A 
schematic diagram for processing x(t) and x,(t) is in- 
dicated in Fig. 4. Because x4 and xg are very narrow- 
band, this system can easily be seen to be completely 
equivalent to the slightly simpler system shown in 
Fig. 5. The 90° phase shifter also is unnecessary if the 
origin for measuring 0 is appropriately redefined. 

In these equivalent systems it may prove convenient 
to use the estimated value of § as an error correction 
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signal in a feedback loop to control a variable electronic 
delay in series with either x4(¢) or xa(¢). In this manner, 
the source would be tracked electronically, the value of 
6 would be kept small, and the approximations of (44) 
would remain valid, regardless of the source motion. 
From the delay-line setting and the @ correction signal, 
one could determine at any given moment the best 
estimate of the absolute angle of arrival. 

It is interesting to compare the optimum angular ac- 
curacy given by (34) with that available from the signal 
processing technique introduced by Ryle [6] in his radio 
astronomy work using interferometers. Essentially, the 
Ryle processing technique can be described as follows: 
x4(t) and x,(t) are combined to form x.(¢). From (1) and 
(42) we have for x,(t) 


D6 
r 


x(t) = a cos ( : )s + n.(t). (45) 


Then one forms’ 


fi =204 = a? cost(7*) f soar 
ashy cos (~~) if Rie B “neat. (46) 


From a knowledge of Sexe(dt one can form an esti- 
mate of @. We consider, particularly, the accuracy of 
estimating 6 when @ has a value such that the Ryle sys- 
tem output (with switching) is near the null, e.g., 


Dé iteVio 
ER AAS BOR eK -(3). (47) 
r 4 4\D 
For the purpose of analysis we set 
tT /ex 
Mes (=) + 6’, (48) 
aan 


7 Actually, a switching technique is included to overcome the ef- 
fect of drifts in amplifier gains. 
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where 6’ is very small. Substituting (48) into (46) and 
neglecting second order terms, we have 


T 
4e?(t) dt 
a D6’ T 1 
mL a f (dt +— PT + PrP txt xt xs 
0 
i] 
Pees eg earls Bose + PyT+xitx2+xs, (49) 
where we have defined . 
: : 2 d. : IEE 
=—a ie eae. 
X1 5 a i S70) ; 
- fi! 
= Os i} sD na(al, 
0 
T 
Xs = if ne(t)dt}— PyT. (50) 
0 


By virtue of the central limit theorem and the fact that 
2TW> 1, the x’s are independent, normally distributed 
random variables with mean zero. These y’s represent 
unpredictable noise terms, and the best estimate of 6’, 
6’ say, is given by 


=X 


r 1 
= —— -| f xet(i)dt — — P.T — py? |. (51) 
Tv s 0 a 


The variance in the estimation of 6’, 692, is related to 
the variances of the x’s, On 6,,”, and 6,,’, according to 
2 . 

Oe 


2 2 2 
~ GDP.D? [5x,? + bx.? + 5x,7]. 


(52) 


r 


The variance 6,,? can be evaluated in the following 
manner. Express the integral over the interval (0, T) 
as a sum of 27W sampled values. 


4| 2TW 1 
sae °° — — P,T 
x1 ego - 


where 


PG ast (53) 


Recall that as(#) is the total available signal from the 
antenna aperture and that the average power of this 
signal is denoted P,. The &; are independent, normally 
distributed random variables with mean zero and vari- 
ance P,. A simple calculation then leads to the conclu- 
sion that the £,? are independent random variables with 
mean P, and variance 2P,?. Recalling that for the addi- 
tion of independent random variables the variance of 
the sum is the sum of the variances, we have 


P2T 
ey 


2 
xX} 


(54) 


In a similar manner one can show that 
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PxeT 
mer 


Ww 
X3 


(55) 


The evaluation of 6,, is somewhat different. The ex- 
pression for x2 may be written as a sum 


1 20W 


= ——— Ene’. (56) 
2G? JIW 2 
For a fixed set of &:, 6,,” is easily computed. 
Py 2TW 
5,,”(&; fixed) = Sy? »» ge (57) 


But since 27 W>>1, it follows that we can approximate 


2TW 
S* £2 = 2TWP,, (58) 
i=] 
giving 
Pye 
= ee (59) 
W 


Substituting these expressions for 6,7, 5,7, by,” in{52) 
we obtain finally 
5 5 ~(-\ ee ee 
tp aera (P./Px)VTW 


- (60) 


TT 


We compare this result with the optimum given by (34). 


Oe ( Ryle) 


69(optimum) . 


= 1+ P,/P. 4(P,/Px)* 
2 4/ ae Vis Napa ny) P (61) 


1 PoP 


At small values of P,/Py, the region of most interest, 
the Ryle technique gives an accuracy which is +/2 less 
than optimum. 
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Experimental Studies of Meteor Echoes at 200 MC# 
J. L. HERITAGE}, S. WEISBROD}, anp W. J. FAY} 


Summary—The paper describes experimental results of bistatic 
studies of meteor echoes at 200 mc using a high power source and 
highly directive antennas. The transmission paths studied ranged 
from 940 to 1800 km in length and included many off-great-circle 
paths. Diurnal burst rate curves are given for each path. Median 
duration of the VHF bursts is compared with theory. For certain 
paths, duty cycle and Doppler shift data are given. At some sites 
signals were received from ionization aligned with the Earth’s 


_ magnetic field. 


INTRODUCTION 


(| \HE literature contains many reports on experi- 
mental studies of the characteristics of meteor 


bursts, both at forward and back scatter. These 


_ studies, however, were usually carried out in the 20- to 


100-mc region, with antennas of only moderate direc- 
tivity. Transmitters of moderate or low power were 
usually employed. 

In 1957 an opportunity arose to carry out a fairly 
extensive forward scatter experiment at 200 mc using 
high power and highly directive antennas. Since the 
transmitter beams were fixed, the receiving units were 
made mobile and carried directive antennas. This ar- 
rangement made possible considerable departure from 
conventional great-circle transmission geometry while 


insuring that the region of the intersection of the trans- 


mitter and receiver beams provided a sensible majority 
of received signals. 


EXPERIMENTAL PROCEDURE 
Apparatus 


The receiving apparatus consisted of a pair of mobile 
units that could operate independently. Each contained 
a portable antenna and tower transported by a pickup 
truck, a set of receiving and recording equipment housed 
in a 24 ton truck, and a 5-kw power trailer. One of these 
stations on location is shown in Fig. 1. The antenna con- 
sisted of a four-by-four array of ten-element Yagi an- 
tennas, spaced at approximately one wavelength. The 
array had a 12° beamwidth between half-power points 
in the E plane and 13° in the H plane. The gain is 21.5 


_db over an isotropic source. The receiver pass band 


was 3 ke. ; 
The transmitter, located in southern Texas, was high 
powered with pulse modulation. The transmission path 


-was roughly from southeast to northwest, as shown in 


Fig. 2. Two transmitting beams, labeled “1” and “3,” 


each with 22° elevation angle and offset from each other 


by 5° azimuth, were switched alternately at ten-minute 
intervals, doubling the number of paths under study. 


* Manuscript received by the PGAP, February 3, 1959. This re- 
search was sponsored by Rome Air Dev. Center, Air Res. and Dev. 
Command, Griffiss AFB, N. Y., under Contract AF 30(602)-1624. 

+ Smyth Research Associates, San Diego 11, Calif. 


Fig. 1—Receiving station in operation. 


« AUSTIN 


Fig. 2—Direction of beamed transmission 
and location of receiving sites. 


The transmitting parameters cannot be given in more 
detail at this time. The system is capable of detecting 
electron columns of approximately 10" electrons per 
meter line density. 


Choice of Sites 


In Fig. 2, the “hot spots” mark the intersection of the 
transmitter beams with a plane parallel to and 100 km 
above the Earth. Positions taken by the receiving sta- 
tions are shown at 940, 1300, and 1800 km from the 
transmitter. The letters S and N designate sites south 
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and north of the great-circle paths of the transmitter 
beams. At all sites, the receiving antennas were pointed 
at the hot spot of the active transmitter beam. Having 
chosen a site on the great-circle path, for example, 
S1-1300, the location of the S2-1300 site was deter- 
mined by specifying congruity between the triangles 
(S;-hot spot 3 - transmitter) and (S:-hot spot 1 - trans- 
mitter). The same method was used in determining site 
S3 in relationship to S». The remaining sites were chosen 
in a similar manner. Since each location was occupied 
for a single 24-hour recording period, this method of site 
selection provided two days’ data for all path configura- 
tions except the extreme off-great-circle paths. 

The 1300-km series was made in November, 1957. 
Beam 3 malfunctioned during this test (only the beam 
1 data is reported here). The 940-km observations were 
made in March, 1958, and the 1800-km series in May, 
1958. 


EXPERIMENTAL RESULTS 
Typical Signals 


Parts of the record are shown in Fig. 3 to illustrate 
the typical meteor signals that were received. Below 
each signal trace is a time record received from WWV 
with increasing time from left to right. One-second inter- 
vals are marked by pulses protruding from the noise. 
Fig. 3(a) shows what is assumed to be two cases of re- 
flections from overdense meteor trails; both exhibit a 
regular fading pattern of the envelope. Fig. 3(b) illus- 
trates signals with a sharp rise time and slow fall, which 
approximate the classical shape of the Lovell-Clegg for- 
mula.! Many other types of signals were recorded that 
fit neither category; some of these are shown in Fig. 3(c). 
The two tall signals at the right of the illustration have 
fairly symmetric sides and are not unlike the bell shape 
of the Eshleman high-frequency formula.2 The maxi- 
mum amplitude of the bursts shown is of the order of 
40 db above noise. 

Two other distinct types of echoes are shown in Fig. 4. 
The first, illustrated in Fig. 4(a), is a signal classified as 
Hz scatter* and is characterized by a sharp rise, long de- 
cay time, and very ragged envelope. Fig. 4(b) shows a 
signal with long smooth envelope, which begins to ex- 
hibit a well defined fading pattern at its extremity. This 
signal occurred near the time of a meteor shower. 


Burst Rate 


For the burst rate analysis, all identifiable signals, 


 B. Lovell and J. A. Clegg, “Characteristics of radio echoes from 
meteor trails. I. The intensity of radio reflections and electron density 
in the trails,” Proc. Phys. Soc. A, vol. 60, p. 491; 1948. 

2 'V. R. Eshleman, “Short Wavelength Radio Reflection from Me- 
teoric Ionization,” Radio Propagation Lab., Stanford University, 
Stanford, Calif., Tech. Rept. No. 5; August 30, 1956. 

aL: Heritage, S. Weisbrod, and W. J. Fay, “Evidence for a 
200 mc ionospheric forward scatter mode associated with the Earth’s 


poqenenic field,” J. Geophys. Res., vol. 64, pp. 1235-1241; September, 


January 


(a) 


(b) 


(c) 
Fig. 3—Typical meteor signals. (a) Overdense meteor trails, (b) un- 
derdense meteor trails, (c) other types of meteor signals. 


(b) 


Fig. 4—Long signals. (a) Hz scatter, (b) overdense meteor trail. 


exceeding 125 dbm and lasting less than 10 seconds, 
were counted. The burst rate found at the six 1300-km 
sites is shown in Fig. 5. Consideration of system sensi-_ 
tivity, size of the H plane area illuminated by the trans- 
mitting and receiving antenna beams, and the proba- 
bility of specular alignment factor,’ lead to a predicted 
average burst rate of 16 per minute. The observed rate 
varied from 4 to 31 bursts per minute and thus appeared 
to be in good quantitative agreement with the predic- 
tions. The site S;-1300, located on the great-circle path 
of beam 1, exhibited a relatively low rate. The average 
rate increased rapidly with departure from the great- 
circle path and then gradually began to diminish beyond 
the Sz and N2 sites. The diurnal effects predictable from 
consideration of the motion of the Earth through space, 
in sweeping up more meteor particles on the morning 
side, and of the resulting concentration of meteor radi- 
ants toward the apex of the Earth’s way, can be seen.® 


“V.R. Eshleman and L. A. Manning, “Radio communication by 
scattering from meteoric ionization,” Proc. IRE, vol. 42, pp. 530- 
537; March, 1954. 

_ °V.R. Eshleman, “Directional characteristics of meteor propaga- 
tion derived from radar measurements,” Proc. IRE, vol. 45, pp. 
1715-1724; December, 1957. 
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Fig. §—Diurnal variation of burst rate for 1300-km sites. 


~The N;, No, and N; sites, all lying north and east of the 
main beam great-circle path, show an evening peak as 
expected from the radiant consideration. The S: and S3 
‘sites, lying south and west of the great circle, combine 
_the predicted daytime and morning peaks due to radiant 


distribution to give a broad region of high-burst rate 


through the daytime and early morning. It should be 
-remembered that each curve is only one day’s data and 
that the Ni and S; data are simultaneous, as are the V2 
and 5S» etc. 
_ At 940 km, measurements were made on the great- 
circle path of beam 3. The diurnal burst rate for the on- 
circle path can be seen in Fig. 6 and for the off-circle 
path in Fig. 7. It is apparent that the burst rate is con- 
siderably lower at 940 km than at 1300 km. This dif- 
ference is about what one would expect from the reduc- 
‘tion in the H-plane area common to the antenna beams 
and from reduced probability of specular alignment. 
Comparison of the two figures indicates that the off- 
path specular or straight count considerably exceeds the 
-on-path count. 

Figs. 8 and 9 illustrate the diurnal variation in the 
burst rate for the 1800-km series. The curves are ar- 
‘ranged to show the effect on burst rate as the half- 
scattering angle ¢ is decreased upon moving the re- 
‘ceivers north and south away from the great-circle path. 
The two center graphs of each figure are averages for 
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Fig. 6—Specular and Doppler burst rates on the 
great circle path at 940 km. 
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Fig. 7—Specular and Doppler burst rates slightly 
off the great-circle path at 940 km. 


the two 24-hour periods during which the ¢ angles were 
repeated (as outlined in the experimental plan). As in 
the 1300-km series, the on-circle rates are relatively 
low, with rather dramatic increases found to either side. 
Comparison of the N; and S3 curves shows the S; site 
considerably more active. It is possible that the S; count 
was influenced by inclusion of Hz scatter bursts.* The 
Hy scatter phenomenon is discussed briefly in the last 
section of this paper. 

The time dependence of burst rate on scattering angle 
and site location off the great circle can be extracted 
more specifically from the basic curves of Figs. 8 and 9 
by taking ratios. In the lower curve of Fig. 10, the ratio 
of burst rates is plotted for sites S2 and Si using beams 
which have the same half-scattering angle ¢. Although 
the sites differ somewhat geographically and the recep- 
tion is on two different days, the ratio averages 1.5 to 1 
through the day. The upper curve of Fig. 10 shows the 
ratio of burst rates for two sites having equal ¢ angles 
but disposed symmetrically on either side of the great- 
circle path. In the morning the southern site is favored 
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Fig. 8—Diurnal variation of burst rates for 


northern sites at 1800 km. 
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Fig. 9—Diurnal variation of burst rates for 


southern sites at 1800 km. 
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Fig. 10—Ratios of burst rates. 


by 10 to 1 and in the evening the northern site dominates 
by about the same ratio. 


Duty Cycle 


One of the statistical quantities of interest for prac- 
tical application is the fraction of time that signal is de- 
tectable. Fig. 11 shows a duty-cycle plot obtained from 
the 1300-km observations excluding bursts longer than 
10 seconds. The duty-cycle curves are superimposed on 
a single chart to facilitate comparison between the vari- 
ous paths throughout the day. Only those sites with the 
largest duty cycle for the times indicated are shown. 
The general trend, as expected, follows the burst rate 
picture: the S sites dominate throughout the day, while 
the N sites take over in the evening and early morning. 


Duration 


Eshleman? developed an all-wavelength expression 
for the intrinsic duration 7 for specular echoes, which is 
defined as the total energy contained in the pulse divided 
by the peak power. The transition wavelength and the 
intrinsic duration are functions of path geometry, 


meteor velocity, and physical properties of the medium. 


In Table I, computed values of + are compared with 
experimental 1300-km results for the geometry of the 
S; and WN; sites. The values of the transition wavelength 
are also tabulated and it is seen that the operating wave- 
length of 1.5 meters falls well within the theoretical 
transition region. The meteor velocity was assumed to 


be 40 km and the diffusion coefficient was taken as 


4 m?/second. In Table I, 8=0° and B=90° refer to me- 


teor trails in, and perpendicular to, the plane of pro- - 


pagation. For comparison with the calculated dura- 
tions, the duration of bursts for morning and evening 
samples at the indicated sites were read and the median 
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Fig. 11—Duty cycle, or per cent time that received signal exceeds a 
decision level of 125 dbm, at the 1300-km sites. 


TABLE I 
DURATION OF METEOR ECHOES 


Transition Calculated + 
Wavelength Eshleman reece zo 
in Meters Specular All X apes 
Site ¢ B=0° | B=90° | B=0° | B=90°} 0600 | 1800 
$1-1300 77.84°| 1.45 | 0.496 | 0.106 | 0.053 | 0.190 | 0.245 
N3-1300 | 66.19°) 2.38 | 1.03 | 0.059 | 0.023 | 0.115 | 0.200 


values recorded. The method used was to read the dura- 
tion 10 db down from the maximum. The segregation 
into morning and evening groups was to observe the 
effect of the generally higher morning velocities. The 
morning and evening values of 7 at the great-circle site 
S, are approximately twice as large as the B=0° calcu- 


lation. This is good agreement considering that the 


classical low frequency formula gives values almost ten 
times smaller than the Eshleman formula. It can be 
shown that for very high frequencies the level at which 
the duration should be read is (1++7”)— or nearly 10 db 
down.” For the low-frequency exponential shape the 
level is exp (—1). Since most of the echoes that were ob- 
served lie between the two extremes, reading 6 or 7 db 
down might have resulted in better agreement with the 
calculated values. The significant point is that, as the 
‘receiving sites were changed from S; to N3, the angle ¢ 
changed by almost 12° and both the calculated duration 
from the Eshleman all-wavelength formula and the ob- 
served duration dropped by about a factor of two. The 
low-frequency formula which involves secant? ¢ would 
require a decrease in duration by a factor of four. The 
observed afternoon values of 7 are longer than the morn- 
ing values, as might be expected from the lower values 
of meteor velocity. 


Doppler Observations 


At the 940-km site, both specular and Doppler- 
shifted signals were recorded. On the Doppler receiver, 
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signals had to be 15 db stronger than the minimum de- 
tectable specular signals in order to register. The mini- 
mum Doppler shift measurable was +5 kc. In Fig. 6 the 
specular or straight count is compared with the Doppler 
count for the on-great-circle condition. Here the Doppler 
count exceeded the specular count near 0600. In Fig. 7 
the same comparison is made for the off-great-circle 
condition. The specular count exceeds the Doppler 
count throughout the day. Even though the Doppler 
channel is less sensitive than the specular channel by 
more than an order of magnitude, the count of signals in 
both channels is still of the same order. This result im- 
plies that the echoing power of meteor ionization col- 
umns at 200 mc is not strongly dependent on aspect. 


Hy Scatter 


Signals of the type shown in Fig. 4(a) were found in 
increasing number as the receiving sites were moved 
progressively south of the great circle. They have never 
been seen on or north of the great-circle path. Special 
experiments performed in July, 1958, gave abundant 
evidence that this type of signal comes from ions, 
located in the hot spot, which are strung out along lines 
of the Earth’s magnetic field. These signals were named 
Hz scatter and are treated in some detail in another 
paper.* 


CONCLUSIONS 


To summarize the important conclusions drawn from 
the experimental data: 


1) Burst rates increased with increasing distance be- 
tween 940 and 1300 km, but dropped again at 1800 
km. 

2) Lower burst rates and duty cycles were found on 
the great-circle path than of the path on either 
side. The increase is very rapid with departure from 
the great circle path, reaching a maximum near the 
Nz and S»2 sites and then slowly decreasing. 

3) The diurnal behavior of burst rate indicated that 
for 200-mc echoes the meteor columns retain 
enough aspect sensitivity to be influenced by radi- 
ant distribution. 

4) Median duration of echoes compared favorably 
with Eshleman’s theory of meteor echoes at VHF. 

5) Comparison of burst rate in Doppler and specular 
channels of unequal sensitivity suggested that 
echoing power is not strongly dependent on aspect. 
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Scattering by an Infinite Array of Thin Dielectric Sheets* 
ROBERT E. COLLIN{ 


Summary—By replacing each dielectric sheet in an infinite 
array of thin dielectric sheets by an infinitely thin polarization cur- 
rent sheet, a solution for the scattering of plane waves by such an 
array is obtained. The simplified periodic boundary value problem is 
rigorously solved by using bilateral Laplace transforms. Numerical 
results obtained compare favorably with those obtained by the 
Rayleigh-Ritz method. 


INTRODUCTION 


N ARRAY of dielectric sheets as illustrated in Fig. 
i 1 has interesting anisotropic properties.’ For 
practical applications it is desirable to know the 
reflection and transmission coefficients for plane waves 
incident on the interface. Various approximate tech- 
niques are available for evaluating these parameters. In 
particular, for arbitrary thickness of the sheets the ap- 
proximate solution based on an application of the 
Rayleigh-Ritz method is readily obtained.* When the 
electric field is everywhere parallel to the sheets and the 
plane of incidence is either in the yz plane or xz plane 
one may obtain another approximate solution valid for 
the case when the thickness ¢ is much smaller than the 
spacing or period s of the sheets. For this approximation, 
each dielectric sheet is replaced by an infinitely thin 
polarization current sheet located at the center of the 
original sheet. The resulting boundary value problem 
can be rigorously solved by the Wiener-Hopf or related 
function-theoretic techniques.*:* The solution gives ex- 
pressions for the reflection and transmission coefficients 
which are readily evaluated in terms of the eigenvalues 
or propagation constants for the problem. 


EIGENFUNCTIONS IN DIELECTRIC SHEET REGION 


The periodic array of dielectric sheets is assumed to 
occupy the whole half space z>0. The spacing between 
sheets is s and the thickness of each sheet is ¢. The rela- 
tive dielectric constant of each sheet is x. Also the free 
space-dielectric sheet interface is assumed to be located 


* Manuscript received by the PGAP, August 8, 1958. This work 
was supported by Case Inst. of Tech. Res. Fund under Grant No. 190. 

} Elect. Engrg. Dept., Case Inst. Tech., Cleveland, Ohio. 

1 R. E. Collin, “A simple artificial anisotropic dielectric medium,” 
IRE Trans. oN MICROWAVE THEORY AND TECHNIQUES, vol. MTT-6 
pp. 206-209; April, 1958. 

* H. S. Kirschbaum and S, Chen, “A method of producing broad 
band circular polarization employing an anisotropic dielectric,” IRE 
Trans. ON MicrowAvE THEORY AND TECHNIQUES, vol. MTT-5 
pp. 199-203; July, 1957. ; 

§R. E. Collin, “Properties of Slotted Dielectric Interfaces.” 
IRE TRANS. ON ANTENNAS AND PRopaGation, vol. AP-7, pp 62-73; 
January, 1959. ee. ir 

A J. oS Carlson eee Sa Heins, me reflection of an electromag- 
netic plane wave by an infinite set of plates,” Quart. | 
Pete LVpp 3152520" January, 1947, * CUE eee 
5S. N. Karp, “An application of Sturm-Liouville theory to a class 
of two-part boundary value problems,” Proc. Camb. Phil, Soc.. vol 
53, pt. 2, pp. 368-381; April, 1957. ; ea 


°F. Berz, “Reflection and refraction of microwaves at a set of” 


parallel metallic plates,” Proc. IEE, vol. 98, pt. III pp. 47-55: 
January, 1951. 2 


Fig, 1—Infinite array of thin dielectric sheets. 


in the xy plane at z=0. If the electric field in the in- 
cident TEM wave in the region z<0 has only a y com- 
ponent and the plane of incidence is in the xz plane, the 
electric field everywhere will have only a y component. 
Maxwell’s curl equation for the magnetic field H may 
be written as 


V X A = jweox(x)E = jweonE + xejweck, (1) 


where x,=x—1 and is the electric susceptibility of the 
dielectric. The term jweox-E may be regarded as a polari- 
zation current density. When the sheets are very thin, 
the electric field Ey, is approximately constant across 
each sheet. The total polarization current in each sheet 
is then given by 


Jn = juexdtE,(% = ns),n =0, +1,°--, (2) 


where E,(x=ms) is the value of the electric field at the 
center of the sheet located at x=ns. To a first approxi- 
mation, each sheet may thus be replaced by an infinitely 
thin polarization crrrent sheet with a surface density 
given by (2). At such a current sheet, the tangential 
components of the magnetic field are discontinuous. The 
line integral of the magnetic field H around a small con- 
tour running parallel to the.z axis and on adjacent sides 
of the current sheet shows that the discontinuity in H, 
is given by 


H,+ — H, = — J, = — jonxth,. 


(3) 


1960 


If the incident electric field in the region <0 is given 
by 


Eine = Age ite, (4) 


where h=Rp sin 0;, To =jRo cos 6;, ko is the free space 
wave number and 9; is the angle of incidence measured 
from the interface normal; then the electric field in the 
_ region z>0 must have this same progressive change in 
phase with x. The electric field for z>0 can be repre- 
sented by an infinite number of normal modes propa- 
gating or being attenuated in the positive z direction. In 
_ view of the periodic nature of the medium, the electric 
field is of the following form for z>0:7 


Ey = ye Br F-m(a) e~¥? 
m=0 


= eth DS Brdm (xem, (5) 


m=0 


where ¢» is a periodic function of x with period s; i.e., 
$m(X) =hm(x-+ns). Provided that the spacing s obeys the 
following relation, all ym except Yo are real so that only 
one mode propagates, 


Xo 
a : 
SVK + | sin 6; 


Ss 


, (6) 


where Xo is the free space wavelength. 
Each normal mode function F,, is a solution of the 
following: 
Fy 
dx? 


is Yiae ai ko”) Fim = 0 (7) 


and must be a continuous function of « and must also 
satisfy the boundary condition (3). Each normal mode 
function may be constructed from the independent even 
and odd solutions of (7). Thus, let 


Felt) = COS lat > Cm SIN bn, Osu <5: (8) 


' The corresponding solution for s<x<2s must be 
e-*8 [cos Im(x—s)+ém sin Im(%—s)]| since dn=e!*Fm is 
periodic. The propagation constant Ym is given by 


Yme = ko’. (9) 
Continuity of E, at x=s gives the following condition 
on Jm and the coefficient Cm: 


COS ImS + Cm SiN Ins = e778. (10) 


The magnetic field H, is given by (i/o) (AE, /0x) and 
hence the boundary condition (3) at «=s imposes the 
further condition, 


hep?y te = ImCm(e—i"* + COS ImS) — Im Sit Ims. (11) 


7R. E. Collin, “Reflection and transmission at a slotted dielectric 
interface,” Can. J. Phys., vol. 34, pp. 398-411; April, 1956. 
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From (10) and (11) the following solution for Cm is 
obtained: 


Cm = (e778 — COS Ims) Cosec Ims 


(12) 
and also the following eigenvalue equation, 
Xekot 
cos hs = coslms — sin J,S. (13) 


m 


The following is the rigorous eigenvalue equation:? 


cos hs = COS Im (s — t) COS Vm? + x ekort 
ves eo” pan Seine 
bao oe sin las = t) sin VS din? + X kot. (14) 
An expansion of (14) in powers of ¢ shows. that it is 
identical to (13) to terms up to and including #. This 
suggests that replacing each sheet by an infinitely thin 
polarization current sheet may be valid for values of ¢ 
greater than first anticipated. 

The transverse magnetic field for the dominant mode 
is given by —(|yol /Ro) YoHy= Hz where Yo= ~V/eo/ po. 
Thus the power flow per section of unit height in the 
positive z direction is 


1 yy yi 
mab ll .ayB,%a8— ees 


0 0 


AY 


| Bol?— 
2 sin? Jos 


sin los 


; E — cos hs cos los + (cos hs — cos hs) |. (15) 


os 


There is also a component of the Poynting vector in the 
x direction. 


EIGENFUNCTIONS IN FREE SPACE REGION 


In the region z<0, there is an incident wave 


Ae thal (16a) 
and, in addition, a reflected wave 
Ry A ge thet hee, (16b) 


plus an infinite number of evanescent modes given by 


ey Qna : 
>> A, exp — i(a + as + T,2, (16c) 
n=—0o Ss 
where R, is the reflection coefficient and 
2nr\ 
T,2=(h+ =) — ko? (17) 
iS 


and the prime in (16c) means omission of the term 1 =0. 
The solution to the interface problem is obtained by 
equating the tangential electric and magnetic fields in 
the interface plane z=0. This gives two infinite sets of 
equations which may be solved by function-theoretic 
methods for the amplitude coefficients A, and By. A 
more straightforward solution in this case may be ob- 
tained by means of bilateral Laplace transforms, 
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BILATERAL LAPLACE TRANSFORM SOLUTION 


Let W(x, z) represent the y component of the electric 
field for all values of x and zg. This function has the fol- 


lowing properties. 


1) It is continuous at all points. 

2) The normal derivative of y, 7.e., O~/dx is dis- 
continuous across each polarization current sheet 
for z>0. 

3) The normal derivative 0y/0z is continuous at 2=0, 
i.e., at the free space-dielectric sheet interface. 

4) W satisfies the periodicity condition eY(x, 2) 
= eih@etns) Y(x-+-n5s, 2) for all z. 

5) As g>—, Wis asymptotic to eTo?+ Riel* where 
R, is the complex reflection coefficient and To is 
pure imaginary. 

6) Asz->+ © the asymptotic form of p is e~%o” where 
‘Yo is pure imaginary. If the dielectric has a small 
amount of loss, then yo has a small positive real 
part. Such a small positive real part will be as- 
sumed but the effect of dielectric loss on the other 
modes will be neglected. 

7) At each polarization current sheet edge, 1.e., at 
z=0, x=ns, both wy and Oy /0dz are finite. This is 
readily demonstrated by expanding the fields in 
terms of cylindrical coordinates in the vicinity of 
each edge and putting in the appropriate boundary 
conditions. 

8) For z>0, W is of the form (5) while for z<0, it is 
of the form given by (16a)—(16c). These properties 
are sufficient to permit the unique construction of 
the bilateral Laplace transform of W(x, z) and 
therefore enable the rigorous solution of the prob- 
lem to be obtained. 


Let the bilateral Laplace transform of W(s, z) be 
e—8G(w), where 


eh 


: i} W(s, edz 
ZT} a) oe 


and the factor e?”* is introduced only for later con- 
venience. For arbitrary values of x, let the transform of 
W(x, 2) be g(x, w), where 


G(w) = (18) 


co 


1 
g(x, w) = oa, V(x, z)e*dz, 


he) ee 


(19) 
The inversion of this recovers the function (x, Ri) U2), 


Vass) = it o(s, w)e-"dw, (20) 


where c is a contour as yet to be determined. Eq. (19) 
defines g(x, w) as an analytic function of w in that region 
of the complex w=u-+ jv plane for which the integral is 
absolutely convergent. In view of the asymptotic forms 
of y as |z| >, it is readily deduced that the strip of 
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analyticity is the infinite strip 0 <u <Re yo. It is assumed 
that yo has a small positive real part arising from di- 
electric loss so as to provide a finite width strip of 
analyticity. This is done to facilitate the analysis and 
after the solution has been obtained, yo will again be 
taken as pure imaginary. Thus the inversion contour ¢ 
will be a contour parallel to the jv axis in the w plane and 
in the strip of analyticity. When z>0 an examination 
of (20) shows that the contour c may be closed in the 
right half w plane. The integral may be evaluated in 
terms of its residues at the poles in the right-half plane 
and must give a form for the field such as that given by 
(5). Therefore, g(x, w) must have simple poles at 
W=Y0, V1) ° °°) Ym °° in the right half plane. 

When z <0, the contour ¢ can be closed in the left half 
plane and in order to obtain the form (16a)—(16c) for 
the field, g(x, w) must have simple poles at w= +j| To| 
on the imaginary axis and at w= —T,, m= +1, +2,--:- 
in the left half plane. . 

In addition to the above properties, g(x, w) must be 
a solution of 


2 


d’g 
— + (w? + ko”)g = 0 (21a) 
ax” 
and must satisfy the periodicity condition, 
et a(x, w) = eth@ts) a(x + 5, w) (21b) 


as well as being a continuous function of x. 
In 0<x<s let 


g(x, w) = A(w) cos /w? + Ro2x + B(w) sin /w? + Ry2x 


which is the general solution of (21a). For s<x<2s, the 
solution is simply 


e~*hs| 4 cos4/w? + ko(« — s) + Bsin Vw? + ko2(x — s)]. 
From the continuity condition at «=s, one gets 
Aes = Geis = A cos Vw? hos + Bsin~/w?+ kos. 
Thus, 
A(w) = G(w) (22a) 
and 
eths — cos +/w? is Ro2s 


sin +/w2? +  ko2s 


B(w) = G(w) (22b) 


Hence, in the region 0<«<s, the field W(x, z) is given by 
V(x, 2) = {l e“*G(w) os /w? + hora 


sin Vw? + ko2x 


+ (e-8 — cos +/w? + ho?s sees |e 
as) sin +/w? + kos wee 
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and for s<x<2s by 


ox, 2) = { Ee "*G(w) e—the | cos Vw? + ko(a — s) 


+ (e-7"* — cos v/w? + hos) + + + 


sin +/w? + ko?(~ — s) 


sin +/w? + kos 


| dw. (23b) 


The solution may be continued periodically in the same 

-fashion to give the solution for all values of x. When 

x=s, (23) reduces to the expression obtained by invert- 

ing (18). 

For z>0, W(x, z) must satisfy the boundary condition 
(3), 2.€:, 

ow s+ 


aa tae ko’x elW(s, Z) 
Ox 


while for <0, dW /dx must be continuous at «=s. Using 


(23a) and (23b), the above boundary conditions impose 
the following conditions on G(w): 


if e-"*G(w) | cos /w? + ko?s — cos hs 


‘ Xeko*t sin a/w? a =| 
DT 2h eke 
Pa Bao 
eee fp a> 0, (24a) 
sin ~/w? + ko’s 
if eG (w) [cos »/w? + ko?s — cos hs] 
=r aoa A 
eo 20) eeOr (4b) 


sin ~/w? + kos 


Now for z>0, the contour c in (24a) may be closed in 
the right half plane. Thus G(w) must cancel the poles of 
(sin ~/w?-++k,?s) 1 in the right half plane in order for the 
3 integral to vanish. It was postulated earlier that G(w) 
‘would have poles at w=Y¥m, m=0, 1, +--+ 1n the right 
half plane. These poles, however, do not contribute to 
“the integral in (24a) since the numerator contains the 
eigenvalue equation for Ym and, hence, vanishes at 
 W=Ym- 

In (24b) the contour c may be closed in the left half 
plane. The integral will vanish provided that G(w) also 
cancels the poles of (sin /w+kos) in the left half 
plane. Again, the numerator contains the eigenvalue 
; equation for I’, so the poles of G(w) at w=+To, —I,, 
y= +1,- +-, donot contribute to the integral. 
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At this time it is convenient to relabel the eigenvalues 
I’, according to the following scheme: 


To? = 2 — 2, 
(n+ 1)4 
yt = (SE Ha) as W133) 5 oe 
5 


ed LE ; ; 
Me a aos ot dy Wd een aed ees co. 
RY 


Thus, the eigenvalues for 7 odd are those original eigen- 
values which corresponded to negative values of n. An 
examination of (13) shows that for m large one has 


cos ks = cos Ins 


and hence the eigenvalue ym approaches I'm. 
In view of the required properties of G(w) it is readily 
seen that a suitable form for G(w) is the following: 


sin +/w2 + ko2s 


Ge) = p(w) 
Ss Bs mes) £7) pi. 
| (o* = rey — a TT RT ac 


where p(w) is as yet an undetermined integral function 
of w. This integral function may be determined from a 
consideration of the asymptotic form of G(w) as 
tes 

Consider the infinite product expansion of 


cos +/w? + ko2s — cos hs. 


The zeros of this function occur at w= +T,, and the 
value of the function at w=0 is cos kos—cos hs and, 
hence, by standard procedures one gets 
cos 1/w? + ko2s — coshs 

--) ihe = w 
= (cos kos — cos ks) [| ———. 


n=0 pi 


Since 


w+ T,)(w — Yn) 
T,2 


I ( 


differs from 
i} i? == w 
LS Ten, 
by a bounded function, one sees that the asymptotic 
form of G(w) is 
p(w) sin ws 


G(w) ~ 


»|w| ao. 


(26) 

w?(cos ws — cos hs) 
In view of the property (7) of the function y, the trans- 
form must be asymptotic to w~? as | | —o and there- 
fore p(w) is simply a constant whose value can be deter- 
mined in terms of the amplitude of the incident wave. 
The transform G(w) is thus uniquely determined and 
therefore g(x, w) and W(x, z) may be found. 


66 IRE TRANSACTIONS ON ANTENNAS NAD PROPAGATION 


REFLECTED AND TRANSMITTED WAVE AMPLITUDES 


An examination of (16a), (16b) and (23a) shows that 
the residue of the integrand in (23a) at the pole w=I'o 
gives the incident wave in the region <0 while the resi- 
due at the pole w= —I» gives the reflected wave in the 
region z<0. These waves are given by 


Aye th 1 = r(Toe thet, 


Ry A pe thet = r(— T) e thatT yz, 


(27a) 
(27b) 


where 7(I'o) is the residue of G(w) at w=I; 2.¢., 


r(To) = lim (w — Io)G(w) 


wT) 


and similarly for r(—Io). The complex reflection co- 


efficient R; is given by 


EG To) SAUD ae eT ah De eal Br Yn ts 
< r(To) To + YO n=1 Yn == To 10s, 5 To 
pal = Vel ia 
ine tel 
where the angle a; is given by 
= if T 
a =2> 5 [ean Tel — tan“ He, (28b) 
n=1 IP Yn 


The latter result for R; follows because all ym and I, are 
real except Yo and Ip which are now taken as pure imagi- 
nary quantities. 

From (23a) it is seen that the transmitted wave is 
given by the residue of the integrand at the pole w=. 


Thus for 0<x<s, the transmitted wave is 
BoF o(x)e77 =— r(Yo) 


sin lox 


| cos lox + (e-7* — cos Ips) = |e (29) 


sin los 
where 7(7o) is the residue of G(w) at the pole w=Yo. The 
minus sign arises because the integration is taken in a 


clockwise sense around the contour c. If the transmission 
coefficient T is defined as the ratio Bo/ Ag, it is given by 


be r(Yo) — Fo Asindgs 
r(To) I “LE Yo Lo sin hs 
(T, + To) ) On = Ts) 


Ul = |Tle*, 0) 


(Tn + 0) (Yn — Yo) 


where the phase angle a; is given by 


= Mk 
a, = Ss (ean : = tan > Ivol | ) 
% Yn 


n=1 
I. 
_— (tans Pel d =i\- ae wel, 10 | ) (31) 
Yn ig 


n 


since [’,, y, are real except yo and Ty. The amplitudes 
of all the higher order modes may be similarly deter- 
mined from the residues of G(w) at the appropriate 
poles. 


Ay anuary 


For a wave incident from the region z>0 it is only 
necessary to remove the pole at w=Ip in G(w) and to 
introduce a new pole at w= —“Yo which will give rise to 
the incident wave. Thus the factor w—I'p in (25) is re- 
placed by (w+y7o). The reflection coefficient for a wave 
incident from z>0 is readily found to be given by 

a ll = ll 


= lee ee 


where Q is given by 


=2>> | tan Lol — tan“! 
n=1 


Yn rn 


ira 


Fr [om 


An examination of (28), (31), and (32) shows that 


ZRe Lke = 4 ae 22, (33) 


a result which may be deduced by more elementary 
means from the properties of the scattering matrix of a 
lossless two-terminal pair network.* 

The difference between the incident and reflected 
power in the z direction per unit height for a width s 
along the x coordinate is 


[To] 4] ovo 


P;- s 
ko | To+ vol? 


P, = 4¥o| Aol? 


(34) 


and is equal to the transmitted power P; given by (15). 
These relations may be used to compute the modulus of 
the transmission coefficient | T| since By in (15) is equal 
to TA». One may show formally that this gives the same 
value for | 4a as (30) does. The Appendix gives the deri- 
vation for the particular case when h=0, 2.e., for normal 
incidence. 


A NUMERICAL EXAMPLE 


Numerical results were computed for the following 
typical parameters, k=2.56, 0;=30°, s=Ao/2, Ao =3.14 
cm, by using the theoretical formulas given here as 
well as for two- and three-term approximations based 
on an application of the Rayleigh-Ritz method. Fig. 2 
compares the approximate values of the first propaga- 
tion constant Yo in the dielectric slab medium as ob- 
tained by the two methods. The Rayleigh-Ritz method 
gives a result which is a lower bound while the eigen- 
value equation (13) gives a result which is greater than 
the true value. For values of é/s up to 0.2, the difference 
between the two is less than 3 per cent. Both methods 
give the modulus of the reflection coefficient as 
(Yo—To)/(YotT). Fig. 3 compares the values of the 
reflection coefficient angles a; and az. Since these angles 
are proportional to the reactive energy stored in the 
evanescent modes at the interface, the Rayleigh-Ritz 
method gives results which are too small since only a 
few of the higher order modes are taken into account. 


* B. A. Lengyel, “A note on reflection and transmission,” J. A ppl. 
Phys., vol, 22, pp. 263-264; March, 1951 
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Fig. 2—Propagation constant in dielectric sheet medium for x=2.56, 
0; =30°, S=0.5ro, Ao =3.14 cm. 
(a) Transform solution (13). 
(b) Two-term Rayleigh-Ritz solution. 


CONCLUSION 


By replacing each dielectric sheet by an infinitely thin 
polarization current sheet, a rigorous solution to the 
problem of diffraction by an array of thin dielectric 
sheets was obtained. Numerical results compare favor- 
ably with those obtained by an application of the Ray- 
leigh-Ritz method. 


APPENDIX 


The modulus of the transmission coefficient for nor- 
mal incidence as given by (30) may be shown to be equal 
to that computed from power flow considerations by 
making use of the following two relations. The first rela- 
tion required is 


2(1 — cos Jos) : Il (1 ¥ i) 
12s? n==2y4->+ nr 
on 
n=1)3-°- (n a Len! 


which is readily established by expanding the left-hand 
side into an infinite product. Similarly, the following re- 
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Fig. 3—Reflection coefficient angles a, and a® for k=2.56, 6;=30°, 
S=0.5 Xo, A=3.14 cm. 
(a) Transform solution. 
(b) Two-term Rayleigh-Ritz solution. 
(c) Three-term Rayleigh-Ritz solution. 


sult may be obtained by eliminating the term x,ko? from 
the eigenvalue equation (13) for J) and /,; 


sin Jos sin ws 
g(w) = (1 — cos ws) — (1 — cos Js) 
os Ws 
-) we 
= (cos Jos — 1) II(1 — -) 
n=0 eee 


after expanding the equation as an infinite product. The 
second relation required is obtained by taking the limit 
of g(w)/(w?—19?) as w tends to J to get 


1 in J S 
(1 4 sin *) x Ul (1 — Io®/tn?). 
2 los 


n=1 
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Reciprocity Theorems for Electromagnetic Fields 
Whose Time Dependence Is Arbitrary* 
W. J. WELCH} 


Summary—Two reciprocity theorems are derived which are valid 
for fields whose sources may have arbitrary time dependence. The 
first theorem involves the electromagnetic potentials, and the second 
is in terms of the electric and magnetic fields directly. In both 
cases, it is necessary to make use of the advanced as well as the re- 
tarded solutions to Maxwell’s equations. Some properties of the 
theorems are discussed, and, as an application, the second theorem 
is used to derive a variational expression for scattering of electro- 
magnetic waves from a perfect conductor. 


INTRODUCTION 
()ie of the most simple and yet useful deductions 


from Maxwell's equations is Lorentz’ reciprocity 

theorem. This theorem, which is valid for fields 
whose time dependence is simple harmonic, may be 
written in the following form: 


V-[(E. X Hs) — (Ex X Hy] 
= (Ey-J,; — Hy: Ki) — (Ei: Jo — Hy: K), 


where J and K are electric and magnetic current 
sources, respectively, and the numerical subscripts dis- 
tinguish the two sets of sources and their respective 
fields. Rumsey has used this theorem to define an elec- 
tromagnetic “reaction” between sources and fields, and 
has shown how it may be systematically applied to 
simplify and solve many problems in electromagnetic 
theory.! 

The purpose of this paper is to present two reciprocity 
relations which are valid for sources whose time depend- 
ence is arbitrary. As an application, the second of the 
two theorems will be used to derive a variational princi- 
ple for scattering by a perfect conductor. 

For reference, Maxwell’s equations and the definitions 
of the electromagnetic potentials used in this paper are 
presented below. 


OB aD 
VXE=—-— (); VXH=J+— (ID 
Ot al 
ap ees 
ws (IIT) 
Because 
V-B = 0, (IV) 
we may write 
Bi aVeX A, (V) 


* Manuscript received by the PGAP, April 30, 1959. This work 
was sponsored in part by the Office of Naval Research. 

t Dept. Elec. Engrg., University of California, Berkeley. 

1V. H. Rumsey, “Reaction concept in electromagnetic theory,” 
Phys. Rev., vol. 94, pp. 1483-1491; June, 1954, ; 


where A is the vector potential. After substituting (V) 
into (1), we may define the scalar potential as follows: 


OA 
E+— = — V¢. (VI) 
ot 
Then, with the requirement that 
ico, 
oot 
V7A sie Ve (VII) 
er : 
and 
1 0°*¢ p 
MG ee VITl 
: ages pe ) 
THEOREM [| 


Suppose that existing in free space are two sources 
of electromagnetic fields, (Ja, pa) and (Js, ps), which have 
finite extent and integrable singularities as functions of 
space and time. The vector and scalar potentials for 
such sources will be the following? 


Mm 
A(r, i= i 
0 st R ; 
R 
p(t sav 
o(r, t) = i) : (1) 
~ 41r€ R 
R 
(i+ = eae 
Ps mM G 
A(t.) = . 
tr, al R , 
R 
p(t )av 
$(r, 1) = —f : | 2 
. Aire R (2) 


R= | r—r'|. The tildes are used to denote the so-called 
“advanced” potential solutions as distinct from the re- 
tarded potentials, (1). Both the retarded and advanced 
potentials are proper solutions to Maxwell’s equations, 
but the advanced solution is usually discarded as having 
no physical meaning because it does not satisfy the 
causality principle. However, the advanced potential is 
often useful from a mathematical point of view, and one 


°'W. Panofsky and M. Phillips, “Classical Electricit > 
netism,” Addison Wesley, Reading, Mass., p. 214; 1955. ar hes: 
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can even form a physical picture of it. For example, it 
represents either a wave radiating outward from the 
source with time running backward or a wave collapsing 
on its source with time going forward. 

Reciprocity between sources a and B is expressed by 
the following: 


i f ee — $apv)dvdt = if f i (Ay: Ja — Sea (3) 


Va and V, represent the volumes occupied by the 
sources a and ), respectively. Notice that the potentials 
on one side of the equation are advanced potentials. The 
notation may be considerably simplified by the intro- 


duction of “four-vectors” for the sources and potentials. 


; _@ 
Sy = (J, jep); Ae (4; =); y= 1,2,3,4. (4) 
Cc 


_In terms of these quantities, (3) becomes the following: 


f A,*S,,dvdt = if f A,?S,2dvdt. 
Vp Va 


(S) 


_ By convention, the index pv is to be summed. 


The proof of (3) is straightforward. Let }>,7(r, w) be 
the Fourier transform of S,‘(r, t). 


a 1 ive) 
Lo = pits tient ar: 
Pe) = je (r, 1) 


Seek rat) = cae me (r, w)e?? "dw. (6) 


Similarly, >0?(r, w), T,7(r, w), and T,*(r, w) are the trans- 


forms of S,*(r, #), A,*(r, #), and A,*(r, t), respectively. r 
represents the coordinates of source a and r’ the co- 
ordinates of source 0. Parseval’s formula for the Fourier 


_ transform is the following? 


y 


f “Fi()Fa(t)dt = (7) 


—o 


f Gila) ore 


‘where the G(w) functions are the transforms of the F(t) 
functions. From this it follows that 


f A#S,*dv'di = | ‘t A,*(r’, t)S,°(r’, t)dv'dt 
Vb —o Vb 
ee) b 
= ip 4p T,2(r’, w) Date (r’, — w)dv'dw. (8) 
—o ¥ Vb 


The transformed potential functions are given in terms 
of the transformed sources by the usual formulas. 


mM D>» (1, we PR dy 


een 
(e',0) = 


T Va R 
Bebe ta’ | Kam ofc. 1 (9) 


$E. C. Titchmarsh, “Introduction to the Theory of Fourier In- 


tegrals,” Oxford University Press, New Vork,/N. Y., p. 50; 1937. 
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is Le y (r’, w)e*KR dy’ 
RSC YN) a i ; ; (10) 
Tv Vo R 
Let —w be substituted for w in (10). 
b 
2 rit, — ale mer! 
Pleo) = =f DBS sient ae (11) 
Aor Vb R 


Now, (9) is substituted into (8). 


io) 0) 
f i; T,2(r’, w) >> (r’, — w)dv’dw 
=o” Vb v 
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f 
—oY Va vp 
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dvdw 


The last step resulted from a substitution of (11) for the 
term in the square brackets. Again Parseval’s formula 
may be applied. 


it Dae (r, w) Peace. = w)dvdu 
—0o 4 Va ‘ 
= fi S,2(r, ),A,*(r, ddvdt. (12) 
—o0 Va 


This demonstrates the validity of (3). This reciprocity 
theorem could also have been written with the tildes 
over the a fields instead of the 6 fields. 


f ape aie il (Ant. = bondoc ace 
Vb Va 


The only restrictions on the theorem are that the 
sources be in free space and that their Fourier trans- 
forms exist. Written in the form (5), it is clear that the 
reciprocity integral, {fA,*S,'dvdt, is a quantity which is 
invariant under a Lorentz transformation. Both A, and 
S, transform like four-vectors under a Lorentz trans- 
formation, and their scalar product must be an in- 
variant; dvdt is also an invariant. This means, of course, 
that the integral may be calculated in an arbitrary co- 
ordinate system which is uniformly translating and will 
always yield the same number. Eq. (5) is also the ap- 
propriate reciprocity relation for scalar fields which 
satisfy the wave equation, such as the sound-wave field. 
In this case, A, would be replaced by the velocity poten- 
tial d, and S, would be replaced by the source of sound 
waves. 
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THEOREM II 


The second relation involves the electric and mag- 
netic fields directly, rather than the electromagnetic 
potentials. One may speak of advanced electric and 
magnetic fields as those derived from advanced poten- 
tials by the usual process of differentiation, (VI) and 
(V). These fields naturally satisfy Maxwell's equations, 
as do the retarded fields. Let there be two sources of 
electromagnetic fields, (Ja, Ka) and (Js, Ke). J is electric 
current density, and K is magnetic current density, in- 
troduced for added generality. Then the following 
reciprocity statement holds: 


if (Ea: Jo + Ha: Kz)dvdt 
ae if if (Es-Ja+ Hy-K,)dvdt. (14) 


Notice two things. First, there is a minus sign in front 
of one of the integrals, and second, the tildes could just 
as well be placed over the a fields as over the 0 fields. 
This relation could be proved by the method used for 
Theorem I. However, with the addition of magnetic cur- 
rent and because the electric and magnetic fields are not 
given so simply in terms of the sources, that method 
would be laborious, and it will be convenient to prove 
(14) in another way. 

Let the fields due to (Ja, Ka) be retarded fields and 
those due to (J, Ky) be calculated in the advanced sense. 
Both satisfy Maxwell’s equations. 


OB, Zs OB, 
ae Ky Bb = =, 
Ot Ot 
ie 15 
0D, Z, oD, (is) 
Vig. =" J; VX A, —-——= Je 
ot ot 


After expanding the divergence of (E, xX Hs+E; X Hz) 
and substituting from (15), we find that 


V:(E, X H+, ek.) 
= f,-VX E,—E,-V xX H+ Hy vV XE, — &-v xX A, 


(- 2x.) 5 aD, 
(= - x, (F +4) 
OB, ~ /eD, 
rman) 
aL b E, he) 


ay H,] (Bh epee 
= — — /H,- a| — — |F,. 
eee eel 
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I 


— [(Ea-Jo + Ha Ky) + (Ey-Ja + Hy-K,)]. (16) 


Next, we integrate both sides of (16) over a volume 
which contains both sources and over a time interval 
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T1<t<T>». Then, with the application of the divergence 
theorem to the left-hand side, it follows that 


Ts an ay 3 . 
f i} [(Za: Jo + H,: Ky) = (EerJa = H,-: K.) |dvdt 
De 4 


T2 re “ 
eee ih (E, X Ay + By x H.)-ndSdt 
tr, Js x 


Tz Pa 
a i cE, : E,dv 
T, Vv ~ 


Let 7, be some time prior to the sources and 72 some 
time after the sources are both off. At time 7, the re- 
tarded fields are everywhere zero, and at time 7» the 
advanced fields are everywhere zero. Therefore, for this 
choice of 7; and T.2, the two volume integrals on the 
right hand side of (17) vanish identically. Next, an in- 
spection of (17) shows that the value of the surface in- 
tegral is independent of the size or shape of the surface, 
so long as the surface is large enough to enclose com- 
pletely both sources. Let the surface be a large sphere of 
radius R. Then, if, for example, R><(| T;| +| T2|), the 
retarded field will not reach the surface S during the 
interval 7,;<i<Zv2, and the surface integral will be 
identically zero. It follows then that if the integrations 
over space and time completely enclose the sources, 


T2 


= j pH, Hydv (17) 
Vv 


T) 


ff [(Ea: Js + Ha: Ky) + (Es: Ja + Hy Ka) |dvdt = 0, (18) 
and if we divide the integral into two parts, 


f f (Ex: Js + Ha: K;)dvdt 


Ze -ff (E,-Je4 By K dade as 


It is convenient to use Rumsey’s “reaction” notation — 
for the scalar products.! 


(a, b) = f i (Ea: Jo + Ha: Ky)dodt (20) 
GEE it f Gihceeenen (21) 
Then (14) may be written as 
(a, b)= —(6, a). (22) 


Suppose that the volume of integration in (17) en- 
closed only one of the sources, say a, even though the 
time integration enclosed both sources. It is clear from 
(17) that (22) would still be valid with 


(a, 6) = ff (E, X H+ E, Xx H,)-ndSdi, (23) 
8 
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There are two assumptions implicit in the proof of 
(14): first, € and uw are assumed to be simple scalar func- 
tions of position; and second, the conductivity of the 
space is taken to be zero. The second restriction is not 
as serious as it sounds, for as long as the extent of the 
conductivity is finite, its effect can be lumped with the 
electric current sources, J. On the other hand® it the 
space is partially bounded by ideal conductors, (14) is 
still valid because the surface integral vanishes on the 
surface of a perfect conductor. 

Eq. (14) has the following properties. Although the 
integrals which occur in (14) are not Lorentz invariant 
as are those in (3), (14) will probably be more useful for 
boundary value problems. This is because it involves 
the electric and magnetic fields directly rather than the 
potentials. Eqs. (20) and (21) may be regarded as the 
“reaction” between two sources of arbitrary time de- 
pendence. Notice that (20) and (21) have the dimensions 
of energy. As a matter of fact, it can be shown that 
(a, a), the self reaction or self energy of a source, is al- 
ways a negative number. It appears to be the total 
energy radiated by the source. If source } were an impul- 
sive unit electric dipole of the form J, =16(r — 10) 6(¢—to), 
then the reaction (a, b) would just be the 7 component 
of the a electric field at (ro, to), Ea:(ro, to). 

It should be clear why the advanced fields must be 
used in one of the integrals (20) or (21) in order that (22) 
be valid. Suppose that both sources a and 6 are of short- 
time duration. It can be arranged that the wave ema- 
nating from a in the usual retarded sense will reach 
source b just as the latter turns on. Then (a, b) will have 
some value other than zero. At this time, source a has 
long since turned off. The only way in which the wave 
leaving b can arrive at source a while the latter is on is 
by going backward in time. Thus, the wave from } must 
be an advanced wave. 

As an application, (22) will be used in the next section 
to derive a variational expression for scattering from a 
perfect conductor. 


VARIATIONAL FORMULATION FOR SCATTERING 


Suppose that a source, Ji, is radiating in the presence 
of a perfect conductor S, as shown in Fig. 1. (Since we 
are dealing with a perfect conductor, we need not con- 
sider magnetic current in this section.) We wish to know 
what the field scattered by S is. To proceed, following 
the method developed by Rumsey,' we place a test 
‘source J, at the point of observation and consider the 
reaction between the test source and the scattered field. 
If J, is an impulsive unit electric dipole of the form de- 
scribed in the preceding section, then this reaction is a 
measure of the instantaneous scattered electric field at 
the point of observation. It will be necessary to employ 
the advanced field associated with the test source J, in 
order to use (22) and obtain the stationary expression 
for the scattered field. 
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Fig. 1. 


In the absence of the scatterer, space is described by 
€0, #0, and with the scatterer present by e, wo and o. Let 
J, be zero for the moment. The total field due to J; will 
be found by solving Maxwell’s equations for the re- 
tarded fields. 


aaa 
a MoH rn), (24) 


ODr, 
VO tier arian aire 


0 0 
= a (eo. rn) + E + (€ — €) <| Evry, + Jn. (25) 
Let 
fe) 
AES = o+ (e ral €0) <| Eryn. 
ot 


Then (Er, Hr,) appears to be the field resulting from Jp 
and J; in free space. J> is a current equivalent to the 
scatterer (in fact, it is the current induced on the scat- 
terer) and we can now apply superposition in free space. 
Let (E;, Hy) be the field due to J, and (En, H,) be the 
field due to dfs Then Ern=E,+ Es, and Ar, = Ht AM. 
(E;, H;) is thus the field scattered from the obstacle S 
due to Jn. Because S is assumed an ideal conductor, J, 
flows only on the surface of S. Furthermore, the usual 
boundary condition for a perfect conductor applies 


n X (E£)3+ E,) = 0 (26) 


ones: 
Next, we let J, =0 and consider the advanced field due 
to J, in the presence of the scatterer. 
2 OBr, 
Vi x Er, = = 
Ot 


Oe rs 
— — (uot r,); (27) 
ot 
~ dDr, ~ 
eae gen ern So 


0 Se 0 see 
ae E Brea, =| Bry + Jo. (28) 
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Let 


Oalez 

Ja = E a (e €0) | Bre 

In this case, (Er,, Hr,) appears to be the advanced field 
resulting from J, and J, in free space. We apply super- 
position as before, letting (Ex, Ha) be the field due to Ja 
and (E,, H,) be the field due to J,. Ery=E,+ Ea, 
Hr, =H, +H, and (E,, Ha) is the scattered field for the 
advanced solution to the scattering problem. Again, be- 
cause S is assumed to be a perfect conductor, Ja flows 


only on the surface of S. In this case, the appropriate _ 


boundary condition on S is the following: 
nX (E,+ E,) = 0. 


With both J; and J, present, the effect of the scatterer 
is given by J,and J, in free space. It should be noted that 
either retarded or advanced fields may be calculated 
from the four currents Ji, Js, Jo, Ja. However, it is im- 
portant to bear in mind how J; and J, are defined and 
how E, and E, are defined. Neither nX(E£i +) nor 
nX(£,+£,) is zero on S. 

Let J, be a delta function in both space and time. 


Jq = 16(r — r0)d(t — fo). 


(29) 


Then 


(, g) = f oua Mo Poatane Cp (30) 


where 7 is a unit vector; (b, g) is then the quantity in 
which we are interested and we will now find a station- 
ary expression for it. 

Js is a source which flows only on the surface of SS. 
Therefore, from (29), 


(&, b) = f B,-Juteat = = f Ba Judoat = Ge O)e 131) 
Jz is also a surface source, and from (26), 
Bea ij Ber dandy ax i Bop ae = (ban GD) 


It follows from the reciprocity theorem (22) that 
(6, a) = — G, b). (34) 


The combination of (31), (33), and (34) yields the 
following: 


(6, g) = — (%, b) = (a, b) = — (6, a), (35) 
With the substitution of (32), 
(6, g) = (h, a). (36) 


Eqs. (33), (35), and (36) are three expressions for (0, g), 
the quantity of interest. In the external scattering prob- 
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lem, E,, E), En, and Ey, are known, whereas J, and Jp are © 


unknown. An expression which is homogeneous in both 
a and b and which is equal to (6, g) is obtained by multi- 
plying together (33) and (36) and dividing by (35). 


tan J il ela. if E,-Judvdt 
Me si 
ff Be-dadoat ff By- Faded ; 
Fffr sea 


T is the free-space retarded vector Green’s function. 
This is the formula for the scattered field. It is clear that 
the amplitudes of J, and J; cancel from the numerator 
and denominator of the fraction and can have no effect 
on the answer. It is shown in the Appendix that (37) is 
stationary with respect to variations of J, and J, about 
their true values. This means that a reasonable guess for 
the functional forms of J, and J, should, when substi- 
tuted into (37), lead to an even more reasonable esti- 
mate of the scattered field. More precisely, if the errors 
in the choices of J, and Jz are 0(€) and O(n) respectively, 
then the error in the calculation of (0, g) will be O(en). 
Because the location of J, is quite arbitrary, (37) may 
be used to find the scattered field everywhere in space 
resulting from Jy. Eq. (37) is very similar to formulas 
which have been derived for fields whose time depend- 
ence is periodic, e*'. The essential difference is that in 
(37) the time dependence of the illuminating source, Jn, 
is arbitrary. 

For certain types of approximate variational calcu- 
lations, such as the determination of quantum mechani- 
cal energy levels or resonant frequencies of a cavity, it 
is possible to know a priori that the resulting error will 
be always positive or always negative. In these cases the 
result of any particular approximate calculation is 
either an upper or a lower bound on the true value, upper 
or lower depending on the sign of the error. This added 
feature is, of course, very important. Dolph‘ has shown, 
however, that this property is not obtained when one 
performs variational calculations for exterior wave scat- 
tering using the usual formulations for time periodic 
fields. Eq. (37) also fails in this respect. To see this, we 
must investigate the second variation of (37). 


(37) 


2(b, 8a)(60, a) 


52(b, g) = 2(8b, a) — 
(b, g) = 2(86, 6a) (b, «) 


(38) 


ot tied 


*C, L. Dolph, “A saddle point characterization of the schwinger : 


stationary points in exterior scattering problems,” J. Soc. Ind. 
Appl. Math., vol. 5, pp. 89-104; September, 1957. 
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For small variations, the error incurred in any par- 
ticular calculation is proportional to the second varia- 
tion, (38). In order that the answer be a bound on the 
true value of the quantity being calculated, 6?(b, g) must 
have the same algebraic sign for all possible variations 
da and 6b. Suppose that for a particular calculation 
da =a and 6b=8. Then an evaluation of (38) would re- 
sult in some number, say NV. 6b, g)= N. Now consider 
another calculation in which 6a=a and 6b= —8. Then, 
by inspection of (38), we see that 62(b, g)=—N. In 
general then, (37) fails to give a bound for the scattered 
field. 

Jn may be chosen to be a point dipole with a delta 
function time dependence. In this case, (37) will give an 
approximation to both the time and space parts of the 
Green’s function for the scattering problem. From this, 
one may obtain the scattered field resulting from an 
arbitrary illuminating source. 
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APPENDIX 

Eq. (37) may be written as (b, a) (b, g)=(h, a)(@, b). 
Then, 
((6b, a) + (b, 6a))(6, g) + (0, a)6(6, g) 
(h, 6a)(8, 6) + (h, a)(Z, 6b) 
— 46, g)(8b, a) — (b, g){b, 6a) + (5, 5a)(b, g) 
— (6, g)(a, 68) 
— (6, g)(b, a) + (b, g){5b, a) = 0. 


Both the boundary conditions and the reciprocity theo- 
rem were employed above. Also, the variations in J, and 
J» were required to be surface distributions. 


I 


(b, a)6(b, g) 
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Frequency Scintillations of Satellite Signals Before and 
After the Argus Experiments* 
P. R. ARENDT} 


Summary—Satellite signals are effected by frequency scintilla- 
tions in the same manner as radio star emissions. Therefore, the 
Doppler shift of such signals suffers fluctuations. These alterations 
are a function of the variations of the electron density distribution 
along the radio-ray path under observation. The number and the 
magnitude of these scintillations are used to measure the roughness 
of the ionosphere (formation of a scintillation index). The paper 
deals with the alteration of the established scintillation index during 
a time interval in August and September, 1958, i.e., before, during, 
and after the well known Argus experiments. The observations indi- 
cate that no long-living ionospheric inhomogeneities were produced 
within the zones of the ionosphere which could be checked from our 


ground station. 


by scintillations in the same manner as radio star 


[: has been shown that satellite signals are effected 
emissions.! Since the satellites are moving fast, their 


* Manuscript received by the PGAP, August 21, 1959. 
+ Inst. for Exploratory Res., U. S. Army Signal Res. and Dev. 


Lab., Fort Monmouth, N. J. C tah ee 
_ 1H, P. Hutchinson and P. R. Arendt, “Ionospheric scintillations 
of satellite signals,” Proc. 10th Interntl. Astronaut. Cong., London, 


Eng.; May, 1959 (to be published). 
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signals suffer from a broad Doppler shift, which is de 
scribed by the known equation, 

Ip ab 

—=i{17F—, 

i: v 
where fr is the transmitted frequency, fz is the received 
frequency, 0 is the velocity of the satellite relative to the 
observer, and v is the phase velocity of the propagation 
of the radio signal; v is connected to the refractive index 
n of the medium by the following definition: 


where c is the velocity of light in free space. 0 is also a 
function of x. Thus, it is obvious that fluctuations of 2 
will create corresponding alterations of the observed 
frequency fr. Now, since 7 is a function of the electron 
density of the medium, it is evident that inhomogenei- 
ties of the ionosphere along the signal ray path will be re- 
flected by deviations of the observed frequency from a 
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smooth Doppler curve. The longer the signal travels 
within the ionosphere the greater is the probability of 
observing the integrated effect of perturbations along 
the ray path. Therefore, most of the frequency scintilla- 
tions will be observed during the incoming or outgoing 
period of a Doppler measurement. Fig. 1 is an example 
of this type of observation. 

However, such scintillations have been observed at 
any moment of a satellite’s passage. It has also been 
found that higher frequencies (in the 100-mc range) are 
less sensitive to scintillations than at 20 or 40 me. 
Further, strong and multiple scintillations have been 
observed for rather long periods of several weeks. These 
intervals are preceded and followed by others which are 
quiet and during which no scintillations occur. Since 
this trend is in line with the above concept of the origin 
of the scintillations, the number and magnitude of these 
frequency deviations are used for a measure of the iono- 
spheric roughness of the propagation path under obser- 
vation. Figs. 2 and 3 give examples of various types of 
scintillations. On some days, the scintillations (on 20 
mc), were so strong and manyfold that it became im- 
possible to make an observation of the Doppler shift. 

Some of the periods of strong scintillation activity 
could be correlated to extreme solar activity. For exam- 
ple, during a period shortly before and after June 8, 
1958, strong scintillations with Sputnik III (6, 1958) 
_ were observed on 20 mc. During the same time, special 
solar activity was reported. In the case of Fig. 3, effects 
of solar flares and short wave fadeouts have been re- 
ported from 1653 GMT to 1707 GMT in the White 
Sands observations on 200 mc. This time coincides ex- 
actly with the scintillations in Fig. 3. However, other 
observations of the same period were made in which 
there were no scintillations during solar activity; for 
example, during orbit 332 of Sputnik III on June 8, 
1958. But on the same day, exceptional strong scintil- 
lations were observed during the prior orbit 331, in 
spite of the fact that the solar activity was reportedly 
“milder” at that time. On the other hand, a day which 
was reported “quiet” with respect to solar activity, 
brought no scintillations at all (orbits 341 and 346 on 
June 9, 1958). 

Various periods of strong scintillation effects have 
occurred; for example, during the second half of Decem- 
ber, 1958, scintillations similar to the ones during the 
reported period in June, 1958 were found. 

With the assumed, but unestablished, correlation to 
solar activity in mind, the recently published Argus? 
experiment offered some chance for a more detailed in- 
vestigation. In this experiment, nuclear radiation was 
released in outer space high above the earth’s dense 
atmosphere by various atomic bursts (on August 27 and 
30, and September 6, 1958). Since the status of the iono- 
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Fig. 1—Doppler curve of Sputnik III at its perigee (217-km 
altitude at 11 04.8 GMT) at 20 me. 
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Fig. 2—Part of a Doppler curve of Explorer I at 108.00 and 108.03 
ae the frequency deviations are multiples of the observational 
tolerance. 
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Fig. 3—Doppler curve of Sputnik III during a N to S passage, 


changing altitude from 570 to 990 km; at zero time in 740-km 
altitude. 
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Fig. 4—Scintillation quality index compared 
with solar activity index. 
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Fig. 5—Histograms of scintillation quality index. 


sphere would have been influenced by these experi- 
ments, at least for the period of the experiments and 
possibly for some time thereafter (for some weeks), a 
certain influence of the Argus experiments on the ob- 
servation of the scintillation of satellite signals could be 
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expected. A priori, it is an open question whether the 
Argus experiment would multiply or reduce the number 
of scintillations. The question is whether such an experi- 
ment produces rather a smooth distribution of electrons 
or a very heterogeneous one over the area under in- 
vestigation. 

Since the lower frequencies are more sensitive with 
respect to the inhomogeneities of the ionosphere than 
the higher frequencies, the signals from Sputnik III on 
20 mc were chosen. This frequency was found to be very 
convenient as an indication of whether the ionosphere 
contains more or less inhomogeneities. 

The first inspection of the data indicates that a 
smooth distribution existed during the period after 
Argus, or in other words, that a naturally rough distri- 
bution was smoothed (see Fig. 4). It is obvious that 
there were strong scintillations before August 27 (the 
day that the first of the three Argus explosions were 
performed) but very few scintillations during or after 
Argus. During the period from August 2 to August 25 
there were observed 75 Sputnik orbits. Only 13 of these 
orbits were nearly free from scintillations; that is 17.3 
per cent. From August 27 through September 23, an- 
other 37 orbits were observed; 19 orbits of these or 57.7 
per cent were nearly free from scintillations. Moreover, 
the orbits of that latter period showed very few scintil- 
lations per passage in contrast to the first period in 
which most orbits had many scintillations. During the 
period before Argus, the number of days in which scin- 
tillations occurred was randomly distributed over the 
various groups of a qualitatively measured scintillation 
intensity (daily index). However, during and shortly 
after Argus, the maximum of this distribution was ob- 
viously shifted to a very low scintillation intensity (see 
histograms of Fig. 5). A direct comparison of the solar 
intensity with this qualitatively measured scintillation 
intensity showed no correlation. Strong solar activity 
was observed between Augusi 11 and August 20, as well 
as between September 9 and 19. However, the scintilla- 
tion intensity decreased after August 27 (see Fig. 4). 

In addition to the above, a more exact investigation 
of the data was tried. For this purpose, the qualitative 
scintillation index was replaced by a quantitative one. 
This was done by using a planimeter and measuring the 
area above and below the smooth Doppler curve limited 
by a system of straight lines which connect the succes- 
sive points of measurements (see Fig. 6). Then, this area 
was defined as the scintillation index. The method is 
somewhat arbitrary because it assumes an equal num- 
ber of observations per unit time. However, it was ac- 
cepted in view of the fact that the frequency measure- 
ments on Doppler shifts were normally performed every 
two seconds. The results of this type of classification are 
given in the distribution of Fig. 7, which again indicates 
the trend to a higher scintillation index during the time 
before Argus. 


76 IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


ZERO FREQ. :20.004762 % 
hasan ZERO TIME :0428:00 GMT 
C0008 ZERO SLOPE :1.3 %? 
INJEC. FREQ :20.001497 % 
20.004900| 
20.004800} 
20%, 
20.004700| 


TIME 
Be eogssee 00267. 0950 
24 28 a 


20 


aaeet 


ZERO FREQ. :40.000540% 
ZERO TIME :0928:36 GMT 


40.001000 ZERO SLOPE :3.4 %? 
INJEC. FREQ. :40.001981% 
40.000800 
40.000600| 
; 40"% 
40.000400, 
40.000200, 
TIME 
40.000000 ; 
0920 ' 0924 ' 0928 | o938 | 0936 
22 26 .30 34 


SATELLITE 8 1958, ORBIT #2294, 29 OCTOBER 1958 


Fig. 6—Area of quantitative scintillation index; Doppler curves 
of Sputnik III on 20 mc and on 40 me. 


For a comparison of this scintillation index with solar 
activity, a running daily average (over 7 days) was used. 
A measure of the solar activity was gained from the 
solar activity index published from High Altitude Ob- 
servatory on Sacramento Peak Observatory optical 
measurements. The result is shown in Fig. 8 which indi- 
cates a remarkable smoothing of the daily fluctuations 
demonstrated in Figs. 4 and 7. 

Again, the curves of Fig. 8 do not establish a direct 
correlation. The curve of the scintillation index indicates 
that the Argus experiment did not produce additional 
disturbance in the ionosphere (close to the area of the 
observed satellite tracks). If correlation between solar 
activity and scintillation index had been established, it 
might be concluded from a comparison of both curves 
in Fig. 8 that the Argus experiment smoothed the iono- 
sphere rather than created inhomogeneities. However, 
such a conclusion cannot be drawn yet. 

In order to test whether some kind of formal correla- 
tion could be established, the upper curve of Fig. 8 was 
shifted far forward in time (for 9 days) until a rather 
good correlation was obtained, at least for the first half 
of the observed period. The result of this shift is shown 
in Fig. 9. Now, the optical observed solar activity index 
appears to be in good correlation with the scintillation 
index for the time before Argus. During Argus and 
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Fig. 7—Distribution of scintillation index before and after Argus. 
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Fig. 8—Running (7 days) averages of solar activity 
index and of quantitative scintillation index. 
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Fig. 9—Apparent correlation of solar activity and 
scintillation after arbitrary time shift. 
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thereafter, the trend of the two curves goes in opposite 
directions. Thus, this figure underlines the previous re- 
sult, that there was no correlation to solar activity ob- 
served for the time during and after Argus. 


What is the physical meaning which is connected to 


the rather arbitrary shift of 9 days? A shift for about 11 
days, 1.e., for an entire solar cycle, was tried, but, in this 
case there was much less correlation, as can be easily 
guessed from Fig. 9. Further, significance of the used 
optical solar index has to be considered. This index 
measures all types of optical visible solar activity in- 
dependently, whether or not this activity creates par- 
ticle streams reaching the earth, whether the flares ob- 
served originate particles, ultraviolet radiation, or X- 
rays, etc. We had assumed first that this divergence 
could be compensated, at least in part, by the use of the 
7-day running average. However, it should be consid- 
ered that the electromagnetic wave effects for day-time 
solar activity are immediately felt in the ionosphere 
under observation, and that particle streams get active 


in the outer spheres of the earth’s environment at least 


within two days after emission at the sun. Thus, these 
arguments lead back to the original concept of a com- 
parison of daily averages of the two indices, respectively, 
which leads to the concept demonstrated by Fig. 4. 
Furthermore, one has to consider that the satellite 
used for measuring purposes travels in different zones 
from one orbit to the next one. This means that the satel- 
lite’s radio emission is propagated, within various parts 
of the ionosphere. These parts will be affected, to a 
rather varied degree, by the solar activity, thus explain- 
ing the above mentioned observation of a great vari- 
ability in the scintillation index of successive passages. 
‘Condensing the observations it can be stated that 
sometimes there is a good correlation between optical 
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observed solar activity and frequency scintillations and 
at other times there is no correlation. Therefore, a much 
greater statistical volume of data, than that reported 
here, of observations made during a few weeks is neces- 
sary, in order to determine the manner in which the 
ionospheric inhomogeneities observed by frequency scin- 
tillations are related to specific solar events. These sta- 
tistics must cover the position of the satellite and of the 
path of propagation at the time of observation. Future 
investigations should also consider that it might be 
easier to find a correlation to inhomogeneities of the 
magnetic field of the earth than to search for a direct 
correlation with optical observations of the sun. 

With respect to the Argus experiment, it has been 
clearly observed that additional long-living ionospheric 
inhomogeneities were not produced within the zones of 
the ionosphere under observation during the measure- 
ments. 
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CORRECTION 


F. S. Holt and A. Mayer, authors of “A Design Pro- 
cedure for Dielectric Microwave Lenses of Large Aper- 
ture Ratio and Large Scanning Angle,” which appeared 
on pages 25-30 of the January, 1957, issue of these 
TRANSACTIONS, have requested that the following cor- 
rections to their paper be noted. 


In (5c) on page 28, the equal sign after X2, should be 
replaced by a plus sign, and in (5d), the argument of 
the tangent function should be (W2x+¢zx). 

On page 29, in (6f) the first tan (W2x1+ Gox-1) should 
be sec (Pox-1-+¢ox-1), and the algebraic sign before the 
term (X2-1—Xy) should be negative. 
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Antenna Image Quality Evaluation 
Part I—By an Optical Simulation Method* 


J. J. MYERSt 


Summary—An optical simulation method was used to study the 
effect of aperture illumination on image quality for a high resolution 
antenna. It was determined that an illumination close to uniform 
yields the best image, as measured by the similarity of the image to 
the object when similarity was judged by a group of human ob- 
servers. The techniques used are described, and the results of the 
evaluation of a typical class of illuminations are given.’ 


INTRODUCTION 


YSTEM performance requirements for radar sys- 
S tems or other radio mapping systems sometimes 
dictate the use of antennas that are very large in 
terms of both wavelength and physical size. Some of the 
problems inherent in constructing large antennas may 


make it impracticable to build an antenna as large as _ 


desired. It is of considerable importance, therefore, that 
illumination of the maximum available aperture be done 
in the optimum manner in order to obtain the best 
image? that the antenna can give, as measured by a 
suitable criterion. 

The most direct experimental method for determining 
the effect of aperture illumination on the quality of the 
image is to construct an antenna, or set of antennas, to 
vary the illumination, and to measure by some suitable 
means the effect upon image quality. This method is 
both expensive and time-consuming if the study is to be 
extensive. In practice, it probably would not be used for 
an exhaustive study of aperture illumination, although 
in specific instances it might be feasible. 

An alternative method, which is more convenient, is 
to simulate the antenna imaging process, form suitable 
images, and judge their quality, taking into account the 
limitations of the simulation procedure. If the simula- 
tion method is sufficiently simple and flexible, a wide 
range of illumination may be studied relatively quickly 
and at small cost. 


* Manuscript received by the PGAP, April 25, 1959; revised 
manuscript received, October 12, 1959. The research reported here 
was made possible through the support extended to the University of 
Illinois Control Systems Lab. jointly by the Depts. of the Army 
Navy, and Air Force, under Signal Corps Contract DA-36-039-SC- 
56695, D/A Sub-Task 3-99-06-111. The material in this paper was 
abstracted from a dissertation submitted in partial fulfillment of the 
requirements for the Ph.D. degree at the University of Illinois 
Urbana, III. : 
a ne ieee ae Santa Barbara, Calif. Previously at 

oordinated Science Lab. (formerly the Control S 
University of Ilinois, Coen ae ae 
ore detail about the experimental work than is given her 
ie ee To ee “Optical eee of Daten lanes 
ontrol Systems Lab., University of Illinois, Ur aE 
nea y Urbana, Rept. No. R 

* The term “image” is used throughout this paper in the optical 
sense, that is, meaning the “picture” of some object or set of objects 
after reception by an antenna system and after linear detection or 
processing. 


Many studies?-* have been made of photographic pic- 
ture quality as related to the aperture illumination 
(lens characteristics) used in the imaging process. These 
studies have investigated largely the effects of lens aber- 
rations. The effects upon image quality of resolution, 
scale, and contrast, has been the subject of study® from 
the standpoint of aerial photography, and the effect of 
aperture size (and to a limited extent, aperture illumina- 
tion) upon the recognizability of certain types of ground 
targets has been studied for antennas.” 

The study reported here was made to measure semi- 
quantitatively the effect of aperture illumination on 
image quality and to try to get a clue to what constitutes 
the “best” illumination for an antenna for mapping pur- 
poses. Crucial to such an evaluation is the choice of a 
criterion of quality. A separate paper® discusses mathe- 
matical image quality criteria that are applicable in an- 
tenna theory, but still unanswered by any such discus- 
sion is the relationship between the results of applying 
a particular mathematical criterion and the results ob- 
tained when a competent observer judges image quality. 

A nonmathematical criterion of quality was used for 
this experiment, viz., the ability of a group of observers 
to identify correctly certain forms in images presented 
to them for assessment. The criterion seems appropriate 
since it is this kind of measurement of quality that is 
invoked in identifying features in a map. The choice of 
this criterion avoided the need to make a choice from 
among the mathematical criteria. In practice, special 
considerations not concerned with image quality might 
dictate the use of an illumination that is nonoptimum in 
an image-quality sense. 


EXPERIMENTAL METHOD 


Photographic film images of selected types of objects 
were formed through an off-focus lens system in front of 
which was placed a mask whose density varied as a func- 


*M. W. Baldwin, Jr., “The subjective sharpness of simulated 
TV images,” Bell Sys. Tech. J., vol. 19, pp. 563-586; October, 1940. 

: . Croce, “Etude d’une méthode de filtrage des images op- 
tiques,” Ph.D. dissertation, University of Paris, France; 1954. 

5G, C, Higgins and L. A. Jones, “The nature and evaluation of 
the sharpness of photographic images,” J. Soc. Mot. Pic. Telev. 
Engrs., vol. 58, pp. 277-290; April, 1952. 

_° “Criteria for Detection and Recognition of Photographic De- 
tail,” Boston University, Boston, Mass., Tech. Note No. 69, pt. 1; 
September, 1950. 

TR. D, Rawcliffe, W. W. Lichtenberger, and H. V. Krone, “Opti- 
cal Simulation of Radar Resolution, Control Systems Lab., Univer- 
sity of Illinois, Urbana, Rept. R-111; 1958. Accepted for publication 
in J. Opt. Soc. Am. 

* J. J. Myers, “Antenna Image Quality Criteria,” Control Sys- 
tems Lab., University of Illinois, Urbana, Rept. No. R-108; 1958. 
To be published. 
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tion of the radius. This variation was the same as the 
power radiation pattern of the antenna simulated. The 
images so formed were “smeared” in the same way that 
an antenna image is smeared because of the finite aper- 
ture and the corresponding aperture illumination. By 
using different masks, several different antenna radia- 
tion patterns were simulated corresponding to the sev- 
eral aperture illuminations chosen for evaluation. A 
human observer then passed judgment on the quality 
of the resulting images according to the particular cri- 
4 terion of image quality chosen. 
The method employed appears to have been devel- 
_ oped largely during the studies of Rawcliffe et al.,7 al- 
though the use of off-focus imaging (without weighting 
of the entrance pupil by means of masks) is a common 
_ technique employed to investigate sharpness in optical 
_ or photographic images. Contributions to the technique 
resulted from this study. They were the means for mak- 
ing masks of arbitrary density and the development of a 
method of forming random objects for image-making. 
The masks used corresponded to aperture illumina- 
_ tions given by the class (1+A cos 2rx/L), where x is the 
radial aperture coordinate, LZ is the antenna diameter, 
and A is an aperture illumination parameter defined 
over the interval (—1, 1). Five illuminations of the class, 
including the two extremes given by values of 4 = +1.0, 
were used. This class of illuminations was used because 
it contains both uniform illumination (4=0) and a 
“cosine squared” illumination (A =1.0). It contains also 
a “sine squared” illumination (4 = —1.0) which ap- 
proaches a two-element interferometer in main lobe 
_half-power width and in sidelobe level. Finding the opti- 
mum of this class of illuminations does not imply that 
the optimum of all illuminations has been found. How- 
ever, since this class yields patterns from the extremes 
of high sidelobe and narrow main beam to low sidelobes 
and broad main lobe, it is reasonable to expect that the 
optimum of all illuminations should not be too much 
different from that found. 

At the outset of the experiment it was apparent that 
very small differences in image quality would not be 
readily detected and hence that five points would be a 
sufficient number to construct a useful curve of image 
quality vs aperture illumination. 


IMAGE FORMATION 


A focussed, aberration-free imaging system maps 
points in the object plane into corresponding areas of 
the image plane. If the imaging system is defocussed, 
the image of a point object broadens and there is a tran- 
sition from a Fraunhofer diffraction image to a Fresnel 
image. The Fresnel pattern is an approximate image of 
the aperture of the system, with spurious response at 
edge transitions of the image caused by diffraction at the 
edges of the aperture. The shape of the image and dis- 
tribution of intensity in it may be changed by varying 
the shape and density of the aperture. For example, if a 
square aperture whose density is a function of radius is 
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placed in front of a lens, the image of a point will also be 
a square and the light intensity in the image will vary in 
approximately the same way that the density of the 
mask varies; that is, the point image will reproduce the 
mask shape and intensity. 

In the point image formed through such an optical 
system there is distortion because of diffraction effects. 
However, if the system is sufficiently off focus, then 
these effects are small compared to the off-focus effects, 
and the image is a sufficiently good reproduction of the 
mask used. For a circular mask of uniform transmission, 
the light intensity across the main disk of the off-focus 
image is to the first approximation constant. Neglecting 
the small diffraction effects (small in terms of the scale 
of the off-focus image), the transfer function? of this uni- 
form disk is approximately the Fourier transform of a 
rectangular distribution, vzz., of the form (1/x sin x). 
Thus, the transfer function of the in-focus imaging sys- 
tem is modified by defocussing and by the use of a mask. 
The transmission of the mask required is approximately 
the power radiation pattern of the antenna simulated. 

In the experiment images of selected objects were 
formed on photographic film. The objects used con- 
sisted of film transparencies illuminated from behind by 
a uniform light field. A camera with mask in front of the 
lens was mounted with the lens at a distance of approxi- 
mately its focal length from the object. The image of 
the object was recorded on photographic film placed a 
short distance from the focal plane of the camera. This 
off-focus distance was not critical and depended on the 
degree of smearing desired. However, to minimize dif- 
fraction effects, sufficient spreading of the image was 
used to make the scale of the distorted image large in 
comparison with the scale of the main lobe of the dif- 
fraction image of the camera when focussed. 


Masxs!? 


The masks made for the experiment constituted the 
entrance pupil of the camera used in making images. 
They were made of photographic film that was exposed 
appropriately so that the curve of transmission as a 
function of radial distance from the center of the mask 
was the same as the power radiation pattern curve of 
the antenna that was being simulated. In Fig. 1 the five 
antenna radiation patterns simulated and the corre- 
sponding measured density of the associated mask are 
plotted. 

The choice of proper over-all mask size was made on 
the basis of experimental data that showed the optimum 
size to minimize undesired diffraction effects. Since the 
mask size was limited, it was not possible to include a 
complete diffraction pattern (which would, in fact, ex- 


9 The transfer function of an optical system is the Fourier trans- 
form of the point object intensity diffraction image, or spread func- 
tion. In antenna theory the transfer function is the Fourier transform 
of the power radiation pattern. : 

10 A detailed description of the method of making the masks is 
given in the original report (see footnote 1) from which this paper has 
been taken. 
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Fig. 1—Transmission of masks used in forming images. The solid lines are calculated data, and the 
dots are measured data. A is the aperture illumination parameter. meee 


tend to infinity). The masks were made to include only 
the first sidelobes of the antenna radiation pattern 
‘since higher order sidelobes were not so important in 
their smearing effect as the first sidelobes (their presence 
for the A = —1.0 case and perhaps for A = —0.4 would 
further degrade the image and thus would exaggerate 
the result obtained). The total light transmission range 
in the mask was about 200:1, which gave the oppor- 
tunity to include sidelobes greater than about —23 db. 


OBJECTS 


Objects that were not simple geometric forms, @.g., 
converging lines, squares, etc., and whose spectra were 
reasonably broad were used for image making. Rows of 
random Roman capital letters on a background of 
random shapes of the same density (Fig. 2) were used.” 
Upon direct viewing, most or all of the letters could be 
read in spite of the obscuring effect of the random shapes; 
when distorted by the off-focus camera and mask, the 
letters in the image were less legible and from 12 per 
cent to 92 per cent could be identified, depending upon 
the amount of distortion and skill of the observer.” A 
choice of Roman letters on a random background was 
made based upon the fact that, in general, the objects 
imaged through an antenna consist of random type radi- 
ators whose angular size, shape, position, and reflectiv- 
ity or luminance cannot be predicted. It also was desira- 
ble to have readily identifiable object forms to avoid 
difficulties in experimental scoring. 

The random background chosen corresponded to 
random radiators and not to receiver noise. That is, it 
was spatial “noise” and so was smoothed in the imaging 
process in the same way that the letters were smeared. 
The background corresponded, roughly speaking, in a 
radar map to geometrical shapes, such as airfields, 
amidst random return. Both the background and the 


letters were high-contrast object forms (greater than 
1000:1). 


" Two interesting experiments have been reported involving the 
recognition of forms against complex backgrounds. Although different 
information was desired than that desired from the present experi- 
ment, the studies are relevant. They are footnote 6, and R. M. 
Boynton and W. R. Bush, “Recognition of forms against a complex 
pec ereund,! J. Opt. Soc. Am., vol. 46, pp. 758-764; September, 

% In the reproduction process, the image of Fig. 2 has been dis- 
torted so that its legibility is poorer than in the original film trans- 
parency used in the evaluation. 
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Fig. 2—(a) Unobscured letters used in forming objects. (b) Typical 
object. (c) Typical image made from it. 


TECHNIQUE 


Formation of Images 


For assessment by the observers, 25 different images 
were made using the method described above. Five 
images for each of the five different aperture illumina- 
tions were formed, the five for any illumination differing 
from each other only in the registration between letters 
and the random background. The values for the aper- 
ture illumination factor, 4, were —1.0, —0.4, 0.1, 0.5, 
and 1.0 (see Fig. 1). 

The average contrast of each image made was ap- 
proximately the same as that of each of the other 24 
images. Each undeveloped film containing the latent 
image was given the same photographic processing, and 
each developed image was mounted between glass sheets 
and identified by a random number. 

The objects used in forming the images consisted of 
negatives of the objects reproduced in Fig. 2 so that the 
image film as viewed by the observers contained dark 
letters on a mottled background. It has been experi- 
mentally determined previously that white letters on a 
mottled background were unsatisfactory. 


Observers 


Five subjects were used for the experiment. Each was 
believed to have had about the same incentive in helping 
to make the results significant. All were graduate or 
former graduate students, and none had poor eyesight, 
although one wore glasses. Each subject was given the 
same training by having him view initially a series of 
five images without his knowing that the results of his 
evaluation of these images would not be used in the 
final scoring. 
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Fi ig. 3—Experimental results of image assessment. Each graph gives 


the results of 25 observations from five observers, each assessing 


five images. A is the aperture illumination parameter. 


Method of Viewing Images 


- The images were illuminated from behind for viewing. 
The light level was controllable by the observer to suit 
‘his own preference. At the beginning of the sessions, 
each observer was presented with a set of printed in- 
structions that were not changed during the course of 
the observations. At each evaluation session (observers 
‘were used one at a time) the subject was seated in a 
darkened room in isolation and was given whatever 
‘time he desired to try to identify each of the letters 
in each of the five images presented to him in a particu- 
lar order during that session. A low-power reading glass 
was supplied for him to use or not as he chose. He chose 
the viewing distance, magnification, and light level that 
he found best. A single session varied in length, but 
‘averaged about 30 minutes per observer. Subsequent 
‘sessions about a day apart were held until all images 
had been evaluated. 

_ Earlier sessions run by projecting images one at a 
time on a screen for simultaneous viewing by a diverse 
group were unsuccessful and the results inconclusive 
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Fig. 4—Relative image quality as determined by five observers. The 
data have been normalized so that a quality factor of 1.0 repre- 
sents the best illumination of the class. 


because of both the conditions of viewing and, it is be- 
lieved, a lack of adequate incentive on the part of some 
members of the group. Individual viewing of the images 
by carefully selected subjects as adopted for the test 
was much more successful. 


Experimental Design 


The experimental plan involved a 5X5 X5 “Latin 
square” design® in which all of the variables were 
randomized such that each of the 25 images was pre- 
sented to each of the five subjects in a different order. 
At each session five images made with five different 
aperture illuminations and each with a different letter- 
background registration were presented one at a time. 


Scoring 


The individual scores for each image were obtained 
by noting the percentage of correct identifications. Er- 
roneous identification was counted the same as no 
identification. Subjects were advised in the instructions 
that there would be no penalty for incorrect identifica- 
tion, but each was urged not to guess. To avoid reduc- 
tion of dynamic range of the data because of subjects’ 
remembering certain key letters, the key letters were 
not counted in the scoring. Out of a possible 60 letters, 
50 were used in the actual scoring. 


RESULTS AND DiscussION 


The results of the 125 image analyses are given in the 
histograms of Fig. 3 and the curves of Fig. 4. The histo- 
grams show the frequency distribution of correct identi- 
fication for each of five different aperture illuminations. 
From these data the mean and the standard deviation of 
the observations were determined. The results are 
plotted in the over-all quality curve of Fig. 4. 

Observer learning was investigated by having each 
subject re-assess at the conclusion of the experiment the 
first five images he had examined. He was not aware that 
he had seen the images before. Out of a possible 250 
correct identifications, the average for the five observers 


13 A, L.. Edwards, “Experimental Design in Psychological Re- 
search,” Rinehart and Co., New York, N. Y., ch. 16; 1950. 
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during the first trial was 148 as compared to 198 for the 
second trial. This difference indicates the extent of 
learning during the experiment. However, the design of 
the experiment was such as to avoid bias from this 
cause. Analysis of the differences between performance 
of the five subjects showed these to be caused by chance 
rather than to some “real” difference between observers. 

No significant statistical difference between the im- 
ages, corresponding to values of the aperture illumina- 
tion factors 0.5, 0.1, and —0.4, were found.'* However, a 
distinct degradation in image quality for the two ex- 
tremes as compared to the center values was found. The 
flatness of the curve of the mean in Fig. 4 suggests that 
image quality is relatively insensitive to the aperture 
illumination factor. 
~ In an independent experiment reported in a compan- 
ion paper,® a uniform aperture illumination was found 
to be close to optimum. This result coincides grossly 
with the general conclusion that may be drawn from 
this optical experiment, viz., that a uniform illumination 
yields an image whose quality is close to the best that 
can be obtained. 

It might reasonably be argued that the results of the 
experiment would have been different had there been 
used different objects, such as those with a continuous 
range of intensities rather than the black-white objects 
used. This objection is a valid one because certainly 
smearing of low-intensity objects due to sidelobe energy 
from nearby objects with higher intensity would only 
be found with a more or less continuous range of in- 


14 The results obtained here are directly applicable to circular 
apertures. 

J. J. Myers, “Antenna image quality evaluation Part II—by 
a mechanical observer,” this issue, p. 83. 
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tensities in the object. However, it is believed that the 
differences would be ones of degree only and that, in 
spite of the high contrast of the objects used, the results 
obtained do not differ greatly in form from the results 
that would have been obtained with a continuous range 
of intensities. 


CONCLUSION 


The experiment has shown that it is possible to evalu- 
ate the effect of aperture illumination on image quality 
by an optical simulation method. It was found that 
image quality by optical viewing is not highly sensitive 
to aperture illumination. This finding suggests that 
very subtle differences in aperture illuminations, and 
hence in antenna patterns, could not be evaluated by 
the method. 

It is concluded that a nearly uniform aperture illu- 
mination is best when the greatest similarity between the 
image and object is the measure of “best.” This conclu- 
sion has been reached by other workers by intuitive 
means. To the author’s knowledge, this is the first ex- 
perimental verification of the conclusion. 
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Antenna Image Quality Evaluation 
Part II—By a Mechanical Observer* 
J. J. MYERSt 


Summary—A digital computer was used as a mechanical ob- 
server to evaluate antenna image quality as a function of the aperture 
illumination for a high resolution antenna. An illumination close to 
uniform was found to yield an image that was best as measured by 
the ease with which the mechanical observer was able to analyze the 
images. A description of the logical design of the observer and the 
results of applying it to the analysis of a typical class of illuminations 
are given.! 


INTRODUCTION 
| i COMPANION paper? describes results of an ex- 


periment that was undertaken to measure the 

a effect of aperture illumination on antenna image? 
quality. That experiment used human observers to de- 
termine quality of simulated antenna images. An inde- 
pendent experiment that would eliminate the variability 
of humans was felt desirable; accordingly, an experi- 
ment was devised using ILLIAC* as an observer to as- 
sess simulated images, and the results are reported here. 
In contrast to a human observer, a mechanical ob- 
server is for all practical purposes a perfectly constant 
observer and can be made to apply any chosen criterion 
of quality in a constant manner. In particular, the ap- 
plication of the criterion can be completely invariant 
with changes in antenna aperture illumination and with 
time. As compared with a human observer, an MO 
(mechanical observer) is more constant, is not subject 


to fatigue, is much faster, requires no training, and is - 


independent of the physiological and psychological 
factors that influence a human observer. Further, since 
the criteria applied by the MO are subject to precise 
numerical control, very small differences in images and 
hence image quality that arise from small changes in 
aperture illumination are observable. 


* Manuscript received by the PGAP, April 25, 1959; revised 
manuscript received, October 12, 1959. The research reported here 
was made possible through the support extended to the University of 
Tllinois Control Systems Lab. jointly by the Depts. of the Army, 
Navy, and Air Force under Signal Corps Contract DA-36-039-SC- 
56695, D/A Sub-Task 3-99-06-111. The material in this paper was 
abstracted from a dissertation submitted in partial fulfillment of the 
requirements for the Ph.D. degree at the University of Illinois, Ur- 
bana, Ill. 

+ Hoffman Sci. Ctr., Santa Barbara, Calif. Formerly at Co- 
ordinated Science Lab. (formerly Control Systems Lab.), University 
of [Ilinois, Urbana, III. va ine 
1 More detail about the experimental work than is given here may 
be found in J. J. Myers, “Assessment of Antenna Image Quality by a 
Mechanical Observer,” Control Systems Lab., University of Illinois, 
Urbana, Rept. R-110; 1958. re 
_ 27. J. Myers, “Antenna image quality evaluation, Part I—By an 
optical simulation method,” this issue, p. 78. ‘ ; 
~ 3 The term “image” is used throughout this paper in the optical 
sense, that is, meaning the “picture” of some object or set of objects 
after reception by an antenna system and after linear detection or 
processing. aa 
_ 4 The University of Illinois’ digital computer. 


No attempt was made in the development of the MO 
to design an optimum observer; that problem was out- 
side the scope of the present study. Instead, attention 
was concentrated on making the observer satisfactory 
for the study, flexible, and reasonably efficient. 

The use of an MO for image evaluation is reasonable 
in light of the tendency today to mechanize as many 
system functions as possible, including the observer or 
decision-maker. If an antenna image is ultimately to be 
analyzed by mechanical means, then the system param- 
eters, including aperture illumination, should be chosen 
to allow the desired information to be obtained from the 
image with the greatest ease. Accordingly, although the 
mechanical observer developed for this study may not 
represent an optimum type for a practical system, 
mechanical evaluation is justifiable. The results ob- 
tained from the experiment give a great deal of insight 
into how the performance of an MO is affected by the 
antenna pattern of the system. 


TASK OF MECHANICAL OBSERVER 


The problem presented to the MO was that of an- 
alyzing, or “deconvolving”> into its constituent parts, a 
given waveform constituting the (simulated) image be- 
ing assessed. The images were nearly perfect in the sense 
that they were obtained analytically and computed 
numerically to a high degree of precision. For the anal- 
yses, images of the same representative class used for 
the related theoretical® and experimental studies? were 
chosen, vzz., the class of illuminations given by (1+4 
cos 27x/L), where x is the aperture coordinate, L is the 
antenna length, and A is an aperture illumination 
parameter defined over the interval (—1, 1). Through- 
out the analyses nothing except the aperture illumina- 
tion factor A was changed in measuring the effectiveness 
of deconvolution as a function of the aperture illumina- 
tion. 

It may be shown that there is no unique solution pos- 
sible in the deconvolution process since there is an in- 
finite set of possible target’ configurations that could 
give rise to any image. However, since it was not re- 


5 The manufactured term “deconvolution” is used because it is 
descriptive of the inverse operation by which the image was obtained, 
i.e., the inverse of convolution of the antenna pattern and the object 
distribution. 

6 J. J. Myers, “Antenna Image Quality Criteria,” Control Sys- 
tems Lab., University of Illinois, Urbana, Rept. R-108; 1958. To be 
published. 

7 Borrowing a term from radar, the word “target” is used to de- 
note a radiating or reradiating object which gives rise to a corre- 
sponding image, even though the “target” is in fact a self-luminous 
object, such as a radio star. 
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Fig. 1—Representation of manufactured data used by the mechanical 
observer. (a) Section of typical image showing two probable tar- 
gets. (b) Same image section after subtraction of interfering con- 
tributions in vicinity of the largest target due to nearby targets. 
(c) Reference antenna pattern. 


quired of the MO that it perform a perfect deconvolu- 
tion of the image, a satisfactory analysis for purposes 
of this study was obtained for an appropriate variety of 
target dispositions. 

In assessing the quality of the images, the MO was 
“unaware” of the contents of the image beyond knowing 
that it was formed by convolution of a given antenna 
pattern and some unknown quantity and disposition of 
point targets, the image being described by a set of 
values of ordinates, e.g., Fig. 1, equispaced across the 
image. For purposes of assessment by the MO, the best 
image was that one which was most easily deconvolved. 

The MO developed? has potential use in the practical 
analysis of real data such as that obtained from a radio 
telescope. Although the MO was applied to analyzing 
artificial images, no restriction to artificial data is 
thereby implied. 


PROCEDURE 


Manufactured Images 


The image produced by a scanning antenna is in the 
form of an output voltage that varies with time as the 
antenna scans a set of radiating or reradiating objects. 


§ The MO consisted of ILLIAC and a suitable program that gave 
rules of observation, such as might be given a human observer per- 
forming the analysis in the same (although much slower) way, 
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Fig. 2—Photographs showing the essence of the “deconvolution” 


process used by the mechanical observer. (a) Image of three point 
targets. (b) Successive removal of targets by early estimates. 
(c) Final removal of targets with improved estimates. Two bottom 
graphs show residual after removal of all targets. 


When point objects that radiate incoherently with re- | 
spect to each other are scanned, the antenna output ~ 


power is the sum of the powers due to each object indi- 
vidually. One may manufacture such images by linearly 
summing the responses of a given imaging system to 
some assumed distribution of point targets. 

For the purpose of forming images for mechanical 
analysis by the MO, this method of image manufacture 
was employed. The actual computations were made by 


ILLIAC according to a program prepared for the pur- | 


pose. In Fig. 1 a representation of the type of data man- 
ufactured is shown, and in Fig. 2 photographs of the 
ILLIAC cathode-ray tube output for typical images are 
reproduced. 

The calculation of the image by ILLIAC was done 
on an ordinate-by-ordinate basis. Following computa- 
tion of the image, a reference antenna power radiation 
pattern [Fig. 1(c)] was computed in the same manner. 


This reference pattern was used by the MO as described 


below. 


If the MO were used on real data instead of on. 
manufactured images, the values of the received signal 


1960 


at equal time intervals and the measured values of the 
antenna radiation pattern at the same intervals would 
be entered into the appropriate places of the memory.? 


Observer Design 


_ The MO design was based on a curve-fitting tech- 

nique by means of which the images of the individual 
targets were successively removed from the original 
image until the residual was reduced to some arbitrarily 
chosen threshold. The curve-fitting was applied first in 
successive stages of approximation to the largest target 
of the image; when the best estimates of its position and 
amplitude were determined, the image of this target 
‘was removed from the original image and the process 
was continued until all targets had been located. When 
the blending or smearing of one target’s image into an- 
_ other was not great, deconvolution of the image was 
_ done easily and accurately by the MO; when the blend- 
ing was severe, deconvolution was poorer until, for an 
excessive amount of blending, the MO was unable to 
analyze the image into its component targets satisfac- 
torily. The essentials of the deconvolution process used!° 
are: 

1) The approximate positions of suspected targets 
were determined by a simple peak-picking tech- 
nique. The largest of such suspected targets was 
then assumed to be the largest target present. 

2) In order to minimize the smearing effect on this 
largest target caused by nearby targets, the near- 
by targets were removed to leave a more or less 
well-defined peak that was assumed to be a more 
nearly true representation of the largest target. 

3) The reference antenna pattern was fitted to this 

largest target on a least-squares basis. The best 
fit was taken as defining tentatively the true loca- 
tion of that target. The estimated target size and 
location were saved for later use. 

4) This largest target was then removed from the 
original image (meanwhile preserving elsewhere in 
the computer memory the original image). 

5) The entire process of steps 1) through 4) was re- 
peated successively on the remaining image to 
find the next largest target and so on, until finally 
there remained no potential targets greater than 
the threshold that had been chosen. 

6) Following the removal of all targets above the 
threshold, the steps 1) through 5) were repeated 
using the target estimates obtained previously. 
Upon applying the curve-fitting procedure a sec- 
ond time, the resulting estimates of position and 
amplitude of the targets were improved because 


9 The value of the deconvolution technique in a practical case 
BS be limited by the accuracy with which the actual radiation 
_ pattern were known. In radio astronomy, the radiation pattern . ie 
~ general not well known and hence, in judging the applicability of t e 
results obtained, account would have to be taken of the uncertainty 
i nowledge of the actual pattern. : 
- oT he Be amioladion aerate employed for the MO is complex 
and is described in more detail elsewhere; see footnote 1. 
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better estimates of nearby targets were available 
for step 2). 

Fig. 2 shows the deconvolution of a three-target image 
indicating the condition of the image at each subtraction 
step. At the top is a typical image." In the left-hand 
column are the results of going through the first major 
cycle of the deconvolution process where targets are be- 
ing removed in decreasing order of their amplitudes. It 
may be noted in the bottom graph that the residual 
remaining is not insignificant and that it exists because 
of inaccurate estimates of the true sizes and positions of 
the targets. 

The result of going through the second major cycle of 
the deconvolution process is shown in the right-hand 
column. It may be seen that the residual left after sub- 
tracting each of the three targets present is appreciably 
less than the residual left in the earlier steps of the first 
major cycle. In some cases, further repetitions of the 
steps of the second major cycle could have reduced the 
residual to an arbitrarily low level. However, for the 
purposes intended, there was little reason to look for 
extremely small residuals. In practice, the threshold 
was set to allow a residual of 10 per cent. 

The method chosen for curve-fitting was the univari- 
ate,” or one-at-a-time, method of arriving at a mini- 
mum corresponding to the best fit. The sum of the 
squares of the differences between the ordinates of the 
target and ordinates of the main lobe of the reference 
antenna pattern was used as a measure of the fit. When 
this sum had been reduced as low as possible by varying 
the parameters, the fitting process was terminated. 
During a fitting cycle, each of the parameters was var- 
ied one at a time until the sum of the square of the dif- 
ferences was minimized. 


Observer Errors 


Errors in the deconvolution process arose only from 
inexact estimates of the target locations and sizes, since 
ILLIAC does essentially perfect subtraction. An anal- 
ysis of deconvolution errors showed that it is more 
important that the amplitude estimates be good than 
that the position estimates be good. 


Observer Operation 


Prior to using the MO, an image and a power radia- 
tion pattern of the antenna being simulated were manu- 
factured. Before starting the actual image analysis, the 
MO measured the beamwidth at the 90 per cent ampli- 
tude point and at the half-power point, and measured 
the highest sidelobe level to set a threshold for selection 
of neighboring peaks. After setting various constants 
on the basis of these measurements, the main MO pro- 


1 Throughout this evaluation noise-free images were used. The 
MO contained provisions for handling noisy images and was, in fact, 
used extensively on them. 

2G. E. P. Box and K. B. Wilson, “On the experimental attain- 
ment of optimum conditions,” J. Roy. Stat. Soc., vol. 13B, pp. 1-45; 
1951. 
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gram took over. At each stage where an estimate of the 
presence of a target was made, the results were punched 
on tape. By means of a display (on a Memotron long- 
persistence cathode-ray tube) it was possible to watch 
the course of the deconvolution and to see which target 
was found and subtracted at each point in the process. 


Experimental Design and Scoring 


It was determined experimentally that the accuracy 
with which deconvolution of images was carried out 
was directly proportional to the number of trials made 
during the curve-fitting procedure. That this propor- 
tionality should exist is seen when it is recognized that 
the number of trials is dependent upon the flatness of 
the minimum being sought and upon the correctness of 
the initial estimate of the value of parameters associated 
with the minimum. In turn, the correctness of the orig- 
inal estimates of the best values for the parameters 
used to start the curve-fitting was inversely proportional 
to the degree of blending of the images of the individual 
targets; 7.e., a large amount of blending led to poor first 
estimates. Also, the more the blending, the flatter the 
minimum on the three-dimensional surface over which 
the best-fit search was carried out. 

The total number of trials required to reduce the 
residual in the image to the 10 per cent level was taken 
as the measure of the quality of the image. The number 
of trials for deconvolving two-target images, averaged 
over the target spacings varying from those which gave 
essentially perfect deconvolution to those which were 
impossible for the MO to deconvolve, was used as a 
measure of over-all image quality. The validity of this 
procedure was verified experimentally by deconvolving 
images containing a large number of randomly dis- 
posed targets of random amplitude and noting that the 
number-of-trials measure correlated well with the ac- 
curacy with which the targets were located. 

If the MO knew that the image were made up of the 
responses from two targets alone, then it would be a 
relatively simple matter to deconvolve the results with 
a high precision, regardless of the target spacing or 
relative amplitudes. Inasmuch as this knowledge was 
not imparted to the MO, it made its own determination 
of the number of targets present. In some cases it de- 
cided that it could not deconvolve with acceptable pre- 
cision and hence it found no targets; in other cases it 
found either fewer or more targets than actually were 
present. Finding other than the correct number of tar- 
gets implied a partially unsatisfactory deconvolution 
and this was reflected in the number of trials required to 
reduce the residual to the threshold chosen. 

The MO was applied to the analysis of images formed 
using values of the illumination parameter, A, of —1.0, 
a.om0,40/5,-and 1.0) Target spacings varying from 
Rayleigh” for A =1.0 to about 3 Rayleigh for A = —1.0 


18 The Rayleigh spacing criterion of optics (see Myers, footnote 6). 
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and target amplitude ratios of 1:1, 1:2, and 1:5 were ¥ 
used, This range of spacings was chosen since spacings — 
greater than these were almost perfectly deconvolvable ~ 
regardless of the aperture illumination, whereas small — 
spacings were not analyzable by the MO for all illu- 


minations. 


RESULTS 


A total of 108 analyses of images were made in arriv- 
ing at the data and conclusions discussed below. The 
results are presented in the plots of Figs. 3-and 4. 

Fig. 3 shows, as a function of target spacing for each 
of the five aperture illuminations, the number of trials 
required to deconvolve the image. All data do not ex- 
tend over the entire range of target spacings because of 
catastrophic failures, that is, failure of the MO to find 
targets. For example, in the 1:1 amplitude plots the 
individual curves terminate at about that point where 
further decreasing of the distance between the targets 
results in no data; 7.e., the MO finds no targets. This 
failure to find targets occurs when the shape of the 


a | 


A 
d 


composite image due to the two targets becomes too | 


broad in the main-lobe region for the MO to determine 
that there is a legitimate target present. 


The over-all summary curves of the image assessment _ 


performed are found in Fig. 4 for target amplitude ratios 
of 2:1 and 5:1." Fig. 4(a) gives the over-all quality ob- 
tained by taking the average of the data of Fig. 3 over 
the target spacing used, and also shows the average dif- 


ficulty of deconvolving the images analyzed. As plotted, — 


the data have been normalized so that unity represents 
the best performance relative to the data displayed. It 
is quite clear that the optimum performance occurs for 
that aperture illumination which is nearly uniform, 7.e., 
near to A =0.15 

Fig. 4(b) shows resolution curves as a function of 
aperture illumination factor. These curves, representing 
the locus of minima from plots intermediate between 


those of Fig. 3 and Fig. 4(a), have been normalized so © 


that unity represents the best illumination of the class. 


As would be expected, the best resolution occurs for — 


A=-—1.0. The broken portion of the 5:1 curve indi- 
cates that for normalized quality factor less than about 
0.4 (which occurs for target spacings greater than 1.0), 
the resolvability by the MO measure is independent of 


aperture illumination. This is to say that for such target — 


spacings the MO was able to resolvc the targets almost 
perfectly, regardless of the aperture illumination. 


The result of Fig. 4 indicating that best resolvability 


indeed occurs for the narrowest beamwidth (viz., for 
A = —1.0) in part validates the results obtained for over- 
all image quality by showing that the analysis of image 
quality was not in error from the resolution aspect. 


“ For 1:1 target amplitude ratios, insufficient data was obtainable 
to allow plotting the same curves. 


* The results obtained here apply to any separable aperture dis- 


tribution. 
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Fig. fev berinental results of image assessment. The number of 
trials required by the mechanical observer to “deconvolve” im- 
ages of two point targets of various amplitude ratios are given. 
Target spacing is expressed in units of Rayleigh Spacing for a 

“cosine-squared” illumination. 
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APERTURE ILLUMINATION FACTOR, A 


(b) 


Fig. 4—(a) Relative image quality as determined by mechanical ob- 
server for two ratios of target amplitudes. (b) Resolution quality 
as determined by mechanical observer. Each curve has been 
normalized so that a quality factor of 1.0 represents the best 
illumination of the class. 


CONCLUSIONS 


It is evident from the data that there is a significant 
difference between the various illuminations used inso- 
far as the resulting deconvolvability of the image is con- 
cerned. Hence, there is to be expected a significant vari- 
ation in performance of a mechanical observer as a func- 
tion of the aperture illumination used. 

The data show that a uniform aperture illumination 
is close to optimum. This result agrees with the result 
obtained in the optical experiment of the companion 
paper in this issue? although the two experiments were 
quite different and would not necessarily be expected to 
yield the same result. 
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Transmission-Line Missile Antennas* 
RONOLD KINGH, C. W. HARRISON, Jr.t, anv D. H. DENTON, Jr.f 


Summary—A class of protruding rocket antennas of low sil- 
houette is analyzed in terms of an approximately equivalent circuit 
that consists of a shunt-driven transmission line terminated in a 
reactor at each end. Expressions for the currents in the several parts 
of the circuit are used to determine the Poynting vector and from 
this the radiation resistance referred to the current in the generator. 
The reactance is obtained from transmission-line formulas. 


antennas for missiles are shown in Figs. 1-4. These 

and a number of other related types may be an- 
alyzed in terms of a shunt-driven section of transmission 
line that is terminated in a reactor at each end. The 
method is essentially that used by Storer and King? to 
determine the radiation resistance of a two-wire line 
when driven at one end and arbitrarily terminated at 
the other. 

The generalized, approximately equivalent circuit is 
shown in Fig. 5. Parallel wires of radius a, length s, and 
separated by a distance } between centers are termi- 
nated in impedances Z at z=0 and Z, at z=s. The 
notation, w=s—z, is used. An impedanceless generator 
with EMF J is connected across the line at z=s, or 
w= So. The currents in the line are J,1(2) when 0<2<51 
and J,.(w) when 0<w<so. The currents in the generator 
and in Z) and Z, are, respectively, J,, Io =Ja(0) and 
I,=I,.2.(0). The currents in the two sections of the line 
are given by? 


SS aiteana of a class of externally carried telemetry 


cosh (ys52 + 6.) sinh (yz + 4) 
Ta(z) = —TI, ; \ 
sinh (ys + 09 + 4.) 
Oe 7 Si (1) 
h 60) sinh 
me, {= wh + 60) sinh (yw + ~ 
sinh (ys + 69 + 4.) 
O<w<se (2) 
where the terminal functions 4) and 9, are defined by? 
C2— op; 1-7? = coth-(Z,/Z,);. 7.= 0 ors, (3) 


and the propagation constant is y=a+j8. For low-loss 
lines and terminations 0) +j®o, 0, =j®,, and y +8. 


x Manuscript received by the PGAP, May 4, 1959; revised manu- 
script eo oes pee greatly expanded version of this 
paper appeared as Sandia Corp. 7 .M . No. - a 
November phone p. Tec emo. No. 436-58(14) dated 

onsultant to Sandia Corporation, Albuquerque, N. M., and 
Gordon McKay Professor of Applied Physics, Hane Wnaversity 
Cambridge, Mass. 
¢ Sandia Corporation, Albuquerque, N. M. 
. 1 J. E. Storer and R. W. P. King, “Radiation resistance of a two- 
wire aoe Eine us 39, pp. 1408-1412; November, 1951. 
a Ville iy, Ussinareg ransmission-Line Theory,” M -Hi 
Book Co., Inc., New York, N. Y., ch. 4, sec. 3; 1958. Sear 
and (10) with W,°/Z, replaced by I,. 
shlovd., clin 2, sec, 15; 


See formulas (8) 
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Fig. 1—Inverted Z antenna-transmission line. 
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Fig. 2—Shunt-driven inverted Z antenna- 
transmission line with open end. 


Coaxial Feed 


Flight 
Direction 


Adjustable 
Tuning 
Capacitor 


Missile 
Surface 


Coaxial Feed 


Fig. 3—Shunt-driven inverted L antenna-transmission line 
with capacitive end loading. 
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Fig. 5—Equivalent circuit of shunt-driven transmission line 
terminated in impedances of arbitrary value. 
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Fig. 6—Coordinate system used in calculating the radiation 
resistance of a shunt-driven transmission line. 
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Fig. 7—Special forms of the shunt-driven line. 


The currents in the line as given by (1) and (2) and 
the currents Z,, Io, and J, may be substituted in the 
integrand of general integrals‘ for the components 4,” 
and A," of the far-zone vector potefitial. The coordinates 


_ 4 See for exataple R. W. P. King, “Theory of Linear Antennas,” 
Harvard University Press, Cambridge, Mass., ch. I, sec. 7, (15). 
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are shown in Fig. 6. These rectangular components may 
then be combined to obtain the polar components Ag 
and A,’ which occur in®® 


SEE a []4or|? + ]4o"/7] (4) 


for the radial Poynting vector. In (4), ¢)>+120 ohms. 
The total power radiated is obtained from the integral 
of Sr over a great sphere, and the radiation resistance 
referred to J, is this power divided by J,2/2. The result 
in ohms is 


il K z KERN? 
enol elie EY + GE) 
2 sin Bo sin ®, 


f E sin B51 kK. sin =| 
Bs1 Bs 


Ko IK sin Bs 
-(- \(s ) cos (+ 2) Ke (S) 
sin ®o/ \sin ®, Bs 


where 


( Ko ye cos (852 + &,) a 
~ sin (6s + &) + 4,) : 


sin Py 


( IK ) ___¢os (Bs1 + po) 
sin @,/ sin (8s + by) + 4,) 


(7) 


The general formula (5) is readily applied to specific 
antennas. 

1) End-driven open-end section of line—For the 
structure shown in Fig. 7(a) ®) =®,=0, s1=0, and so=s. 
It follows that 


30876? 
esas é 


sin? Bso 


sin ae 
2Bs2 J 


2) End-driven closed-end section of line.—For the 
circuit shown in Fig. 7(b) ®)>=0, ®,=7/2, s:=0, and 
so=s. The radiation resistance is 


e— 


pote 3 


sin = 
cos? Bs2 2Bs2 : 


This formula agrees with results previously obtained 
by Storer and King.* 


5 Tbid., ch. 1, sec. 10. 
6S. A. Schelkunoff, “A general radiation formula,” Proc, IRE, 
vol. 27, p. 662; October, 1939. 
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3) Shunt-driven line with an open and a short- ductors are neglected, the impedance is readily obtained © 
circuited termination.—This circuit is shown in Fig. by adding to R* the reactance across the terminals of the 
7(c). For it, y= 7/2 and 6, =0. The radiation resistance generator. The result is simply 
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: Zoe ( sae ) (13) 
in = IK? WN ot a eee 
30676? 
oa is \— [cos? Bs + sin? Bs: + cos? Bse] Xi + Xe 
eae os where 
sin Bs 
— cos Bs cos Bse Ma (cos Bs # 0). (10) X,= — Z, cot (B51 + ®o), (14) 
S 
: i Xo Ze (15) 
(Note that the restriction, cos Bs #0, which is imposed ~~ 
on (10), is a consequence of the fact that ohmic losses in The characteristic impedance is given by 
the line have been neglected. With some additional 
ie : Est b 
complication they may be included and a more general Z, in |= -(1 a 4 pie = (=) | ; (16) 
formula obtained.) If Bs2=7/2, (10) reduces to the very T 
pumbe torres Note that (13) does not include any reactive contribu- 
R’s=a SOR eps (11) tion to Zin by the short bridge containing the generator. 


If the antennas are constructed of conductors with 
other than circular cross section, the equivalent radius 
may be computed.’:* When thick wires are involved, 
the physical dimensions may differ somewhat from the 
electrical dimensions because of the inadequate treat- 
ment of the corners. It is to be noted that X; and X2as 
defined in (14) and (15) are the apparent input react- 


for all values of s;. Hence, s: may be adjusted to obtain 
a desired input reactance without affecting the input re- 
sistance. 

4) Shunt-driven line with short-circuited termina- 
tions.—For the circuit in Fig. 7(d), i) =®,=7/2 and the - 
radiation resistance is 


30876? ances that include terminal-zone corrections to ®) and 
(eae pene 2) 2 2 
R ain? ae (sin® Bs + sin’ Bs1 + sin? Bs2) ®, where required. 
Quite accurate results should be obtained from (5) 
Se + S159 + S92 . : pera * 
— {| —————— J sin Bss sin 85; sin Bs- if b<0.1X. For greater spacings the accuracy diminishes, 
Bss1S2 since the conditions of transmission-line theory and the 


(sin Bs #0). (12) assumption that the currents in the shunt elements have 


: ae uniform amplitudes are not well satisfied. 
If reactive terminations other than short or open cir- 


cuits are used, ) and ®, may be evaluated from (3). E . 
Ray Tea eh eae ; C. Flammer, “Equivalent Radii of Thin Cylindrical Antennas 
p ulas are 1n the literature. with Arbitrary Cross Sections,” Stanford Res. Inst., Menlo Park, 


Since the radiation resistance given in general by (5) Calif., Project No. 188, Tech. Rept. No. 4; March, 1950. 
8 King, op. cit., footnote 4, pp. 16-20. 


is the driving point resistance if ohmic losses in the con- ® King, op. cit., footnote 2, ch. 2, sec. 20, and ch. 5, sec. 12. 
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Radiation Pattern Synthesis with Sources 
Located on a Conical Surface* 
A. ISHIMARU} anv G. HELD} 


Summary—This paper presents various methods of synthesizing 
sources placed on a conical surface to produce a prescribed radiation 
pattern. The sources considered are a series of electric dipoles placed 
_ in free space on the surface of the cone around a set of circumferences. 
These circumferences are equidistant from each other, and the di- 
_ poles are oriented in the circumferential direction with no circum- 

ferential variation in intensity and phase. 

A successive approximation method is employed to obtain the 
source function for those sources which are placed in a region where 
the circumferences measure approximately less than two wave- 
lengths. For sources placed in the region where the circumference is 
less than approximately (4/3) wavelengths, an expansion formula 
of the product of the Bessel and exponential functions is employed. 

' When the sources are located far from the cone tip, a method utiliz- 
ing the maximum points of the Bessel function is used to compute 
the source function. In considering the beamwidth and the side- 
lobe level, the Tchebycheff pattern with the tapering effect is em- 
ployed. Numerical examples are given to illustrate the effectiveness 
of the methods. 


INTRODUCTION 
Bl cs PROBLEM of determining the sources re- 


quired to produce a prescribed pattern has been 

discussed in the past for the linear array,'~ the line 
source, the rectangular aperture,** and the circular 
aperture.® The sources in these cases are all placed on a 
line or on a plane, and this particular geometry makes 
it possible to employ the familiar techniques of Fourier 
series, Tchebycheff polynomials, and Fourier trans- 
forms. However, when the sources are located on a 
curved surface, the above-mentioned techniques can- 


* Manuscript received by the PGAP, June 13, 1959. This work 
was supported by the AF Cambridge Res. Ctr. under Contract 
No. AF-19 (604) 1381, and by Hughes Aircraft Co., Culver City, Calif. 

{+ Dept. of Electrical Engineering, University of Washington, 
Seattle. 

i 1C. L. Dolph, “A current distribution for broadside arrays which 
optimizes the relationship between width and sidelobe level,” Proc. 
IRE, vol. 34, pp. 335-348; June, 1956. : 

2D. Barbiere, “A method for calculating the current distribution 
of Tchebycheff arrays,” Proc. IRE, vol. 40, pp. 78-82; January, 

© 1952. 

3R. H. DuHamel, “Optimum patterns for endfire arrays,” PROc. 
IRE, vol. 41, pp. 652-659; May, 1953. : J 

4D. R. Rhodes, “The optimum linear array for a single main 

beam,” Proc. IRE, vol. 41, pp. 793-794; June, 1953. 

5 R. L. Pritchard, “Discussion on optimum patterns for endfire 
arrays,” IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. AP-3, 
pp. 40-43; January, 1955. / 

~~ 6 P. M. Woodward, “A method of calculating the field over a plane 
aperture required to produce a given polar diagram,” J. [EE (Lon- 
don) A, pt. 3, vol. 93, pp. 1554-1558; 1946. 

7 T. T. Taylor, “Design of line-source antennas for narrow beam- 
width and low sidelobes,” IRE TRANS. ON ANTENNAS AND PROPAGA- 
TION, vol. AP-3, pp. 16-28; January, 1955. ae ; 

" 8 J. L. Yen, “On the synthesis of line-sources and infinite strip- 

sources,” IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. AP-5, 
pp. 40-46; January, 1957. ¢ " 
2C,. T. A. Johnk, “Synthesis of Aperture Antennas,” Engrg. 

Exper. Sta., Univ. of Ill., Urbana, AF 33(616)-310, R-112-110-SR- 

6F2, Tech. Rept. No. 1; October, 1954. 


not be readily applied because of the complex expres- 
sions of the radiation field. 

The purpose of the present work is to study various 
methods of determining the sources located on a conical 
surface in free space required to produce a prescribed 
radiation pattern. The sources are assumed to be com- 
posed of electric dipoles oriented in the circumferential 
direction. These dipoles are located on circumferences 
which are equidistant from each other (see Fig. 1). The 
number of dipoles around the cone are assumed to be 
infinitely large, and all the dipoles on a circumference 
are fed in phase. The radiation field then comes out to 
be a nonorthogonal series involving the product of Bes- 
sel and exponential functions. The synthesis problem is 
then reduced to that of finding the coefficients of this 
series in order to produce a prescribed radiation field. 


Fk é 
We, 
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Fig. 1—Field point and source point. 


Alternatively,!® it is possible to employ a formal 
technique of the Hertz potential and to express the far 
zone fields by means of two scalar functions representing 
TE and TM modes. The potential functions are then 
expanded in the infinite series of harmonic functions, 
and the source intensities are given as the solutions of 
an infinite system of linear equations for the infinite 
number of unknowns. The application of this technique 
to the practical problem requires the knowledge of the 
convergence of the elements of the equations, thus ap- 
proximating an infinite equation with a finite number of 
equations. Since the definite criterion of this conver- 
gence is not established, the practical application of this 
approach seems very difficult in view of the error con- 
siderations. In the present work, we propose to employ 


10H, Unz, “Determination of a current distribution over a cone 
surface which will produce a prescribed radiation pattern,” IRE 
TRANS. ON ANTENNAS AND PRopaGATION, vol. AP-6, pp. 182-186; 
April, 1958. 


92 


an approximation method which does not depend on the 
harmonic series, and is simple and effective in evaluating 
the source as well as in considering the error and ton- 
vergence properties. 

Three approaches are discussed in this paper, each of 
them applying to a particular range of the source loca- 
tion. When the sources are in the range of the conical 
surface where the circumference is approximately equal 
to or less than two wavelengths, a successive approxima- 
tion method is used to compute the source strength. 
When the sources are in the range where the circumfer- 
ence is less than approximately (47)/3 wavelengths, a 
new expansion formula for the product of Bessel and 
exponential functions is devised. When the sources are 
located farther away from the tip, a method utilizing 
the maximum points of the Bessel function is used to 
compute the source function. 

The present work is confined to the problem of syn- 
thesizing the source in free space to produce a prescribed 
pattern, and the important problems of physically 
realizing such a source and of interactions between 
sources are not treated here. 


ELEcTRIC DIPOLES ORIENTED IN 
CIRCUMFERENTIAL DIRECTION 


Let us assume that the sources are composed of elec- 
tric dipoles located on a conical surface oriented in ¢o 
direction (see Fig. 1). 


J= Jig, and Jn, = 0 (1) 


5(r — n)8(b0 — bm)6(0 — 
Pees nes Nee 
rn? sin Oo 
Prnm in this equation has the dimensions of current 
times length, and is the strength of the dipole at (rp, 
$m, 90). The electric dipole moment is given by Pim/jw. 
The far-zone fields are then given by 


. OF : 
Eg =) e kk Fy 
An 
= — Geil 
3 : 4rR E (3) 
=o Ds Pim COS 8 Sin (6 — gm) et#rn 008 Ym (4) 
Fy = f Feigeitintea 
rm Ds rE, Pam Cos C Pm) erkrn cO8 Ym (5) 
where 
COS Ym = COS @ cos 4) + sin @ sin 4) cos (¢ — dm). (6) 
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When the number of dipoles around the cone is in- 


creased indefinitely, the series expression approaches 
the integral in the limit, provided that the length of 
each dipole is decreased so that A, is finite as sco in- 


(7) 


An($m) = Sian 


where s is the number of dipoles around the cone. 


Therefore, the synthesis problem is reduced to that of | 
finding A,(¢0) to produce a prescribed radiation pat-_ 
tern, and the actual strength of a finite mu iimes of di- 


poles is given by (7). 
Let us assume that the source function Anda) i is ex- 
pressed in a Fourier series around the cone 


>> Anneto, (8) 


h=—o 


An(po) = 


The substitution in (4) and (5) and the integration — 


with respect to do yield 
Jn (Za) 


n 


fol, @) = LOD Ann(—j*)e* cos 6h 


-eikrn cos 9) cos 8 (9) 
F(6,6) = DY Ana(— ej sas 0 gtr cont 088 (40) 
where 
Zn = krz Sin 0 sin 6. (11) 
If all the dipoles are placed with rotational symmetry — 
and fed in phase around the cone so that A,,=0 for all 
hA0, we get 
F, = 0 
F, — » AnjJi1(Zn) et" cos 6) cos i (12) 
The field pattern y(@, ¢) is then given by 
y(6,6) = V| Fol? + | Fel? (13) 
by AnJi(Zn) err cos 6) cos 0 (14) 


It may be noted that the radiation field becomes zero 
at 0=0 and at 7m because of J;(Z,,), and this systém may 
be useful for a broadside antenna (which has a main 
beam at 0=7/2). 

When the phase shift of the dipoles is 27 around the 
cone, A,,=0 for h#1 and we have Ji(Z,)/Z, and 
d/dZ,(Ji(Z,)) in Fo and Fy, which yield the circularly 
polarized field at @=0; and this can be used for an end- 
fire antenna! (which bee a main beam at 6=0). 


"A. Ishimaru and G. Held, “Radiation Pattern Synthesis with | 


Sources Located on a Conical Surface,” AF Cambridge Res. Ct 
Bedford, Mass., Rept. No. AFCRC- Te 58-177, ASTI i 
AD 152420; April, 1958. ecu 
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_ It can also be shown!! that, if a finite number of di- 
poles is used, the correction terms involve J,_),, and de- 
crease as S$ is increased because of the increased order of 
the Bessel function. 


SUCCESSIVE APPROXIMATION MeEtTHop 


We wish to determine A, in (14) to produce a pre- 
scribed y(@). In this section we shall deal with the 
sources located in the region of the conical surface where 
the circumference is equal to or less than two wave- 
lengths. 

The method is based on a series expansion of the 


Bessel function, and in this region it can be seen that 


- 
- 


> 


the first two terms of the expansion are significant. We 
take an odd number of sources and the phase of the 
center element is chosen as the reference. Then, letting 


krn CoSO, = nZo 
f Zo cos 6 = x, (15) 
we get 
Ji(Rrp, sin 0, sin 6) = sin 6[a, + b,x?| (16) 
where 
tan 6.Z n tan 0,Zo)? 
ak m1 ee (17) 
2 8 
tan 0,.Z tan 6,)” 
pie ntan6.Zo (n ) (18) 
2 8 
The radiation field is expressed by 
y(@) = siné > An(an + bnx?)e-i* |. (19) 
Let 
(6) = sin 6f(), n = m+ no, (20) 


and ro in (15) be the location of the center element. Then 


. fi(B, x) = Bot > (Bon + Bm) cos mx 
+ > j(Bom — Bm) sin mx (22) 


m=1 


, M 
fo(B, h, x) = x? | Bu + = (Biml—m + Bmltm) cos mx 


m=1 


M 
+ >) j(B-mh—m — BnJim) sin ms | (23) 


m=1 


where 


(24) 
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The successive approximation method will be used in 
the following manner. Letting 


F(x) — fol B, h, «) = fi(B, x) (25) 


we obtain the first approximation B by neglecting fo 
and writing 


F(a) = filB™, @). (26) 
The second approximation B™ is obtained by 
F(x) — flB™, h, x) = fi(BO, x). (27) 


In a like manner, the »+1th approximation is ob- 
tained by 
f(x) — fAlB™, h, #) = fi(B@*, 2). (28) 
It can be seen that if B™ is a convergent sequence, then 
it converges to the desired solution. 
Since f; and fe are linear with B, we can use the cor- 
rection terms to simplify the procedure. Thus, letting 


BO) = Bm) + Cot) (29) 


we get 


ce, h, x) > Oe, «). (30) 
The right-hand side of this equation is a finite Fourier 
series, as seen from (22), and the coefficients are given 
by Euler’s formula to obtain the best approximation in 
the least mean square sense. 

The evaluation of those coefficients C, may be sim- 
plified by the use of matrix notation. 


Thus, let 
Cy™ Co 
Cy™ C_{@ 
Gah 3 2 C_™) = ° 
Cu Cy 
ho 0 
h 0 he 
ee & ja any es 
0 . 0 
hu h_u 
Koo Kos * Kou 
K=|-> 
Ko Kum 
Loo Lo i Lom 
ern (31) 
(Luo Iue 


4 
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where 
D 1.0 
Rie le? aes ——--ye) PRESCRIBED PATTERN 
3 ¥(@) CALCULATED PATTERN 
ee a mAn 
K k= 1) pee 
Os | 
2 
Loo = — 3 aie 
Se 2 32 
Linm ( 1) (m ws n)? ( ) = fo) 30 60 90 120 150 180 


Using these matrices we get the matrix equation to com- 
pute the source function 


Cy.) = A Kh,C,™ + Lh_c_™| (33) 


C_@t) = 4(LAC.™ al. Kh_C_™ |. (34) 

This method of successive approximation can be valid 
only if the sequence C™ is convergent. The approximate 
criterion of this convergence was developed previously," 
and this determines the maximum distance of the source 
from the tip when the cone angle and the axial separa- 
tion are given. For example, if the axial separation is a 
half wavelength, Rfmax sin 0. = 2.45. 

It must also be noted that an error is introduced by 
taking only a finite number of Fourier expansion. The 
approximate estimation of the error can be made! and 
it is seen that the error is mostly determined by By™, 
which, in turn, depends on the highest-order term of the 
Fourier expansion of the prescribed radiation pattern. 
Therefore, in order to reduce the error, the radiation 
field should be prescribed in such a manner that the 
Fourier coefficients decrease as fast as possible with in- 
creasing order. This means that it is desirable that the 
prescribed pattern should be smooth and that it should 
not have too narrow a beamwidth. 

As an example of the application of this method, let 
us consider a definite numerical case. Suppose that the 
prescribed pattern is given by 


y(6) = sin6[1 — (cos@ — 3)?] for0 <6 < 120° 


= () for 120° < 6 < 180°. (35) 
Let us see how this pattern can be synthesized by five 
dipole sources with an axial separation of a quarter 
wavelength. Previously, the above method has been 
used to evaluate the coefficients up to the second ap- 
proximation. ! 

Both the prescribed and the synthesized patterns are 
shown in Fig. 2. The error is estimated to be about 0.05, 
and this is in good agreement with the actual calcula- 
tion except at 8=120°, where the higher harmonics er- 
rors are concentrated. 


@— DEGREE 


Fig. 2—Example of arbitrary pattern. 


SUCCESSIVE APPROXIMATION MeETHopD II 


When the range of the source location extends beyond 
the region mentioned in the previous section, the ap- 
proximate expression (16) is no longer valid and it is 
necessary to employ other methods. An expansion 
formula has been devised for our purpose, and a brief 
description will be given here. 

Let us consider a function 


if! 
f(cos 0) = —— J,(Z sin 0)e7° ~8 9. (36) 
sin 6 


If f(cos 6) satisfies the Dirichlet conditions, it can be ex- 
panded in a Fourier series; 


f(cos 0) = > Ceimt cos 8 (37) 


m>=—o 


The evaluation of the coefficients is carried out by 
Gegenbauer’s integral formula for the product of two 
cylindrical functions. ’” 


ae Ww ‘ (= + (Zo = mr)? ob (Zo cag ve) 
m ne v/2 
2 


1 pes te = oy Sens = a: 


It can be shown that the Dirichlet conditions require 
v>=1. When v=1, we have a simple expression 


1 
Z 


Cn = [(—1)™ cos Z) — cos WZ? + (Zo — mm)?]. (39) 


» W. Magnus and F. Oberhettinger, “Formulas and Theorems for 
the Functions of Mathematical Physics,” Chelsea Publishing Co., 
New York, N. Y., p. 32; 1954. 
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Let us take an odd number of sources and choose the 
phase of the center element asa reference. The separa- 
tion along the axis between the sources is a half wave- 
length. Employing the expansion, we can write the radi- 
ation field as 


N 
oD AxJi(krx sin 0, sin 0) ei*7K 008 Oc cos 8 


y(6) = 
= sin 6/(0) (40) 
f(@) = D0 Ax Se Cnxeimm (41) 


where u4=cos 8 and A; is a complex conjugate of the 
source intensity. (This is chosen in order to use 6, in- 
_ stead of 4.) It can easily be verified that if the sources 
are placed in the region where the circumference is 
smaller than 47/3 wavelengths, the magnitude of Cxx 
is greater than the other coefficients Cnz, mk. 

We let 


flu) = fil A, #) + fol A, w) (42) 
fi(A,u) = DY AxCexe*** (43) 
UA ey D>) Ag D>) Cuxe™™™. (44) 

K=—N mAzK 


The successive approximation method will be used in a 
manner similar to that in the previous section. 
Letting 


Agr@®) = An™ + Cg) (45) 
Cy 
“wo B don wade 
yy C_w-1) 0 
Eye) | Dit 0 
Cyo™ : 
cat ae Bis 0 
Cy™ 
ce 
pee (46) 
Crx 
We obtain the matrix relationship 
C@tl) = — DC™., (47) 


‘The error consideration may be made in a manner simi- 
lar to the previous section, and the magnitude -of the 
higher harmonics terms of the prescribed pattern will be 
the major contribution to the magnitude of the error. 

As an example, let us choose the sources located at 


Bra cos 8, = —— + 1m, y= 0,12, 5, 4 


Bese 14° 2, (48) 
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We prescribe the radiation pattern by using the Tcheby- 
cheff polynomial of degree 2 with the specified sidelobe 
level of 19.1 db. Therefore, 


¥(0) = sin 6 |= e IT cos 6 + a + a elm cos ; (49) 
18 9 18 

It may be noted that the first approximation computed 
from this yields 49‘ =A, =0, which is desirable for 
error reduction. Using the matrix equation (47), the 
second approximation A,, n=0, 1, 2, 3, 4 are com- 
puted.” Both y(@) and the calculated patterns are shown 
in Fig. 3, and the improvement of the second approxi- 
mation over the first approximation can easily be seen 
in the reduction of the beamwidth and the sidelobe 


level. This computation was carried out on an IBM 
650. 


+> -----Y(@) PRESCRIBED PATTERN 


o 
———yY, (©) FIRST APPROXIMATION 


¥° (@) SECOND APPROXIMATION 
(NORMALIZED) 


O5 


ie) 30 60 30 {20 150 180 
© — > DEGREE 


Fig. 3—Example of broad-side tapered Tchebycheff pattern. 


SOURCES DISTANT FROM THE CONE TIP 


When the sources are located farther away from the 
cone tip, the successive approximation methods de- 
scribed in the previous sections are no longer applicable, 
because the radiation pattern includes the wider range 
of the Bessel function and the main beam is directed in 
the direction further away from 06=7/2. 

In order to produce a desired pattern, we consider the 
suitable choice of the source location which will yield 
considerable amount of radiation in the desired direc- 
tion. At the same time, we can suppress the sidelobes 
by a suitable choice of source intensity and phase. 

Let us first consider the synthesis of a broadside pat- 
tern. At 0=7/2, the Bessel function J; has a maximum 
when &r, sin 0, = 1.84. (This case is included in the previ- 
ous section.) The next maximum of | J1| occurs at 5.33. 
Therefore, the broadside pattern may be obtained if we 
place the sources around this distance in such a manner 
that the fields are added at 0=7/2 and cancelled by 


13 For details of the numerical techniques involved, see Ishimaru 
and Held, op. cit. 
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each other in the other directions. In particular, since 
Jy is maximum at the angle where kr, sin 0, sin 0= 1.84, 
we wish to suppress the sidelobe at this angle as much 


as possible. 
As an example, we consider three sources where the 


center one is placed at such a distance that kr sin 
6,=5.33. The other two sources are a half wavelength 
away from the center source along the cone axis. The 
cone angle 0, = 7°8’. 

The radiation field is given by 


y(0) = | A-sJa(Z_1 sin 6)e* 8° + AgJi(Zo sin 8) 
+ AsJi(Z41 sin 0)e-** ©8 8 | (50) 
where 


Tv 


In order to suppress the sidelobe we need to consider 
the pattern behavior near 6, where Zp sin 6;=1.84. At 
this angle, we have 


y(6,) = ho| A-1U_1€* cos 8s + Ay + AiUye-i™ © ae] (52) 
where 


hy = Ji\(Zo sin 63) 
(Avsim@,)2 ly AN 
U, = U_y = 1 — — + — =| 


Tv 
A= =. 
8 


(53) 


Now the source strength will be chosen such that (52) 
represents the Tchebycheff pattern. Consider 


T2(x) 
T 2(x0) 
Pale) = 2x47 — 1 


( cos *) 
Xo COS F 
2 


T(x) = 19. (55) 


Comparing (54) with (52), we get A_s, Ao, Ai. The 
sidelobe level is expected to be 


Ji(Zo sin 6.) i 
J (Zo) T2(x0) 
which is 20.1 db down. 


Y7(6) = 


(54) 


x 


Let us choose 


= 0.0884 (56) 
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. «| 


* 


J anuary 


The beamwidth can be shown as almost equal to 
that of the Tchebycheff pattern, which is 41.4° in this 
example. 

The synthesized pattern is shown in Fig. 4. It can be 
seen that the values of the beamwidth and the sidelobe 
level we obtained are approximately equal to the values 
expected from the theory. 

A similar technique can be employed to synthesize 
the pattern whose main beam is directed at an arbitrary 
angle @,. The synthesized pattern ya(@) for 6, =60° and 
Tchebycheff pattern y;,(6) are shown in Fig: 5. It can be 
observed that the sidelobe level of the computed pattern 
is 18.9 db, which is in close agreement with the expected 
sidelobe level of the Tchebycheff pattern. 


% © CALCULATED | PATTERN 
(NorMALIZED 


PREscRIBED BEAMWIDTH 


a = 41.4 


PrescriBep Sipe Lose 


O5 
LEVEL = 20.1 db. 


21.7 db. 


1} 30 60 930 120 \50 180 
© — DEGREE 


Fig. 4—Example of broad-side pattern. 


ra A (@) TCHEBYSCHEFF PATTERN 


Y, (8) CALCULATED PATTERN 
(NoRMALIZED) 


O5 Sive Lose Lever or Y,@) = I9| db 


©'—— DEGREE 


Fig. 5—Example of pattern with main lobe at 60°. 
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A Slot with Variable Coupling and Its 
Application to a Linear Atray* 
RAYMOND TANG} 


Summary—The importance of a waveguide linear array capable 


_ of producing many different radiation patterns has led to the de- 


velopment of a slot radiator with variable coupling. An array of such 


radiators can be used as a laboratory apparatus for the evaluation of 
aperture distributions, or as a ground-painting reconnaissance an- 


tenna operable at many different altitudes. The slot radiator consists 
of a longitudinal slot centered in the broad face of a rectangular wave- 


_ guide. An adjustable iris excites the slot by introducing controlled 


_ asymmetry in the waveguide fields. The theory of operation and the 


characteristics of this variable coupling slot are presented. These 
characteristics are shown in curves usable for design purposes. A 


_ detailed discussion is given of the technique used in determining 


_ the range of conductances of this slot. The control of coupling availa- 


5 


4 ble is demonstrated by measured radiation patterns on a 12-element 
_ array in which the conductance values are varied to obtain sidelobe 
_ tatios from 10 to 34 db. The method used in obtaining the aperture 


distributions for these radiation patterns is also presented. 


INTRODUCTION 


ARRAY which will produce many different 
radiation patterns is of considerable interest. 
Such an array could be very useful, for example, 


“asa laboratory apparatus for the investigation of vari- 


ous aperture distributions or asa ground-painting recon- 


" naissance antenna operable at many different altitudes. 


_ An array with variable radiation patterns has been de- 
_ veloped, and it is the purpose of this paper to describe 


_ the radiating elements used in this array and their per- 


formance characteristics. 
The radiation patterns of an array are controllable 


when the excitation of the elements of the array are 


individually adjustable. The variable amplitude ele- 


_a longitudinal slot cut along the centerline of the broad- 


i! 


ment shown in Fig. 1 consists of an adjustable iris and 


face of a rectangular waveguide. A linear array of these 
‘elements radiates no second-order beams! because all 
the longitudinal slots are positioned collinearly and 
spaced \g/2 apart. The theory of operation of this com- 


bination of adjustable iris and longitudinal slot is based 
‘on the fact that a longitudinal slot will radiate an 


amount which is dependent on the distance the slot is 


‘displaced from the electrical centerline of the guide. 


The position of this electrical centerline can be shifted 


t 


by lateral displacement of the iris inside the waveguide. 
Consequently, the longitudinal slot will radiate when 
the iris inside the waveguide is laterally displaced, and 
the amount of radiation will be determined by this dis- 


placement. 


* Manuscript received by the PGAP, June 13, 1959; revised man- 


uscript received, October 13, 1959. P , 
fv cine’ Lab., Hughes Aircraft Co., Culver City, Calif. | 
1H. Gruenberg, “Second order beams of slotted waveguide 


arrays,” Canad. J. Phys.; vol. 31, pp. 55-59; 1955. 


IRIS 1S ADJUSTABLE IN 
TRANSVERSE DIRECTION 


gerne (esse ee 


(a) 


(b) 
Fig. 1—Slot radiator with sliding iris. 


GENERAL PROPERTIES OF THE SLOT-IRIS 
COMBINATION 


A series of measurements performed on this unit ele- 
ment brought out a number of interesting and useful 
properties of the slot-iris combination. The conductance 
of the element remains approximately constant over a 
wide range of frequencies, thus offering broad-band 
operation. The normalized susceptance at 9375 mc can 
be held to a variation of only from 0 to 0.01 as the iris is 
displaced from 0.030 to 0.075 inch. The conductance 
variation of the element with changes in iris position is 
proportional to the conductance variation which results 
when a slot alone is displaced from the centerline. Con- 
ductance of the element also varies with the iris dimen- 
sions. 

With a resonant combination of iris and slot, the ele- 
ment maintains its conductance over a broad band of 
frequencies. The slot by itself can be represented by an 
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equivalent series RLC circuit across the waveguide,’ and 
similarly the iris by itself can be considered an equiva- 
lent parallel LC circuit. Thus, the combination of slot 
and iris is equivalent to a series RLC circuit in parallel 
with a parallel LC circuit across the waveguide [see 
Fig. 1(b) ]. The susceptances of these two circuits vary 
oppositely with frequency and hence tend to cancel each 
other over a large frequency range. Fig. 2 shows this 
broadband behavior in an element which has a slot on 
the centerline and an iris resonant by itself at 0.040- 
inch displacement. 


—— IRIS AT A CONSTANT DISPLACEMENT OF 0.070 INCH 
--- IMIS AT A CONSTANT DISPLACEMENT OF 0.040 INCH 


0.2 


e|> 0.1 o—O © © o © © 


S. © 
p08 - -0- --0--@----@ --O - -O---O --0 


NORMALIZED CONDUCTANCE 


WORMALIZED SUSCEPTANCE 


9400 9600 


9600 


9000 
FREQUENCY, MCPS 


Fig. 2—Variation with frequency of the components 
of admittance of a unit element. 


MEASUREMENTS OF SLOT-IRIS CHARACTERISTICS 


Susceptance measurements were made on the unit 
element for a wide range of iris displacement and for 
several iris shapes. When the iris used is resonant by 
itself at its symmetrical position, the measured normal- 
ized susceptance of the unit element varied from 0 to 
—0.09 as the iris was displaced 0.08 inch from its sym- 
metrical position. This variation is shown in curve I of 
Fig. 3. However, when the iris used is resonant by itself 
at 0.04 inch from its symmetrical position, then the 
unit element remains approximately resonant for a 
range of iris displacement from 0.03 inch to 0.075 inch, 
as shown in curve IT of Fig. 3. The conductance vari- 
tion over this range of iris displacement is sufficient for 
many aperture distributions. 

This wide range of useful iris displacement is due to 
the relatively constant level of susceptance; the sus- 
ceptances introduced by the iris and by the slot tend to 
cancel each other when the iris is displaced from the 
symmetrical position. This cancelling effect is evident 
from the forms of curves III and IV of Fig. 3; curve III 
shows the measured susceptance of an iris vs its dis- 
placement when no slot is present, and curve IV shows 
the measured susceptance of a slot vs its physical dis- 
placement when no iris is present. The latter curve was 


?'W. H. Watson, “The Physical Principles of Waveguide Trans- 


mission and Antenna Systems,” Oxford University Press, London 
Eng.; 1947, ; 
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CURVE I 
SUSCEPTANCE OF A UNIT ELEMENT VERSUS IRIS DISPLACEMENT 
(IRIS BY ITSELF IS RESONANT AT ITS SYMMETRICAL POSITION ) 


By 
Yo 


SUSCEPTANCE OF A UNIT ELEMENT VERSUS IRIS DISPLACEMENT 
(IRIS BY ITSELF IS RESONANT AT 0.04 INCH DISPLACEMENT) 


NORMALIZED SUSCEPTANCE, 


: CURVE IT 
SUSCEPTANCE OF IRIS VERSUS ITS DISPLACEMENT 
(NO SLOT IN THE WAVEGUIDE) 


o 
0 —————— 


-O.l 
° Qo! 0.02 Q03 G04 Q05 0,06 


DISPLACEMENT, INCHES 
CURVE IZ 
SUSCEPTANCE OF SLOT VERSUS ITS DISPLACEMENT 
(NO IRIS INSIDE THE WAVEGUIDE) 


007 008 009 


Fig. 3—Susceptance of the unit element for a wide range of iris 
displacement and for several iris shapes. 


calculated from the experimental results given by 
Stegen.® 

The conductance of the element was determined by 
the following two-step procedure. 


1) Acurve of relative power coupled through the slot 
vs iris displacements is obtained by direct meas- 
urement (see Fig. 4). 

2) From this curve the ratio of conductances at two” 
different iris displacements is calculated from the 
ratio of relative coupled power at these iris dis- 
placements. The calculation makes use of an equa- 
tion derived from the equivalent circuit of the 
unit element with a matched load termination: 


P., power input = constant 


where 


Gs=normalized conductance of the slot of the 
unit element, . 

Pg=power coupled from the slot of the unit 
element, 

Gr,=normalized conductance of the matched 
load, 

P1=power in the matched load. 


*R. J. Stegen, “Slot radiators and arrays,” Radio-Electronic 
Engrg.; January, 1952. 
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DIFFERENCE OF COUPLED POWER FROM ANY REFERENCE 
VALUE X, db : 


0.10 0.06 006 004 002 ° 002 0.04 006 0.08 0.10 
DISPLACEMENT OF IRIS FROM ITS ZERO RADIATION POSITION, INCHES 


Fig. 4—Relative coupled power vs iris displacement. 


Since 
Gs 
So Get] a) 
Gs Ps 
fe ay oP. 
then 
G; Bad 
yest +. P; 
Gere P: 
Cait. =P; 
and 


ea): 
— =—») 
Go/ \Git+1 P» 
where G; and P; are the conductance of, and the 
coupled power from, the slot when the iris is in 


one position; and G2 and P» are corresponding 
values for the other iris position. 
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The absolute conductance values at different iris dis- 
‘placements can be determined from this equation if one 
‘absolute value of conductance at one fixed position of 
the iris is known. This reference value of conductance 
‘is established by a measurement (with a traveling probe 

in a slotted waveguide) of the conductance for a 0.08- 
‘inch iris displacement. The 0.08-inch iris displacement 
‘is used for the reference value rather than a smaller dis- 
placement, because of the inherent difficulties in meas- 
uring very low conductances. In addition, on the test 
‘setup the conductance due to the leakage power through 
the vertical slots on the edge walls became comparable 
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to the conductance of the unit element for small iris 
displacements. The measured values of the conductances 
are shown in curve I of Fig. 5. 

Comparison of the conductance variation of a unit 
element with that of a slot substantiates the directly 
proportional relationship between the displacement of 
the iris and the displacement of the slot. This relation- 
ship is shown by curves I-III of Fig. 5. Curve I shows 
the effect of iris displacement on the conductance varia- 
tion of a slot fixed on the centerline of the broad face of 
an X-band waveguide. Curve II shows the conductance 
variation of a slot vs its physical displacement off the 
centerline of the broad face of an X-band waveguide 
with the iris fixed symmetrically with respect to the 
centerline. Curve II was calculated with this fixed sym- 
metrical iris so that the waveguide dimensions in curves 
I and II are the same, and a comparison of curves I and 
II can be made. Curve III shows the conductance vari- 
ation of a slot vs its physical displacement off the center- 
line of the broad face of a waveguide with no iris present. 


|>° 
yf 
2 oo 
: 
fo} 
oO 
a 
Ww 
N 
0.001 
Z CURVE I: IRIS DISPLACED FROM’ ZERO RADIATION 
= POSITION, SLOT FIXED 
2 


CURVE II: SLOT DISPLACED FROM WAVEGUIDE 
CENTERLINE, IRIS FIXED 


CURVE I:SLOT DISPLACED FROM WAVEGUIDE 
CENTERLINE, IRIS ABSENT 


DISPLACEMENT , INCHES 


Fig. 5—Conductance-displacement relationship of the slot and iris. 


The normalized conductances in curves II and III are 
related by a constant ratio of Yo/ Yo, where Yo is the 
waveguide admittance with no iris and Yo. is the admit- 
tance of a waveguide having the dimensions of the iris. 

Conductance variation of the unit element may also 
be obtained by changes in the dimensions of the reso- 
nant iris rather than by physical displacement of the 
iris. The field configuration around the slot changes 
with variation in the dimensions of the resonant iris, 
and this variation changes the conductance of the unit 
element. Fig. 6 shows conductance variation with 
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NORMALIZED CONDUCTANCE 


0.60 0.64 0.68 0.72 0.76 0.80 
ZL DIMENSION, INCHES 


Fig. 6—Slot conductance vs iris length, J. The corresponding d di- 
mension required to maintain resonance at 0.040-inch displace- 
ment is shown in Fig. 7. 


~Q60 0.34 068 072 0.76 0.60 
J DIMENSION, INCHES 


Fig. 7—Relationship between / and d iris dimensions for 
resonance at 0.040-inch displacement. 


change in dimensions for an iris which is always resonant 
and maintains a constant displacement of 0.040 inch 
from its symmetrical position. The resonant iris dimen- 
sions, which are shown in Fig. 7, are interesting because 
they point out an approximate linear relationship be- 
tween the dimensions of the inductive and capacitive 
strips required to maintain resonance. 


EXPERIMENTAL 12-ELEMENT ARRAY 


For further tests on the unit element, a resonant ar- 
ray of twelve elements was constructed. By changes of 
iris displacement, the aperture distribution was adjusted 
for sidelobe levels of 10, 13.5, 20, 30, and 40 db. The re- 
sulting radiation patterns are shown in Fig. 8. A horn 
was used to reduce the E-plane beamwidth of the array. 
The aperture distributions of these patterns were ob- 
tained in one of two ways: 


1) From the conductance distribution, the corre- 
sponding iris displacements were determined from 
the conductance curve (Fig. 5) for a unit element. 
This approach was taken in setting the conduct- 
ance distributions for the 10- and 13.5-db sidelobe 
ratios. Table I shows a tabulation of iris displace- 
ments for these sidelobe ratios. 
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Fig. 8—Radiation patterns of sliding-iris 12-element array. 
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TABLE I 
Ir1s DISPLACEMENTS vs SIDELOBE RATIOS IN A 12-ELEMENT ARRAY 
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| 10-db sidelobe ratio 13.5-db sidelobe ratio 20-db sidelobe ratio 30-db sidelobe ratio 40-db sidelobe ratio 
- Element Cc iis Di Pay 
y on- a is- Con- Iris Dis- Con- Iris Dis- Con- Iris Dis- Con- Iris Dis- 
uctance | placement | ductance| placement | ductance | placement | ductance placement | ductance | placement 
il 0.1370 -+0.080 0.137 +0.080 0.0697 +0.056 0.0096 0.019 0.0019 

2 0.0968 —0.066 Ose —0.080 0.0419 —0.041 0.0194 Oy O08 0.0088 a aPOIe 

3 0.0714 +0.056 0.137 +0.080 0.0688 +0.055 0.0449 +0.043 0.0292 +0.034 

4 0.0552 —0.048 On137 —0.080 0.0978 —0.067 0.0797 —0.060 0.0653 —0.053 

5 0.0465 +0.042 Omit +0.080 0.1226 +0.076 0.1146 +0.073 0.1071 +0.071 

6 0.0416 —0.041 0.137 —0.080 0.1370 —0.080 0.1370 —0.080 0.1370 —0.080 

7 0.0416 +0.041 Onsleses +0.080 0.1370 +0.080 0.1370 +0 .080 0.1370 +0 .080 

8 0.0465 —0.042 0.137 —0.080 0.1226 —0.076 0.1146 —0.073 0.1071 —0.071 

9 0.0552 +0.048 Onis +0.080 0.0978 +0.067 0.0797 +0 .060 0.0653 +0.053 

10 0.0714 —0.056 0.137 —0.080 0.0688 —0.055 0.0449 —0.043 0.0292 —0.034 

11 0.0968 +0 .066 OnlSs7 +0.080 0.0419 +0.041 0.0194 +0.028 0.0088 +0.018 

12 0.1370 —0.080 @) thsi —0.080 0.0697 —0.056 0.0096 —0.019 0.0019 —0.008 
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2) From the power distributions, the irises were ad- 
justed until the desired coupled power from each 
slot was measured. This method was used to ob- 
tain the 20-, 30-, and 40-db sidelobe ratios. 


The maximum deviation of the measured ratios from 
the designed sidelobe ratios was 0.5 db for the 10-, 13.5- 
and 20-db radiation patterns. However, the deviation 


increased to 2.5 and 6.5 db for the designed 30- and 40- 


“eS 


: 


db radiation patterns. The reasons for this greater devi- 
ation are: 


1) The variation from the desired aperture distribu- 
tion due to the random error in the placement of 
the iris. In fact, it has been theoretically derived 
by statistical methods‘ and experimentally veri- 
fied that, for a 24-element X-band ordinary slot 
array manufactured with a 0.002-inch tolerance, 
the probable highest sidelobes are a) 19 db for a 
20-db array, b) 27 db for a 30-db array, and c) 32 
db for a 40-db array. 

2) The variation in phase due to the random errors in 
the slot spacing and slot length. 


41. L. Bailin and M. J. Ehrlich, “Factors Affecting the Per- 
formance of Linear Arrays,” Res. Labs., Hughes Aircraft Co., Culver 
City, Calif., Tech. Memo. No. 263; December, 1951. 


3) The leakage power coupled through the vertical 
slots on the narrow walls by the irises. However, 
this leakage can be almost completely eliminated 
by shielding the irises with metal tape. 


CONCLUSION 


The variable-amplitude element consisting of a slot 
and iris offers a means of obtaining many aperture dis- 
tributions from a single array. Measurements show that 
this element has the following limitations: 1) maximum 
conductance is limited by the maximum iris displace- 
ment that still maintains a resonant circuit; 2) mini- 
mum conductance is limited to a value at which leakage 
power from the vertical slot is an appreciable portion of 
the total conductance. Within these limits many possi- 
bilities exist for applications of the element in arrays 
with variable aperture distributions. Experiments will 
be continued to adapt this unit element for the design 
of a two-dimensional array which can be used as a vari- 
able altitude ground-painting reconnaissance. 
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Theory of Equilibrium Electron and Particle Densities Behind 
Normal and Oblique Hypersonic Shock Waves in Air* 
| C. A. ROBERTS}, W. B. SISCOt, anv J. M. FISKIN+ 


Summary—The quantitative changes in propagation, antenna 
impedance, radar cross section, breakdown, and emissivity char- 
acteristics resulting from hypersonic plasmas depend on the electrons 
and heavier particles present. To determine these number densities 
for normal and oblique shocks, aerothermodynamic theory is ap- 
plied to relate macroscopic properties on both sides of the shock front 
by means of the flow conservation equations. Composition and energy 
of the shocked air at assumed velocities, densities, and temperatures 
are then obtained using the law of mass action and the principles of 
statistical quantum mechanics until the conservation equations are 
satisfied. 


INTRODUCTION 
\ Y EHICLES whose characteristic cross section is 


large compared to the mean free path of the air 

molecules will be surrounded by an ionized layer 
when traveling at hypersonic speeds. This sheath will 
modify 1) EM propagation constants, 2) vehicle an- 
tenna impedances, 3) radar cross sections, 4) air break- 
down properties, and 5) noise levels. These quantitative 
changes are determined from a detailed knowledge of 
the electron and heavier particle number density dis- 
tribution together with the energy level population. 


AEROTHERMODYNAMICS 


Relationships between aerothermodynamic_proper- 
ties on both sides of the normal shock front and to each 
other are given by the flow conservation equations and 
the equation of state. 


poUy = piU, (mass flow), (1) 
P; — Po = poUo(Uo — Uy) (m-mentum flow), (2) 


* Manuscript received by the PGAP, March 3, 1959; revised 
manuscript received, July 8, 1959. 

} Douglas Aircraft Co., Inc., Long Beach, Calif. 

{ National Engineering Science Co., Pasadena, Calif.; formerly 
with Douglas Aircraft Co., Inc. 


Egat pore 1/205" 
= En, + Pir1 + 1/2U 7? (energy flow), (3) 
PV = >> n,kT (equation of state); (4) 


0) 


where 


p=density (weight/unit volume) =1/7, 
T =specific volume, 
U=streamwise flow velocity, 
P =pressure, 
E,,=internal energy/unit mass, 
V=volume, 
n;=number of particles of jth species, 
k=Boltzmann’s constant, 
t= temperature. 
Zero subscripts indicate the unshocked or ambient air; 
one subscripts signify the shocked air. The qualitative 
relationships between these quantities are shown in 
Fig. 1. For oblique and swept swing shocks, (1)—(3) are 
applicable provided Uy) and Uj are replaced by their 
components normal to the shock front. A typical shock- 
wave surrounding a blunt body is shown in Fig. 2. 


COMPOSITION AND ENERGY 


The composition (number density) depends on the 
shocked air temperature (7), density (01), or pressure 
(Pi), and on the chemical reactions taking place. For 


EM considerations, equilibrium reactions used below 
5000° K are 


N,2N+N, (5) 
O:20+4 0, (6) 
NOZ@N+0, (7) 


NO NOt + e-. (8) 


—Initial state —Shocked state 


Uy) (Streamwise flow velocity) U,<Up 
po (Density =1/70 (specific volume) pPi>po 
Po (Pressure) Pi>P»o 
T) (Temperature) T>T»o 
Eno (Internal energy per unit mass) En Em 


Shock front 


Fig. 1—Flow through a shock front. 
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Fig. 2—Shock wave geometry. 
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Fig. 3—The shock front cross section illustrating excitation of vari- 
ous energy modes. Tr=translation, Ro=rotation, Vi=vibration, 
Di=dissociation, and Io=ionization. 


Associated with each reaction is an equilibrium con- 
stant that is related to the partition functions and the 
composition by the law of mass action. 


Pe [NJIN] _ (PF)n(PF)s ( 1 Jeon, (9) 
[No] (PF)n, ParL 
Ke = tollo} = ee ( : \ ene, (10) 
; [Oo] (PF)o, ParL 
Ry [N][O] a oo ( 1 Jeans, (11) 
[NO] (PF)no parL 
ae [NOt][e7] _ (PF)no + EEE ( ] Jeo; (12) 
[NO] (PF)xo Parl 
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where 


K=equilibrium constant, 

Par =ratio of actual density to standard density, 
L=number of air atoms at standard density, 
Q=energy of dissociation, formation and ionization, 

[ ]=ratio of number of particles of a particular species 

to total number of air atoms present. / 


The partition function (PF) is 


(Evade ican (13) 


where 


g;=degeneracy of ith energy level 
€;=7th energy level. 


Eq. (13) can be expressed as the product of specific 
partition functions related to each energy mode. 


(PF) = (PE): sanslational x (PF) stational x (PF) zihsational 
x CPF) sjecteonies (14) 


The (PF) is obtained from the theory of statistical 
quantum mechanics and experimental spectroscopic 
data.! When calculated they yield the equilibrium con- 
stants. Three additional equations are also required: 


2[Ne] + [N] + 2[02] + [0] + 2[NO] + 2[NO*] 


= 1 (mass conservation), (15) 
2[N2] +N] + [NO] + [NOt] 
2[02] + [O] + [NO] + [NOt] 
= 3.71 (material balance conservation), (16) 
[NO+] = [e-] (charge conservation). (7) 


Eqs. (9)—(12) and (15)—(17) constitute a set of simul- 
taneous equations and are solved for the concentra- 
tions, [ ]. 

Total energy, Em,, of the shocked air is 


Eni (total) = Eparticie a= Eaiss; mae teem Dison (18) 


where particle includes all of the energy modes (see Fig. 
3). The population of the energy states is 


Be Hee 


= Ye ge eile gen slhT o} (19) 


Ny 


where n;=number of particles in 7th energy state. 


ITERATIVE SOLUTION 


Shocked air concentrations and energy are obtained 
from assumed values of 71, pi, and U;. This process is 
repeated until the aerothermodynamic conservation 
equations are satisfied for a given ambient altitude (po) 
and velocity (Uo). 


1C. A. Roberts, W. B. Sisco, and J. M. Fiskin, Douglas Aircraft 
Co., Inc., Long Beach, Calif., Engrg. Rept. No. LB-25872; 1958. 
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A Theorem Regarding the Commutation of 
Antenna Rotations* 
L. P. BOLGIANO, Jr.t 


Summary—Ordinarily when an antenna is rotated successively 
about mutually perpendicular earth-fixed axes such as axes pointing 
up, north, and west, the order in which the successive rotations 
are made cannot be reversed without obtaining a very different final 
antenna orientation. This paper gives an analytic proof that the same 
final antenna orientation can always be obtained with the rotation 
order reversed as with the rotations performed in correct order. To 
accomplish this it is necessary when reversing the order of rotation 
only to also reidentify the axes of rotation. The required reidentifica- 
tion is obtained by considering the axes as detached from the earth 
and permitted to turn with the antenna as would lines painted on the 
antenna before the rotations are begun. 


T IS well known that one cannot reverse the order 

in which successive rotations of an antenna about 

orthogonal fixed axes are performed without ob- 
taining an entirely different final antenna orientation. 
We wish to point out that if, in addition to reversing the 
order of the successive rotations, the axes of rotation 
are beforehand reidentified as axes fixed to the antenna 
(such as lines painted on the antenna), then the same 
final antenna orientation will be obtained with the order 
of the rotations reversed. The converse statement per- 
mitting changing from antenna axes to fixed axes is 
equally valid and perhaps the more useful theorem. 

It is often convenient to visualize the aiming of an 
antenna as the result of successive rotations about two 
perpendicular ground-plane axes and a _ polarization 
axis. For example, a radiometer antenna might be aimed 
at the sun by pointing it upwards and then rotating it 
first about its ground-plane axes, as required by time 
of day and time of year, and then about its polarization 
axis so as to receive a desired polarization. This commu- 
tation theorem then provides a convenient means for 
converting these rotations to earth-fixed axes either for 
drafting convenience or for facilitating the use of matrix 
algebra to reduce a larger number of rotations to the 
usual minimum of three successive rotations. 

The mathematical basis of this equivalence corre- 
sponds to the dual interpretation of any rotation matrix 
as either rotating a vector with respect to fixed base co- 
ordinates, or alternatively rotating the base coordinate 
axes with respect to which a stationary vector’s com- 
ponents are reckoned. As an example consider an an- 
tenna with a rectangular ground plane initially lying 
flat on the ground with its long axis north-south so as to 
beam the antenna straight up. Three mutually perpen- 
dicular lines may be imagined as painted on the an- 


* Manuscript received by the PGAP, May 28, 1959. This work 
was supported by a Frederick Gardner Cottrell grant from the Re- 
search Corporation. 


} University of Delaware, Newark Del. 


tenna, one along the major ground-plane axis (pointing 
north), one along the minor ground-plane axis (point- 
ing west), and a third along the polarization axis — 
(pointed up). To permit distinguishing clockwise and 
counterclockwise rotations, let these orthogonal lines 
painted on the antenna be assigned directions cor- 
responding to the right-hand choice north-west-up be- 
fore rotation. Imagine also an arrow pointing in any 
convenient direction painted on the antenna so that its 
components in the north-west-up directions can be used 
to specify different antenna orientations as the antenna 
is rotated. The argument which will now be given is 
general and does not require the reader to visualize the 
precise orientation of the antenna or the axes and arrow 
painted on it. It is necessary only to note that these 
markings on the antenna permit any rotation of the 
antenna to be specified in two alternative ways either 
1) by stating the change in the north-west-up com- 
ponents of the arrow painted on the antenna or 2) by 
stating the change in the components along the axes 
painted on the antenna of some vector which stays fixed 
in space during the rotation. 

Now suppose that the antenna is rotated through an 
angle @ about its short ground-plane axis. This rotation 
causes the lines painted on the antenna to assume a new 
position in space. We can therefore speak of two distinct 
sets of coordinate axes, set 1 being the north-west-up 
axes originally coincident with the painted lines and 
set 2 being the new orientation of these lines. The vector 
defined in space by the new orientation of the arrow 
painted on the antenna has components 1, ye, y3 along 
the axes of set 2 identical to those the arrow originally 
had along the north-west-up axes. This vector has dif- 
ferent components 1, x2, «3 along the axes of set 1. This 
alternate component representation is conveniently 
represented as a matrix product Y= AX where X and VY 
denote column matrices with elements x, x2, x3 and 4, 
yo, Ya, respectively, and A is a square matrix which con- 
verts the components of any vector along the axes of 
set 1 into those along the axes of set 2. 

Next let the antenna be rotated through an angle B 
about its long ground-plane axis. The painted lines now 
define a third set of axes we denote as set 3. The new 
vector defined by the painted arrow in its new position 
has new components 21’, 20’, 23’; yx’, yo’, ys’; and coe 
x2’, x3’ along the axes of sets 3, 2, and 1, respectively. 
Again we can represent the new component transforma- 
tion by a matrix equation Z’= BY’. By the previous par- 
agraph, Y’=AX’; since the painted arrow always has 
the same components along the painted lines, Z’= Y. 
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Combining these gives Y=BAX’. Continuing the same 
reasoning, if C is a matrix converting the components 
of any vector relative to set 3 into those relative to an- 
other set 4 defined by rotating the antenna an angle 
y about its polarization axis, then we can write Y 
=CBAX"’. The elements of X’’ are the north-west-up 
components of the vector defined by the final position 
of the painted arrow, and the elements of Y have be- 
come the components of this vector relative to coordi- 
nate set 4. 
By matrix algebra, X’’=A-1B-1C-1Y, This can be 
interpreted as meaning that if the antenna had first 
been turned so that the painted arrow’s north-west-up 
components were changed from Y to C~'Y, then turned 
again so as to change its north-west-up components to 
B'C'Y, and finally turned so as to change the north- 
west-up components of the arrow to A~!B-!C-!Y, the 
identical final antenna orientation would have resulted. 


! 
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But this amounts precisely to rotating the antenna suc- 
cessively through the angles y, 8, and a about up, north, 
and west axes, respectively. Since the same relative 
movement between an object and a set of axes is caused 
either by turning the object one way or the axes the op- 
posite way, the inverse matrices mean that each rota- 
tion of the antenna should be performed in the same 
sense (clockwise or counterclockwise) as before. The 
proof is the same regardless of which axes the rotations 
a, B, and y are about, and it can be extended to any 
number of successive rotations by mathematical induc- 
tion. 
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Radiation Fields of Circular Loop Antennas by a 
Direct Integration Process* 
E. J. MARTIN, Jr.t 


_ Summary—Starting from the radiation characteristics of a differ- 
ential current element, the véctor potential produced by a single- 
turn circular loop antenna is formulated in terms of a general loop 


current by a direct integration process. Evaluation of the resulting © 


integrals for a limited number of specific loop current distributions 
leads to generalized expressions for both the standing-wave and 
traveling-wave cases. Radiation fields can be found from the inte- 
grated vector potential expressions. This technique represents only 
a slight modification of the one used by Sherman, but it extends his 
_work in such a way that the results are equivalent to those obtained 
by Knudsen in a somewhat different manner. 


N 1944, Sherman! investigated the general case of 

| a circular loop antenna with nonuniform standing- 

a wave and traveling-wave current distributions. On 
the basis of his analysis, he concluded that the field of 

the general loop could be determined only on the axis 

of the loop and in a plane perpendicular to the axis. 
The invalidity of this conclusion was later demonstrated 
by Knudsen,? who considered a “quasi-array” com- 


* Manuscript received by the PGAP, April 27, 1959; revised man- 
_uscript received, October 9, 1959. This paper is based on the author s 
“MS. thesis, “An Approximation of the Helical Beam Antenna, 

submitted. to the Graduate School, University of Kansas, Lawrence; 
May, 1956. : 
+ Midwest Research Institute, Kansas City, Mo. 
1]. B. Sherman, “Circular loop antennas at ultrahigh frequen- 
cies,* Proc. IRE, vol. 32, pp. 534-537; September, 1944. 
- ##H.L. Knudsen, “The field radiated by a ring quasi-array of an 
‘infinite number of tangential or radial dipoles,” Proc. IRE, vol. 41, 
pp. 781-789; June, 1953. 


posed of a finite number of tangential dipoles and then 
obtained the final field equations through a limiting 
process in which the number of dipoles is allowed to ap- 
proach infinity. 

It is our purpose here to point out that it is possible 
to develop the field equations for the general case of a 
circular loop with uniform or nonuniform standing-wave 
current distribution or traveling-wave current distribu- 
tion through a method of integration that is very similar 
to the one used by Sherman. The primary difference be- 
tween this procedure and the one used by Sherman is 
that attention is focused on the vector potential during 
integration; the electric and magnetic fields are subse- 
quently found from the integrated vector potential. This 
technique results in field expressions which describe the 
loop antenna at any point in space and are, in fact, 
identical with the results obtained by Knudsen when 
account is taken of the form of the time variation of the 
assumed current distribution. It is therefore demon- 
strated that the methods of Sherman and Knudsen are 
essentially equivalent. 

Consider a “linear, thin-wire” radiator of differential 
length di=ad@ situated at an azimuthal angle ¢ from 
some arbitrary reference point on the circumference of a 
circle of radius a, which lies In the X Y plane with its 
center at the origin (Fig. 1). This radiator may be 
thought of as comprising a differential segment of a 
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Zo the point P 


xX 
(P=0) 
Fig. 1. 


single-turn circular loop which is defined by the circle 
of radius a. Let the differential radiator carry a current 
i(p, t) =I(b)e**. If a fixed point of observation P, at 
which the fields are to be determined, has coordinates 
1%», 9, bp, such that P is far away from the loop, the 
distance 7, (which is measured from the origin to the 
point P) and the distance 7 (which is measured from the 
differential segment under consideration to the point 
P) are measured along virtually parallel lines. Conse- 
quently, ry may be expressed in terms of 7, as 


r = rp — asin 6p cos (¢ — @p). (1) 


Upon recalling the form of the vector potential that 
is produced by a differential current element, one can 
refer to the diagram of Fig. 2, which is a projection of 
Fig. 1 on the XY plane, and also to Fig. 3, which pre- 
sents an enlarged perspective view of the various vector 
components at the point of observation, in order to see 
that the vector potential at P due to the differential seg- 
ment of the loop at ¢ can be expressed as 


Ha ae 
dA = el Gtkrp) «| — — @cos | sin ¢’ 
ATTY y sin 6, 
+ ® cos a I (p)e#7 8 $d’, (2) 
Here 
r, ®, ®=spherical-coordinate unit vectors at the 


point P, 
$’=(¢—¢,) and consequently dé’ =dd, 
and the substitutions k= w/c and y =ka sin 6, have been 


made in order to simplify the notation. Ste eats of 
the contributions from all differential segments, which 
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together comprise the circular loop, will now give the 
total vector potential at P. However, before this can 
be accomplished, it is necessary that the current, desig- 
nated simply by J(¢) in (2),.be more specifically de- 
fined. 

Following the technique used by Sherman and Knud- 
sen, we first assume a standing-wave current distribu- 
tion such that 


1(6) = te a @) 


sin n@ 


This selection allows us to integrate the right side of 
(2) between the limits —¢, and 27—@, and to evaluate 
the resulting integrals by means of the Sommerfeld 
integral expression for Bessel functions in precisely the 
same manner as discussed by Knudsen. The results 
show that the total vector potential at P is 


Mee [a | 
: LF 5 


ae oe 
4 | r cos nd 
 Lsin Oy : 


+ o(° ot Tea Just (a) 


+ @ cos 0, | ee In(y) 


sin 
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where the notation is further simplified by the substitu- Since the selection of the point of observation is made 
tion K =3ale*'. For the case of an assumed traveling- in a completely arbitrary manner, the subscripts on 7 
wave current distribution and @ in (4) and (6) can be dropped, once the integra- 

I(@) = Ie-ino, (5) tion is complete. The electric and magnetic field com- 


ponents can now be obtained from the vector potential 
through the use of the vector relations. E= (1/jape) 


te — [ju Keni&rotne) r ‘On, A(A - A)—jwA and H=1/u(AXA). Appropriate com- 
1S Al | ‘| + @ cos | alee a eee 
Y 


the vector potential is found to be 


binations of the resulting field equations can be used to 
determine completely the fields produced by a circular 
Slane sat ae Faust] Gy a with any assumed or measured current distribu- 


ars SIN Oy 


Refractionof VHF Signals at Ionospheric Heights* 
S. WEISBROD} anp L. COLIN{ 


Summary—It is not generally realized that while the refractive from By study of tropospheric bending. Furthermore, 
piz0r due tothe troposphere rapidly decreases with the elevation i+ i. even possible under some conditions for the refrac- 
angle, its ionospheric counterpart behaves very differently. For tar- ; & ; : ; ; 

tive error to increase with elevation angle. Since this has 


get heights which are small or comparable to the Earth’s radius the ‘ : en é : 4 
ionosphere refractive error initially increases with the elevation Obvious implications in the problem of radio tracking 


angle, attains the maximum value at elevation angles on the order of of space vehicles, this subject has been investigated by 
100 milliradians and then gradually decreases. The size of thisin- the authors in detail, and the results are summarized 
crease decreases with the distance from the Earth and at astronomi- below. A detailed treatment of this subject is now being 
cal distances the initial slope of the ionospheric error at grazing Eo pas 
incidence is zero. At ionospheric heights the elevation angle at which p repared for publication. ; : : 
the ionosopheric bending is maximum is roughly proportional to the First, let us briefly summarize the basic equations 
square root of the layer height. which govern the refractive bending. The amount of 
This somewhat unexpected behavior of ionospheric bending is© bending suffered by a ray passing through a layer 
examined and sample computations are made using realistic models bounded by heights h; and fy, and whose index of refrac- 


_of ionosphere and troposphere. tion varies linearly from n; to mx, is given by! 


WY reir the advent of the space age, the subject of 2(N; — Nz) X 10-8 


refraction of VHF signals passing through the Vik = (1) 
tan 6B; + tan Bi 


: ionosphere has become extremely important. 
‘Tropospheric refraction has been investigated for many 4 cate 


years, and it is generally known that it decreases rapidly y/jn= refractive bending in radians, 
with an increase in the elevation angle, and becomes N=(n—1) X10, 
virtually negligible for angles of elevation greater than B =co-angle of incidence, 
10° or 15°. What apparently is not generally known or WN (troposphere) =(77.6/T)(P +4810 ¢/T); 
appreciated is that ionospheric refraction behaves in a T=absolute temperature in degrees 
‘much different manner. For target heights within the Kelvin, 
ionosphere, the refractive error due to the ionosphere P =total atmospheric pressure in milli- 
increases with elevation angle, attains a maximum bars, 
value at elevation angles between 100 and 200 mr, and e=water pressure in millibars, 
then gradually decreases. N (ionosphere) = 4.03(N./f2) X 10-8, 
The significance of this fact is that the total refrac- N,=electron density per cubic meter, 
‘tive error falls off more slowly than one might expect f=frequency in me. 
Oy aawscript received by the PGAP, August 25, 1959; revised Fig. 1 illustrates the refractive geometry. 


manuscript received, October, 1959. This work has been supported 


F i INS AYe, ; : 
ey fees SWE sare raieaae ea” 1S, Weisbrod and L. J. Anderson, “Simple methods of computing 
under Contrac : tropospheric and ionospheric refractive effects on radio waves,” 


i Diego, Calif. 
eter conue Gallas AFB: Rome, IN Ys Proc, IRE, vol. 47, pp. 1770-1777; October, 1959. 
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Fig. 1—Geometry of refraction. 


Contribution to y due to the passage through other 
layers is directly additive. The total bending is thus 
given by 


2(Nx = Nius1) x 10-6 
ps | 
zo tan 6, + tan Bey1 


(2) 


The summation in (2) is carried out over the tropo- 
spheric and the ionospheric layers. 

It is frequently convenient to describe the refractive 
error in terms of the angle subtended from the earth’s 
center between the refracted and the unrefracted rays. 
This angle, €, is given by 


Yah = "8) 
= y — (No — N) X 10-8 cota 


l| 


€ 


(3) 


where No=the surface value of the refractive index, 
and N=the value of the refractive index at the point of 
interest. 

The elevation angle error, 6, can be conveniently de- 
scribed in terms of e: 


e tana 
e+ tana — tanag 


According to (4), the contributions to 6 due to 
tropospheric and ionospheric refraction are not directly 
additive. However, it turns out that as long as € is much 
less than tan a—tan a, which is usually the case,-very 
little error is introduced if the two contributions are 
added directly. 

We should also note that at astronomic distances all 
three quantities, y, ¢, and 6, are equal. 

Eqs. (1)-(4) form the basis of a simple and a very 
convenient method for computing refractive bending. 
The numerical work can be greatly shortened with the 
aid of special charts—one for the troposphere and one 
for the ionosphere. Details of this method are described 
elsewhere. 

Let us now investigate the behavior of 6 as a function 
of a. Since the general expressions are extremely cum- 
bersome, the approach used here consists of three steps. 
First, we will consider d6/day for the case of tangentially 
departing ray. Secondly, we will derive an expression for 
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al eta 


a under which the ionospheric contribution to 6 is’ 
maximum. Third, we will construct plots of 6 vs ao 
based on realistic models of the troposphere and the 
ionosphere. ; 

Since the tropospheric and the ionospheric contribu- 
tions to the refractive bending are going to be examined 
separately, subscripts “é” and “2” will be used to. differ- 
entiate the two cases. 

If a constant radial index gradient is assumed, dé/day 
can be readily evaluated for the special case of ao=0. 
The slope of 6, for any target height above the tropo- 
sphere is 

db; 


dex 


—2No X 10° 


ay-0 (e+ tanar)? 


(S) 


where ar=the co-angle of incidence at the top of the 
troposphere. 
For the case of a target in the ionosphere, the rate of 
change of 6; with respect to ap is 
dé; 


dao 


e; tana 


aoa fe (e; + tan a)? 


(6). 


The significant fact that these equations show is that, 
at grazing incidence, 6, always decreases with a» where- 
as 6; always increases. It is interesting to determine the — 
condition for which the slope of the total 6 becomes 
positive. It can be shown that . 

dé e; tana — 2No X 10-§ tan’? a cot? a7 


ae = (7)q 
Boro | a0 (e + tan a)? . 
where 6=6;+6; and e=e;+e«. 

For the purpose of the estimate, we may assume the 
following parameters: height of the troposphere=10_ 
km, base of the F layer=200 km, semithickness of the 
F layer=100 km. ‘ 

Under these conditions, (7) becomes positive when — 
the ionospheric error 6; is about 50 times the tropo-_ 
spheric error 6;. In other words, the peak ionospheric — 
refractive index would have to be about 500 times the 
tropospheric surface value. For typical No values of 290 — 
to 325 N units, and typical plasma frequencies of 10 to 
15 me, the signal frequency would have to be below 20 or 
30 mc before the 6 slope would become positive. We 
might also add that, under these conditions, the high-— 
frequency assumptions used in deriving the above equa- 
tions begin to break down, and, consequently, these esti- _ 
mates are only approximate. Also, at these frequencies 
other ionospheric effects, such as magneto-ionic split- - 
ting, absorption, and a possibility of total reflection, | 
become the predominant effects so that refractive errors _ 
have only a limited significance in practical applications. 
Thus, we can conclude that, normally, the initial value 
of d6,/day is much greater than that of d6;/day, so that 
the total elevation angle error decreases with ay. The 
initial positive slope of 6; causes the total dat ionospheric 
heights to fall off much more slowly than one might ex- 
pect from the study of the tropospheric bending alone. 
More will be said about this later. | 
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Now that we have established that the slope 6;is posi- 
tive at grazing incidence, it would be interesting to esti- 
mate at what values of ao the maximum 6, occurs. 

Assuming linear variation of refractive index in the 
ionosphere, and also noting that at ionospheric heights 
€ is much less than tan a2—tan a and that tan a is ap- 

proximately equal to tan B, (1)-(4) yield 


| N;|o(tan a2 — tan a;) 


: (tan a2 + tan a1)(tan a2 — tan a) 8) 
where the subscripts 1 and 2 refer to the values at the 
base and the top of the ionospheric layer. 

| Setting the derivative of (8) with respect to ay equal 
‘to zero results in a lengthy expression which can be 
greatly simplified by correctly assuming that the re- 
quired value of a@ is small so that 


sin 2a + sin 2a; ~ 2 sin (ay + aj) 


and 
sin 2a. — sin 2ao ~ 2 sin (a2 — ay). 


, The value of ao, which results in the maximum value 
of 6;, turns out to be 


sin a ~ [(p? — a?)/(4p? — a?)]/? (9) 
where 


a=FEarth’s radius 
p =distance from the Earth’s center to the base of the 
layer. 


From (9), it is seen that the value of a for maximum 
'6; is roughly proportional to the square root of the 
height of the bottom edge of the layer. For typical F- 
layer parameters, one would expect the maximum error 
to occur for values of a» between 100 and 200 mr. 

The expressions derived so far were based on very 
simplified models of the troposphere and ionosphere, 
'since otherwise the equations would not have been 
-trackable. It will be interesting to plot 6 vs a for the 
case of more realistic models of the earth’s atmosphere. 
For the case of the tropospheric refraction, the values 
‘of 6; are based on a typical radiosonde data. To compute 
the ionospheric refraction, we picked a model which is 
-analytically defined by 


Now. = 1. — (= a)? ee eS 1 
=sechinr(a—1) 1<c0S~@ (10) 
where - 
~ Nm =the maximum electron density, 
o=(h—ho)/Vm, 


h=height above the ground, 
ho = height of the base of the layer, 
Vin = lim =ho, 
=half-thickness of the layer, 
im=height of the maximum electron density. 


The lower portion of this distribution is parabolic, 


while the upper one resembles the Chapman distribu- 
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tion but it is a little thicker and the total electron con- 
tent above the maximum is three times greater than 
below it.? 

Fig. 2 is the plot of 6;, 6;, and 6 vs ao. The ionospheric 
parameters are: 4o=200 km, y,,=100 km, critical fre- 
quencies of the layer =14 mc, the signal frequency is 50 
and 100 me, and the target height is 300 nautical miles. 
The behavior of 6; vs ao is as it might have been antici- 
pated from the previous discussion. The elevation angle 
error increases with a, reaches a maximum value for 
a around 100 mr, and then gradually falls off. The 
total 6 decreases all the time, but, at 50 mc, there is a 
pronounced shoulder when the ionospheric refraction 
takes over. 

In general, it appears that, for very low angles of ele- 
vation, the tropospheric refraction will predominate. 
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Modified Luneberg Lens for Defocused Source* 
DAVID K. CHENG+ 


Summary—A spherical Luneberg lens has the property of focus- 
ing the rays from a point source on the surface of the lens into a 
collimated beam on the diametrically opposite side of the lens. In 
microwave applications a point source on the surface of the lens is 
usually not obtained. Curves are given for the required index of re- 
fraction for a modified Luneberg lens which possesses the same 
collimating property for a point source located at a small distance 
outside of the lens. ; 


\ SPHERICAL Luneberg lens having an index of 


refraction obeying the relation’ 


Ns ane de (1) 


where r is the normalized radial dimension, 0<r<1, 
has the well-known property of focusing the rays from 
a point source on the surface of the lens into a col- 
limated beam on the diametrically opposite side of the 
lens. Because of its adaptability to wide-angle scan 
with no change in the diffraction pattern, the Luneberg 
lens is of considerable interest to antenna engineers. A 
number of modifications to the Luneberg lens have been 
proposed.?~ 

In microwave applications a point source on the sur- 
face of a lens is difficult to obtain. An electromagnetic 
horn, for example, does not have its phase center in its 
aperture plane. It has been found® that the #-plane 
phase center of an E-plane sectoral horn and the H- 
plane phase center of an H-plane sectoral horn usually 
lie at the back of the aperture plane (inside the horn). 
This effect is more pronounced for long horns with large 
flare angles. We are then often faced with a situation 
where the effective point source is located outside of a 
Luneberg lens even when the mouth of the horn touches 
the lens surface. A Luneberg lens with a defocused 
source gives rise to aperture phase errors.’ This paper 
furnishes two curves showing how the index of refrac- 
tion function as given in (1) should be modified in order 
that an effective point source outside of the lens would 


* Manuscript received by the PGAP, July 10, 1959. 

} Elec, Engrg. Dept., Syracuse University, Syracuse, N. Y. 

+R. K. Luneberg, “The Mathematical Theory of Optics” (mime- 
ographed notes), Brown University, Providence, R. I., sec. 29; 1944. 

2A, Kay, “Spherically symmetric lenses,” IRE TRANS. ON 
ANTENNAS AND PROPAGATION, vol. AP-7, pp. 32-38; January, 1959. 

8 J. E. Eaton, “On spherically symmetric lenses,” IRE TRANS. 
ON Bee ee: vol. AP-4, p. 66; December, 1952 

. Brown, icrowave wide-angle scan ” Wi Q : 

Bap 50-255: October, 1953 Uae EE oe 

>A. S. Gutman, “Modified Luneberg lens,” 
25, pp. 855-859; July, 1954. 

° Y. Y. Hu, “Phase Centers of Electromagnetic Horns,” Res. Inst 
Syracuse University, Syracuse, N. Y. Final Rept. on Contract No. 
AF 30(602)-926 with Rome Air Dev. Ctr.; September 30, 1954, 

7D. K. Cheng and P. A. Grusas, “Defocus characteristics of the 
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area eer ae 


t 
yield a plane wavefront on the diametrically opposite © 
side of the lens. | 

Following Luneberg’s notation, we write the index of — 
refraction function 7 in the following form: 2 
n= eo (nr a) (2) s 

where 3 
1 p*. sim iig : 

w(ur, a) = —{ 2 (3) { 

TY nr Ve al (nr)? “ 


a is the normalized distance of the point source from the © 


center of the spherical lens. For the true Luneberg case, — 


a=1 (source on lens surface), and 
il il 
a SS TH 
TY nr Vi ry (nr)? 


sin * ¢ 
w(nr, 1) = 


I 


1 eee SSF. 
pra [1+ V1 — (nr)?]. 


a=/.000 
-—-a~/025 
----a =/.050 


INDEX OF REFRACTION, 7 


NortaLizeo Rapian. OMeENSION, P 


Fig. 1—Modified indices of refraction for defocused Luneberg lenses — 


(4) © 
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Substitution of (4) in (2) gS directly the relation = [1+ /1 — (nr/a)?|1/2 
given in (1). 


4 @ sin—f(t/a) 


When the source is outside of the lens, a=1+e, exp [ — at\- (6) 

e>0, we write (3) as follows: re 
. Unfortunately the integral appearing in the ex- 
“8 @ gin-l sin“! (/) * sin! (t/a) ponent of (6) is not quite of the Abel type and its 
w(nr, a) = <0 es -—f ; ; evaluation in a closed form has not been accomplished. 
ne V1 (a) VP — (nr)? We note that r=1 and (1) =1 satisfy (6). There is then 
4 no discontinuity in the index of refraction at the surface 

ba ia Sa PAY of the lens. 
eke Eee tan Uit/4)"| Eq. (6) has been computed by an approximate nu- 
merical method for two values of a, namely, 1) a=1.025, 
+ @ sin“! (t/a) or €=0.025; and 2) a=1.05, or €=0.05. 2 vs r curves are 
_ ea 1 (5) plotted in Fig. 1. It is seen that the m values required for 
1 Vi = (nr)? 


Luneberg lenses with defocused sources on the outside 
are lower than the corresponding values for on-surface 
Substitution of (5) in (2) gives excitation. 
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» 
January 


October 19-21, 1959—San Diego, Calif. 


Precise Corrections for Atmospheric Re- 
fraction to Radar and Optical Observations 
of Position*—P. B. Taylor and N. A. Engler, 
University of Dayton Res. Inst., Dayton, 
Ohio—Tables have been prepared of the cor- 
rections for refraction to be applied to radar 
observations of position. The tables were 
computed on a Datatron but are presented 
as graphs. 

The type of atmosphere considered is one 
with smooth exponential variation of the 
index of refraction with height. A full range 
of surface indexes of refraction and index 
gradients is covered for both radar and opti- 
cal frequencies. The geometry is that of the 
curved earth. The standard atmosphere lies 
within the range covered. 

Radar range correction and angle of ele- 
vation correction are charted as functions of 
observed radar range and observed angle of 
elevation for a set of atmospheres all belong- 
ing to a common functional type but with 
varied parameters. The index function is 
such that unit index is properly approached 
at high altitudes from every surface condi- 
tion. 

The charts place special emphasis on low 
angles of elevation, as many previous cor- 
rection formulas become faulty or uncer- 
tain in this range. 

An over-all accuracy of one part in 10 in 
range and sine of elevation angle was aimed 
at in the computation. Owing to necessary 
compression in the graphical presentation, 
this may not be attainable in all cases. For 
best precision, observations may be fed into 
a Datatron provided with the same program 
as that prepared for the present tables and 
corrections read out at full precision. 


* The research reported in this paper has been 
sponsored by the Aerial Reconnaissance Lab., Wright 
Air Development Center, Air Res. and Dev. Com- 
mand under Contract AF33(616)-5438. 


Comparison of Experimental with Com- 
puted Tropospheric Refraction*—W. L. 
Anderson and R. J. Rainey, Electrical 
Engineering Dept., University of New 
Mexico, Albuquerque, and N. J. Beyers, 
Missile Geophysics Div., White Sands Missile 
Range, N. Mex.—Limits of applicability of 
ray tracing in computing tropospheric re- 
fraction at White Sands Missile Range have 
been further explored. 286 comparisons were 
made, all for a path from radar to fixed 
beacon of about 45 miles and an elevation 
angle of 18.06 mr. A horizontally stratified 
atmosphere was assumed. Refractive index 
profiles were prepared from a variety of 
weather data, and classified “A,” “B,” “Co? 
or “R,” in descending order of reliability 
prior to ray-tracing calculations. Computed 
bending correlated favorably with that 
observed. 

Angle observations were made with an 
FPS-16 C-band radar having a quoted in- 
strumental precision of +0.10 mr rms. Angle 


* This work was performed under Contract No. 
DA-29-040-ORD-1238. 


reading varied from 18.36 to 20.54 mr, with 
mean of 19.02 mr and standard deviation 
0.42 mr. 

The rms deviation of computed from ex- 
perimental angles ranges from 0.28 to 0.42 
mr for different classes of weather data. Ex- 
cepting one of the classifications, there is 
direct correlation between quality of weather 
data and predictability of bending. Statis- 
tically, it is found that predictability de- 
creases as the observed angle deviates more 
and more from the mean. Finally, it is con- 
cluded that within the limits of this experi- 
ment, ray-tracing methods can provide sig- 
nificant correction to elevation angle errors, 
and that, in general, predictability of bending 
is improved by improving the meteorological 
data. 

The Limit of Spatial Resolution of Re- 
fractometer Cavities—W. J. Hartman, Na- 
tional Bureau of Standards, Boulder, Colo.— 
Filter factors that determine an upper limit 
for the wave numbers for which refractome- 
ter measurements can be used to calculate 
the spectrum of refractivity are derived in 
this paper, based on the assumption that re- 
fractometers measure a weighted average of 
the refractive index in a volume of air sur- 
rounding the center of the refractometer 
cavity. Two models are used assuming the 
weighting function has spherical symmetry 
around the center, and one model is used as- 
suming the function has cylindrical symme- 
try. All models result in a simple mathe- 
matical form which should be easy to use in 
further theoretical developments. 

Further Analysis of Radar Terrain Re- 
turn*—L. M. Spetner and I. Katz, Applied 
Physics Lab., The Johns Hopkins Univer- 
sity, Silver Springs, Md.—The land and sea 
surface models used in our previous treat- 
ment of radar returnt have been extended. 
The independent-scatterer model-for land 
surfaces is discussed in more detail. An at- 
tempt is made to obtain a theoretical formu- 
lation which will explain in a unified fashion 
the grazing-angle, wavelength, and polariza- 
tion dependence of land and sea clutter. 


* This work was supported by the Bureau of 
Ordnance, Dept. of the Navy, under Contract 
NOrd 7386. 

{ Radar Return Symp,, University of New Mexi- 
co, Albuquerque, May 11, 12; 1959, 


Statistical Description of Terrain—R. E. 
Wilkerson and P. L. Rice, National Bureau 
of Standards, Boulder, Colo.—F or some radio 
propagation studies, it is convenient to have 
a statistical description of average rough 
earth terrain profile characteristics. As a 
particular example, we may want to know 
what percentage of radio horizon elevation 
angles exceed one degree in typical terrain. 
This paper proposes a statistical description 
of terrain which makes such estimates 
possible. 

Terrain heights along a radial originating 
at an antenna location are assumed normally 
distributed above and below their average 


value, and a certain amount of correlation of 
these heights is assumed for short distances 
along a terrain profile. A straight radio ray is 
drawn from the antenna, making an arbi- 
trary angle with the horizontal. It is desired 
to find the probability that terrain along a 
radial lies entirely below this.ray. 

In deriving formulas presented here, an 
average flat earth and straight rays will be 
assumed. The results, however, may be 
generalized for any shape of earth or any 
type of ray. 

Some Magnetoionic Phenomena of the 
Arctic E Region—J. W. Wright, National 
Bureau of Standards, Boulder, Colo—Some- 
unique £ region phenomena observed on 
vertical soundings at Thule, Greenland, are 
interpreted as the result of magnetoionic 
coupling. The phenomena appear to offer 
opportunities for the observation of the re- 
entrant portion (valley) above the £ layer, 
and for the measurement of electron densi- 
ties and collision frequencies therein. 

On the Semi-Diurnal Lunar Variations 
of Ionospheric Layers—N. N. Rao and 
H. M. Swarm, Dept. of Electrical Engineer-— 
ing, University of Washington, Seattle, Wash. 


—A brief up-to-date review of the iono- 


spheric “dynamo theory” of magnetic varia- 
tions is presented. Evidence has been col- 
lected in support of the location of the 
dynamo region at 100-110 km height. From 
the revised dynamo theory of Baker and 
Martyn, and the ionospheric current systems © 
deduced by Chapman and Bartels, vertical 
ionization drift velocities due to the semi-— 
diurnal lunar tide are calculated for different © 
ionospheric heights. It is found that there is 


a large height gradient of vertical drift veloc- 


ity at H-region heights, contrary to earlier. 
assumptions. The effect of this vertical drift 
on both the daytime and the nocturnal ioni- 
zation of the E and F» layers is investigated. 
The theoretical results are compared with 
the available data of the harmonic co- 
efficients of the semi-diurnal lunar oscilla- 
tions of the ionospheric layers. 

High-Resolution Pulse Measurements 
of Oblique Radio Reflections from Meteor 
Trails at 41 MC—R. J. Carpenter and G. R. 
Ochs, National Bureau of Standards, Boulder — 
Colo.—Studies of multiple path radio signals 
received by reflection from ionized meteor 
trails have been made over a 1295-km path | 
from Long Branch, Ill., to Boulder, Colo. 
Pulses of 3 ywsec with a peak power of about 
800 kw are employed. Most single meteor 
signals show no detectable multipath. Maxi- 
mum time distortions observed cause spread- — 
ing of the received pulse over a 10-ysec range 
with several components visible. Simultane- 
ous occurrence of several meteor signals can 
result in multiple paths differing in time by — 
as much as 500 usec, although shorter delays 
are more probable. 

Analysis of Meteor Echoes at 412 MC 
Received Over an 830-Mile Path.*—M. 


* Work supported by the U. S, Air Force. 
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Loewenthal, P. A. Duffy, J. C. James, and 
H. G. Root, Lincoln Laboratory, M.I.T., 
Bedford, Mass.—More than a year of data 
has been obtained using instrumentation 
previously described at these meetings. A 
48-lkw signal is transmitted from the M.I.T. 
held station at Round Hill, Mass., and re- 
ceived at Elberton, Ga., asa result of scatter 
from meteor trails. Multiple feeds in the 
fixed 60-foot parabolic dishes permit the 
signal to be transmitted alternately from 
either side of the great-circle path and re- 


_ ceived on either side. An eight-digit coded 


representation of each meteor echo scaled 
from the paper tape output of the 100-cps 
bandwidth receiving systems is put on IBM 


_ punched cards. Preserved in this process for 


each meteor is some information regarding 
its amplitude, duration and time separation 
from the last occurring meteor on the same 
channel as well as an indication of the side 
of the path on which the echo was received 


and the time and date of occurrence. Time 
is measured within 15-minute intervals cor- 


responding to the transmitter beam switch- 
ing rate. 

The IBM 709 Computer is used to ana- 
lyze for each day the statistics of the echoes 
—numbers vs time, amplitude, duration, 
joint amplitude-duration and spacing—and 


4 Pe. . 
' places this information on a second set of 


punched cards which are then used to plot 
the data. The combined or average statistics, 
with appropriate weighting for periods of no 
transmission, for any number of days are ob- 
tained using these daily output cards and a 
second computer program. The results are 
compared with current theories on these 


' statistics. 


, 


The Effects of Normal Cosmic Radiation 
on the D-Region of the Ionosphere—W. F. 
Moler, U. S. Navy Electronics Lab., San 
Diego, Calif —During the last decade, sev- 
eral investigators have suggested that cer- 
tain anomalous VLF radio measurements 


_ ean be explained by the existence of a two- 


layered D region. It is shown that, for large 


- solar zenith angles and at middle and high 


latitudes, normal cosmic radiation produces 


a second D layer below the layer produced 


4 


by L, ionization of NO. It is further shown 
that an appreciable electron density is main- 


tained at night below 100 km by cosmic 


radiation. A series of electron density pro- 
files shows the combined effect of cosmic ray 
and photoionization processes as a function 


of solar zenith angle and geomagnetic 


f 
3 


A 


latitude. 


- 


Ionospheric Absorption Investigations at 
Hawaii and Johnston Island*—A. Fredrik- 
sen and R. B. Dyce, Stanford Res. Inst., 
Menlo Park, Calif —tIn the examination of 
riometer records taken at Hawaii and 
Johnston Island, uncorrelated absorption 
was frequently observed on 27.5 mc in the 


‘time interval from 2000 to 0300. Qualita- 


tively, the hourly absorption never exceeds 
3.5 dbm and the variations in absorption are 
of the order of an hour. 

The possible dependence of the absorp- 
tion on the planetary magnetic index, which 


is supposedly a measure of the solar cor- 
_ puscular streams impinging on the earth, 


* This work was supported by USAF Cambridge 
Res, Center of the Air Res. and Dev. Command under 
Contract AF 19 (604)-3462. 
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was investigated by a scatter plot of three- 
hour average absorption vs the planetary 
magnetic index, Kp. There seems to be no 
correlation. 

A plot of average hourly absorption vs 
the hour shows a maximum in absorption 
for both Hawaii and Johnston Island at 
2300; that for Johnston Island was twice as 
great as that for Hawaii. This may indicate 
a latitude dependence for the absorption: 
Johnston Island is 9° south of Hawaii in 
geomagnetic latitude. 

The possible existence of a correlation 
between absorption recorded at Hawaii and 
Johnston Island (which are 900 miles apart) 
was investigated by plotting a scatter dia- 
gram of hourly absorption on Hawaii vs the 
same hour absorption at Johnston Island. 
No correlation was observed, indicating that 
the mechanism causing the variations in ab- 
sorption has a structure less than 900 miles 
in extent. 

The Current-Jet Hypothesis for the 
Generation of Whistlers—W. C. Hoffman, 
Hughes Res. Lab., Culver City, Calif—It is 
postulated that some types of whistler sig- 
nals, for instance “long trains,” are gener- 
ated by the interaction of a sferic and a 
pinched accelerated discharge emitted up- 
ward from the top of the thundercloud at 
about the time of a just-preceding main 
ground-to-cloud stroke. Slow tails which en- 
dure for times of the order of several hun- 
dred milliseconds, or multiple discharges oc- 
curring over a like period, can accelerate the 
electrons in such a current jet to velocities 
of the order of 0.1 that of light. Thus the 
velocities are often of the right order for 
Gallet-Helliwell travelling-wave amplifica- 
tion to occur. A further acceleration takes 
place in the upper atmosphere due to the 
“magnetic mirror” effect, so that such ac- 
celerated current jets would also contribute 
to the inner Van Allen radiation belt. The 
apparent duct nature of whistler propaga- 
tion thus corresponds to the pinching of the 
upward discharge, and the traveling-wave 
interaction explains such phenomena as long 
trains and such whistler anomalies as an ini- 
tial increase of field strength with order of 
the echo followed by a rapid drop-off. 

Such accelerated upward discharges of 
penetrating electrons have been postulated 
in other connections by C. R. T. Wilson, 
Appleton and Chapman, Watson-Watt, 
W. L. Taylor and others, and have been ob- 
served by several investigators* and visually 
by the author. The association between 
whistlers and multiple discharges has been 
noted by Norinder. G. C. Rumi’s radar ob- 
servations at 27.85 mc of columns of ioniza- 
tion moving upward in the stratosphere at 
speeds of up to 200 km perhaps bear most 
directly on the present analysis. The evi- 
dence of the current-jet hypothesis is re- 
viewed and a crucial experiment is outlined. 

A Four-Year Summary of Whistler Ac- 
tivity at Washington, D. C.—Harold E. 
Dinger, NRL, Washington, D. C-—Whistler 
and dawn chorus activity as recorded at 
Washington, D. C. during the period of July 
1, 1955 to June 30, 1959 has been tabulated 
and summarized. Of the 1461 days con- 
sidered in this analysis, 94 per cent had ac- 


* Chalmers, “Atmospheric Electricity,” Pergamon 
Press, New York, N. Y., sec. 300; 1957. 
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tivity of some form. The equivalent of ap- 
proximately 500 1800-foot reels of magnetic 
recording tape (1,800,000 feet of track) were 
analyzed. The last two years of the period 
covered was as part of the IGY/IGC Iono- 
spheric Physics Program. 

A Technique for Finding the Direction of 
Arrival of Whistlers—J. M. Watts, National 
Bureau of Standards, Boulder, Colo. and 
J. H. Crary, Stanford University, Stanford, 
Calif.—Vhe results of preliminary experi- 
ments using rotating goniometers have 
shown that some whistlers arrive from an 
apparently small angular source, thereby al- 
lowing the null technique to be used in deter- 
mining the direction of arrival. The use of 
the sound spectrograph in detecting and 
measuring the null pattern is shown on 
sample records. The possible explanations 
for the absence of nulls for some whistlers 
are discussed, together with the types of 
error to be expected. 

The E-¢ Azimuthal Detection System for 
Transient Signals—G. Hefley, R. F. Lin- 
field and T. L. Davis, National Bureau of 
Standards, Boulder, Colo.—A new system for 
direction-finding on transient signals such as 
sferics in the VLF portion of the spectrum 
has been developed and tested at the Na- 
tional Bureau of Standards, Boulder Lab- 
oratories. The scheme has been designated 
E-¢ (Ephi) because the bearing of the tran- 
sient signal is determined from the relative 
phase (¢) of the vertical electrical field (E) 
received at spaced antennas. The basic 
scheme minimizes siting and polarization 
errors. 

The system is particularly suited to sferic 
studies. Individual sferics whose field 
strength is as low as 1 to 10 mv/m can be 
resolved. Direction of arrival of all signals 
can be indicated. Those from specified azi- 
muths can also be selected for recording and 
further analysis. 

A minimum of three antennas must be 
used to resolve directional ambiguity. The 
antennas are closely spaced, preferably in 
the range of $ to #5 wavelength. The relative 
time of arrival or phase of a signal at the 
antennas depends on the geometric configu- 
ration of the antennas and the direction of 
the signal source. In general, the optimum 
configuration for three antennas is an equi- 
lateral triangle. In this case, the sides of the 
triangle define the baselines of three hyper- 
bolic grids with mutual azimuthal spacing 
onZ0>: 

By the appropriate use of phase detectors, 
delay lines, coincidence circuits and gates, 
the signals received in preset sectors generate 
a directional code. This code is ideally 
suited for subsequent logical circuitry de- 
signed to select specific data. Selection tech- 
niques involving the intrinsic characteristics 
of the signal can be conveniently incorpo- 
rated in this scheme. Within practical in- 
strumentation limits any number of sectors 
of variable widths can be operated simul- 
taneously and each can be conveniently 
rotated about the azimuth circle. 

An experimental, tri-antenna system was 
constructed and tested to demonstrate the 
feasibility of the basic principle. Sector 
widths of 6° were achieved with two-mile 
baselines. With four-mile baselines and some 
refinement in instrumentation, it is expected 
that 1° sectors can be obtained. Installation 
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of such a system is now in progress near 
Boulder. : 

Quasi-Static Electric Field Studies of 
Thunderstorms—H. L. Jones, F. J. Bou- 
dreaux, and W. D. Woodruff, Oklahoma 
State University, Stillwater, Okla.—During 
the severe storm season of 1959, studies were 
made of the quasi-static electric fields of 
thunderstorms as these structures passed in 
the vicinity of the Atmospherics Laboratory. 
Recordings were made of both the rapid and 
the slow variations of the electric field and 
these variations were correlated with the 
wave-forms and the 10-kc and 150-ke direc- 
tional pulses. 

These studies were made in order to ob- 
tain a better understanding of the rapid field 
variations peculiar to cloud-to-cloud, cloud- 
to-ground, and intracloud discharges. It is 
believed that the techniques developed this 
year will lead to additional information on 
the tornado oscillator that is peculiar to 
thunderstorm structures during the tornado 
and pretornado stages of development. Un- 
fortunately, there were no tornado oscil- 
lators in the vicinity of the Atmospherics 
Laboratory during the severe storm season 
of 1959. 

Sferic Measurements at Three Arctic 
Stations—September, 1958 through March, 
1959*—A. L. Whitson, Radio and Weather 
Sciences Lab., Stanford Res. Inst., Menlo 
Park, Calif,.— From September, 1958 
through March, 1959, SRI operated a three- 
station sferic net at Fairbanks, Alaska; 
Thule, Greenland; and St. Johns, New- 
foundland. Three forms of data were col- 
lected: 1) broadband, 3- to 30-kc sferic wave- 
forms and instantaneous direction of arrival 
were recorded on 35-mm film; 2) omni- 
directional sferic rates exceeding fixed field 
strengths in quarter GMT days were re- 
corded on mechanical counters; and 3) rms 
noise level in a 100-cycle bandwidth from a 
12- to 30-kce slow-scanning receiver was re- 
corded on a strip chart. These data have 
been processed to obtain monthly and di- 
urnal variations of sferic rates, distributions 
of amplitude, and direction of arrival and 
rms atmospheric noise level from 12 to 
30 ke. 

Typical examples of the above data 
representing sferic activity in the entire 
northern hemisphere will be presented. Cor- 
relation of data collected at the three sta- 
tions will be discussed to show the variations 
in received sferic activity as a function of 
measurement location. 


_* This work was sponsored by the USAF Cam- 
bridge Res. Center on Contract AF 19(604)-2409, 


A Frequency Domain Theory of Para- 
metric Amplification—B. J. Leon, Hughes 
Res. Labs., Culver City, Calif—A linear 
parametric amplifier consists of one or more 
periodically time-variant reactances im- 
bedded in a linear, passive , time-invariant 
network. In this report, a general analysis 
for lumped parameter parametric amplifiers 
is presented. For these circuits, the fre- 
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quency domain equations, which define the 
voltages and currents as functions of com- 
plex frequency, are linear difference equa- 
tions with rational coefficients. By taking a 
function theoretical approach to these equa- 
tions, we see that the voltages and currents 
are well defined and can be computed 
exactly in the entire complex plane. Thus, 
these networks can be analyzed without the 
a priori assumption that the voltages and 
currents are nonzero at only two or three 
frequencies. 

The case of one sinusoidally varying ca- 
pacitance in an arbitrary time-invariant net- 
work is discussed in detail. From the proper- 
ties of the exact solutions to the difference 
equation we are able to prove the following. 

1) A sufficient condition for gain is the 
presence of a resonant circuit at the idler 
frequency. A circuit with a passive admit- 
tance zero at the idler frequency will have a 
negative over-all input resistance at signal 
frequency, regardless of the passive circuit 
admittance at the signal frequency. 

2) For high frequencies, the response 
goes as e “*, where » depends only on the 
percent variation in the variable parameter. 

Further Theory of Group Codes— 
D. Slepian, Bell Telephone Labs., Inc., 
Murray Hill, N. J—This paper presents a 
variety of results concerning group codes. 
An equivalence relation for codes is dis- 
cussed. A natural dual for a code and a 
natural sum and product for two codes is 
defined. An arithmetic of equivalence classes 
is then developed. Irreducible codes are de- 
fined and it is proved that up to equivalence 
any code can be written in a unique way as 
a sum of irreducible codes. It is shown that 
the search for best codes can be limited to 
irreducible codes. Enumeration formulas for 
the various types of codes are given. As- 
sorted theorems concerning error probabili- 
ties are presented. 

A General Method of Constructing Loss- 
less Error-Correction Codes for a Nonprime 
Base—R. T. Chien, JBM Res. Lab., York- 
town Heights, N. Y.—This paper describes 
a general method of constructing lossless 
error-correcting codes when the base-is some 
power of a prime number (p"). Such codes 
have been considered by Golay* and Cocke. ¢ 
Cocke’s method is limited in practical value 
due to the fact that all the arithmetic opera- 
tions have to be performed in the Galois 
Fields of p*. Realization of circuits for such 
operations are inevitably more complicated. 
Golay has tried to use modulo p arithmetic. 
However, his results are obtained with trial 
and error for a number of special cases only. 

This paper presents a complete solution 
that is simple and practical. Modulo p arith- 
metic is used so that realization of encoding 
and decoding networks is straightforward. 
All codes are generated from a master itera- 
tion matrix in a simple manner, and the 
general master iteration matrix is written in 


*M. J. E. Golay, “Notes on the penny-weighing 
problem, lossless symbol coding with nonprimes, etc.,” 
IRE Trans. oN INFORMATION THEORY, vol. IT-4, 
pp. 103-109; September, 1958. 
ave, Nos Pane Bas, ene with non- 
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a 
closed form for all cases. A rigorous proof is” 


also given utilizing the theory of finite fields. - 
A Generalization of the Sampling Theo-— 


rem*—D. A. Lindenf and N. M. Abramson, © 


Stanford Electronics Lab., Stanford, Calif.— 
The sampling theorem for bandlimited func- 


tions allows one to reconstruct exactly a 


function containing no frequencies higher — 


than W cycles per second, given the values ; 
of the function at equispaced sampling ~ 


points 3W seconds apart. This theorem is— 


generalized to allow reconstruction, given 


the values of the function and its first R de-_ 


rivatives at equispaced sampling points, 
(R+1)/2W seconds apart. For large R, the 


R-derivative expansion approaches’a Tay- 


lor’s series weighted by a Gaussian density 
about each sample point. 


* The work described in this paper was supported — 


by the ONR, under Contract Nonr 225(44), NR 

375 865, and by the National Science Foundation, 

under NSF Fellowship No. 28215. . 
{ National Science Foundation Fellow. 


The Complex Zeros of Bandlimited 


Gaussian Noise—B. F. Logan, Bell Tele- 


phone Labs., Murray Hill, N. J.—A real 
sample function n(t) of filtered Gaussian 
noise, bandlimited to (— W, W), with proba- 
bility 1 admits of an analytic continuation 


n(r), r=t+2é, which is regular for all finite — 


7; 1.e., n(r) is, with probability 1, an entire 
function. It is the complex zeros of n(r) 


which account for the ripples of n(t) ob-— 


served between zero crossings. In this paper, 
complex variable methods are used to deter- 


mine the probability of zero of m(r) occurring — 


in the elements of area didt. The expected 
rate v() of zeros of m(r) occurring in the 
strip |Im (r)| >£is obtained by determining 


the statistical average of a contour integral. 


The limit of »(€) as £0 gives the expected 


rate of zero crossings of m(t) and is in agree- — 


ment with Rice’s well-known result obtained 
by real variable methods. As £0, 


v(~)2W, which is in accord with the — 


theory of entire functions of exponential 
type 2rW. The rate »(é) and density 7r’(é) 
are calculated for Gaussian noise having a 
rectangular-shaped spectrum. Of primary 
interest is the density function, which has 


the appearance of a pulse with an effective — 


duration inversely proportional to the band- 


width of the spectrum and a rise time in- _ 
versely proportional to the center frequency — 


of the spectrum. 


Intercomparison of Microwave Bolome- — 


ter Mounts—G. F. Engen, National Bureau 
of Standards, Boulder, Colo.—Given a bo- 


lometer mount whose parameters have been ~ 


determined in some manner such that it may 
be regarded as a standard of power measure- 


ment, the problem of transferring this cali- — 
bration to other bolometer mounts is closely — 


related in practical importance to that of 


obtaining the original calibration. A prime — 


consideration in this transfer of calibration 


procedure is the necessity of properly ac- t 


counting for the functional dependence of 
the resultant calibration upon the impedance 
(or. reflection coefficient) of the bolometer 
mount being calibrated. 


Recent developments in reflectometer _ 


aN 
1960 — 


techniques* form the basis for a transfer 
standard which, when properly adjusted and 
calibrated, permits a direct determination 
of the incident and reflected powers for any 
termination, thus effecting a simplification 
in the calibration procedure. 


* G, F. Engen and R. W. Beatty, “Microwave re- 


flectometer techniques,” IRE TRANS. ON MICROWAVE 


THEORY AND TECHNIQUES, vol. MTT-7, pp. 351-355: 
July, 1959. sg a 


As a special report to Commission I, the 
results of several international intercom- 
parisons of bolometer mounts will be briefly 


reviewed. 


Mismatch Errors in Cascade-Connected 


Variable Attenuators—G. E. Shafer and 
_A. Y. Rumfelt, National Bureau of Stand- 


ards, Boulder, Colo—The treatment of mis- 


_match errors is extended to cover variable 


\) 


attenuators cascade-connected in a system 
which is not free from reflections. The 
method of analysis is applicable to any 
number of cascaded attenuators, but only 


the analysis of two and three variable at- 


‘ 


tenuators in cascade is presented. Graphs are 
‘given to aid in estimating the limits of 
mismatch error. 

Inan example, which is considered repre- 
sentative of rigid rectangular waveguide sys- 
tems, the limits of error are: for two attenua- 
tors in cascade, 0.19 db in a 3-db measure- 
ment, and 0.17 db in a 40-db measurement; 
and for three attenuators in cascade, 0.25 db 
in a 40-db measurement, and 0.23 db ina 
75-db measurement. 

Atmospheric Turbulence as a Factor in 
Microwave Standard Frequency Broadcast 
Systems—M. C. Thompson, Jr., H. B. 


Janes, and A. W. Kirkpatrick, National 


Bureau of Standards, Boulder, Colo.—Under 


certain circumstances, there may be numer- 
ous advantages of using VHF, UHF, or 


microwave systems for providing standard 


frequencies transmission services. Whereas 
_with the HF distribution systems the limita- 
tion of accuracy of the signals as received is 
set by the behavior of the ionosphere, in the 
higher frequency systems the corresponding 
_ limit is imposed by atmsospheric turbulence. 
_ Variations in radio refractive index resulting 


© 


from this turbulence produce variations in 
transit time over any given path and cor- 
responding phase/frequency modulation on 


the signal as received. Several series of 
"measurements have been conducted to eval- 
uate the nature of these effects. Data have 


been obtained from paths in Colorado and 
the island of Maui, Hawaii, also using dif- 
ferent path lengths, antenna sizes, fre- 


quencies and polarizations. The results are 


presented in terms of the power density 
spectra of the frequency modulation ob- 


served. ~ 


The effects of weather conditions where 


observed are illustrated and discussed as well 


‘as some general practical considerations in- 


fluencing choice of operating frequencies for 
such systems. 


‘Hubbard and J. V. Cateora, 


An X-Band Intensity Recording Receiver 
with Extremely Narrow Bandwidth—R. W. 
National 


Bureau of Standards, Boulder, Colo.—This 
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‘paper describes a specialized field intensity 


recording receiver for operation of the X- 
band portion of the radio spectrum. It has 
been designed and developed at the Central 
Radio Propagation Laboratory, National 
Bureau of Standards, Boulder, Colo., to aug- 
ment the program of basic research into 
radio propagation through the lower at- 
mosphere. 

A design criterion of extremely narrow 
bandwidth was established and fulfilled in 
the development of this receiver to provide 
a maximum of signal-to-noise ratio. Crystal 
filters and a double heterodyne technique 
are employed to provide an over-all band- 
width of 51077 per cent, or 50 cps at the 
6-db points. This requires extreme stability 
of the first local oscillator klystron frequency 
which is achieved in a unique manner and 
described in the paper. 

Another unique feature of the receiver is 
the means by which the recorded spectrum 
has been divided within the receiver, pro- 
viding essentially a constant signal-to-noise 
ratio over the long-term variations in re- 
ceived signal. This technique lends itself 
nicely to expanded scale recordings of the 
fast fluctuations. 

The design has utilized gain-stable tech- 
niques throughout, and automatic monitor- 
ing circuits and plug-in modular construc- 
tion. These features, together with an auto- 
matic self-calibrating feature, render the re- 
ceiver nearly ideal for remote unattended 
operation. 

A Radio-Frequency Voltage Standard 
for Receiver Calibration in the Frequency 
Range of From 2 to 1000 mc*—G. U. 
Sorger, A. L. Hedrich, and B. O. Weinschel, 
Weinschel Engineering, Kensington, Md.— 
An accurate and convenient method of pro- 
ducing very small voltages is that employed 
in the common dc potentiometer where a 
voltage in the order of one volt is produced 
toa high accuracy, and then smaller voltages 
produced by relying on a precise voltage 
divider. 

A scheme quite analogous to this is de- 
scribed wherein a thermistor through-mount 
and a precise power bridge serve to establish 
a voltage level of either 1.0 or 0.1 volt across 
a coaxial line. Precise L-pad voltage dividers 
having division ratios of 10:1, 100:1, 1000:1 
and 10,000:1 are used to reduce the input 
voltage, in decade steps, down to 10 pv. 

The thermistor through-mount estab- 
lishes the 1.0 or 0.1 volt level to an accuracy 
of +2 per cent. 

The four L-pad voltage dividers each 
have input impedances of 50 ohms and show 
an input VSWR not greater than 1.02 up to 
1000 mc when terminated in 50 ohms, while 
the output impedance is very small, thus 
essentially producing a constant voltage 
source. They are calibrated for voltage divi- 
sion to the following accuracies: 


10:1 pad—0.6 per cent 
100:1 pad—t.2 per cent 
1000:1 pad—1.8 per cent 
10,000:1 pad—2.3 per cent. 


* This work was done under Contract DA 36-039 
SC64431 with the Signal Corps Engineering Labs. 
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Combining all systems errors, the maxi- 
mum probable error occurs at 10 wv and 1000 
mc and is about 3 per cent. Since the output 
plane of the voltage divider is only 9 mm 
away from the output resistor (about 0.03 
wavelength at 1000 mc), the output voltage 
change with RF frequency for different load 
impedances is negligible. 

An Improved Microwave VSWR Meas- 
urement System for Coaxial Systems Using 
Type N Connectors—R. W. Beatty and 
W: J. Anson, National Bureau of Standards, 
Boulder, Colo.—The accuracy of microwave 
VSWR measurements in coaxial systems 
using type N connectors is limited by a 
number of factors such as the residual 
VSWR of the measuring system and vari- 
ance in mechanical dimensions and con- 
struction of the connectors. 

An improvement in accuracy may be ob- 
tained by standardizing the coaxial line and 
connector of the measuring system and the 
location of a terminal surface in the coaxial 
line at which the VSWR is to be determined. 
Further improvement in accuracy is ob- 
tained by minimizing discontinuities be- 
tween this coaxial line and the type N con- 
nector, and by employing a modified re- 
flectometer technique with an appropriate 
impedance standard. 

Radar Investigation of Field-Aligned 
Ionization Irregularities Located Within the 
Ionosphere at the Magnetic Equator—R. D. 
Egan, Radio Propagation Lab., Stanford 
University, Stanford, Calif—As a part of 
the International Geophysical Year pro- 
gram in ionospheric physics, a_ three- 
frequency, swept-azimuth backscatter 
sounder was installed at Huancayo, Peru, in 
cooperation with the Institute Geofisico de 
Huancayo. During the routine operation of 
the sounder, a new type of echo was observed* 
during the local daytime hours on over 90 
per cent of the days. The basic Booker f 
theory for scattering from nonisotropic, 
field-aligned irregularities, with suitable 
modifications for the equatorial geometry, 
has been used to show that these observed 
echoes are, in fact, produced by the presence 
of field-aligned ionization irregularities with- 
in the E- and F-regions of the ionosphere. 

By means of the pulse observations, it 
has been possible to determine the size and 
extent of the scattering region. The E- 
region echoes are observed to begin at heights 
near 100 km and normally extend to about 
150 km, but at times they extend up into the 
F-region at 200 km or more. The F-region 
echoes have not been observed as frequently, 
but appear to originate at heights near 300 
to 350 km around local noon. 

Observations of the strength of the echo 
have made it possible to estimate the mag- 
nitude of the mean square fractional devia- 


tion of the electron density (A N/ N)?as be- 
tween 10-3 and 10~. This oblique incidence 
echo is apparently closely related to the 
equatorial electrojet and is probably an 


* A, M. Peterson, R. D. Egan, and D, S. Pratt, 
“The IGY three-frequency backscatter sounder,” 
Proc. IRE, vol. 47, pp. 300-314; February, 1959. 

+ H. G. Booker, “A theory of scattering by noniso- 
tropic irregularities with application to radar reflec- 
tions from the aurora,” J. Atmos. Terr. Phys., vol. 8, 
p. 204; 1956, 
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oblique incidence manifestation of the 
“Huancayo Es,” as is seen on the vertical 
incidence ionosphere sounder. 

Auroral-Like Radar Echoes Observed 
from 17° Latitude*—R. B. Dyce, L. T. 
Dolphin, R. L. Leadabrand and R. A. Long, 
Stanford Res. Inst., Menlo Park, Calii— 
Anomalous echoes are regularly observed by 
a ship-borne radar located at Antigua, in the 
British West Indies. These echoes, observed 
at 32 and 140 mc, have many of the charac- 
teristics of echoes from aurora observed in 
the arctic, although visible aurora should not 
be observable at Antigua more frequently 
than once in seven years. Similar observa- 
tions at Stanford University indicate a cor- 
relation with one kind of sporadic-E 
ionization. 


* This work is supported by the USAF Cambridge 
Res. Center under Contract AF 19(604)-5209. 


Peculiarities of the Ionosphere in the 
Far East—a Report on IGY Observations of 
Sporadic E- and F-Region Scatter—E. K. 
’ Smith, Jr. and J. W. Finney, National 
Bureau of Standards, Boulder, Colo.—This 
paper considers the results for the period 
October 1, 1957-October 1, 1958 from the 
IGY “VHF Oblique-Incidence Sporadic-# 
Measurements” program which operated 
circuits at 50 mc in the Far East and the 
Caribbean. Sporadic E is found to be three 
to five times more frequent in the Far East 
than in the Caribbean for reflection coef- 
ficients of —20 to —80 db relative to inverse 
distance. Negligible dependence of magnetic 
activity is observed in either area; however, 
diurnal and seasonal variations are more reg- 
ular in the Far East. It is suggested that this 
longitudinal difference may be due to the 
influence of the East-Asiatic Monsoon, per- 
haps through the mechanism proposed by 
Martyn.* 

A peculiar evening signal enhancement, 
referred to as the “evening signal anomaly,” 
appeared quite regularly in the Far East, 
and pulse delay measurements indicate the 
probable source of the reflection to be F- 
region. The corresponding effect in the 
Caribbean is about 100 times less frequent 
if it exists at all. The ”F (layer tilt) reflection 
mechanism proposed by workers at Stan- 
ford{ does not appear too promising in this 
case, due to the pulse broadening of the 
order of 1 msec which is normally en- 
countered in the evening signal anomaly. 
A mechanism, which would explain the 
structure of the observed signal, involves re- 
flection from field-aligned ionization similar 
to the mechanism invoked to explain the 
“low-latitude auroral echoes” observed at 
Stanford.! 


ier D. F. Martyn, Nature, vol. 183, p. 1382; May 16, 

t Villard, Stein, and Veh, J. Geophys. Res., vol 
PERSONEdy) Seorember 14087. 
1 Peterson, Villard, Leadabrand, and Gallagher, 
J. Geophys. Res., vol. 60, p. 497; 1955. 


Night-Time Equatorial Propagation at 
50 mc—First Results from an IGY Amateur 
Observing Program*—M. P. Southworth, 
Radio Propagation Lab., Stanford Univer- 


_* This work was sponsored at the USAF Cam- 
bridge Res. Center. 
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sity, Stanford, Calif—During IGY, the 
American Radio Relay League collected logs 
of VHF ionospheric propagation from radio 
amateurs, evaluated these reports, and 
transcribed them onto punched cards, Anal- 
ysis relating to 50-mc equatorial work, be- 
gun this summer at Stanford, has revealed 
three apparent, and apparently related, 
modes of nocturnal low-latitude propaga- 
tion. These are: 1) long-range transequa- 
torial, as first noticed by amateurs in 1957; 
2) medium-range, between stations working 
mode 1) and those near the magnetic equa- 
tor itself; and 3) short-range, over typical 
sporadic-E distances and perhaps the same 
as the anomaly reported by Bateman, ef al., f 
in the Far East. Wherever they appear, 
these modes are extremely consistent during 
certain months, and evening propagation of 
frequencies up to 1.5 times the daylight 
MUF is not uncommon. The IGY discovery 
by amateurs that such phenomena are not 
confined to the Americas has also disclosed a 
variation in seasonal behavior at different 
meridians. Pronounced negative correlation 
with magnetic activity is a worldwide fea- 
ture, however, which helps imply a direct 
relation to equatorial spread F. Quantitative 
professional data at the frequencies of inter- 
est are rather rare, but comparisons with 
Duefio’s 40-mc backscatter soundings made 
at the University of Puerto Rico have been 
helpful. 


+ Bateman, Finney, Smith, Tveten, and Watts, 
“TGV observations of F-layer scatter in the Far 
East,” J. Geophys. Res. vol. 64, pp. 403-405; April, 
1959. 


The Equatorial Ionosphere and the Elec- 
trojet*—S. Matsushita, High Observatory of 
the University of Colorado, Boulder, Colo.— 
The electrojet in the magnetic equatorial 
region was first studied using the IGY geo- 
magnetic data obtained at Huancayo, Koror, 
and Jarvis Island. Day-to-day changes and 
a seasonal variation of the electrojet were 
estimated. Also, an explanation of double 
electrojet layers was provided. Then effects 
of the electrojet, of changes of the lunar 
phase, and of geomagnetic disturbances on 
g-type E,, F2, and F-scattering at Huancayo 
were investigated. One finding of this study 
was that the electron profiles of the F-layer 
reached a higher density in the early morn- 
ings of disturbed days than they did at the 
same time on quiet days. 

* The research reported in this paper has been 
sponsored by the Geophysics Res. Directorate of the 


USAF Cambridge Res. Center, Air Res. and Dey. 
Command, under Contract AF 19(604)-2053. 


Peculiarities and Seasonal Variations 
of TE Backscatter Echoes Observed at 
Mayaguez, Puerto Rico—B. Duefo, Dept. 
of Electrical Engineering, University of 
Puerto Rico, Mayaguez, P. R.—A back- 
scatter experiment on 21.6 mc and 40.68 mc 
has now been in progress for approximately 
two years at the University of Puerto Rico 
at Mayaguez. Examination of the data has 
revealed several interesting anomalies which 
seem to bear relation to the peculiar mor- 
phology of the equatorial ionosphere. 
Among these anomalies, the most strik- 
ing one is the occurrence of long-range trans- 
equatorial echoes. These have been previ- 


ously reported by Villard, Stein, and Yeh 


7 
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(1957). The Villard, Stein, and Yeh experi- 7 
ment was performed in the Virgin Islands — 


during August and September, 1956. 

In the present experiment, the period of 
observation covers a much longer span of 
time. As a result of this extended observa- 
tion time, it has been found that these long- 
range transequatorial echoes exhibit a well- 
defined seasonal variation when examined at 
the 40.68-mc frequency. At the lower fre- 
quency of 21.6 mc, the long-range echoes 
occur practically every day through the year 


without any evident seasonal variation in — 


their intensity. On the other hand, during 
the summer months their average range 
tends to decrease by approximately 1000 km. 

A strong tendency for the transequatorial 
echo at 40.68 mc to be followed after or 
during subsidence by a southerly echo at 
half-range has been observed. The corre- 
sponding effect on the 21.6-mc scans seems 
to be a southerly gap in the normal Fe 
echoes during the times of transequatorial 
long-range echoes. Normally, the gap fills in 
during or after the time the long-range echo 
disappears. These observations do seem to 
confirm the theory for the formation of 
long-range transequatorial echoes put forth 
in the paper by Villard, Stein, and Yeh 
(1957). 

Atmospherics and the Propagation of 
Radio Waves of Frequencies Less than 1 kc 
—E. T. Pierce, A VCO Res. and Advanced 
Dev. Div., Wilmington, Mass—The sim- 
plified mode theory of propagation in a wave- 
guide, formed by the earth and a concentric 
ionosphere of constant height, is applied to 
the experimental observations of Chapman 
and Macario, for the frequency range be- 
tween 100 cps and 1000 cps. The experi- 
mental data discussed were obtained from 
observations of atmospherics originating at 
different distances. It is demonstrated that 
the discrepancies between the simple theory 
and the night-time experimental results may 


be removed by a modification that postu- — 


lates an effective increase in the ionospheric 
height at the frequency decreases. The modi- 
fication that is introduced is consistent with 
existing information on ionospheric parame- 
ters such as electron density and electron 
collisional frequency. It is also shown that 
the modified theory is not necessarily incom- 
patible with the experimental results for day. 

Effect of Earth Curvature and Iono- 
spheric Anisotropy on the VLF Modes (For 
Both Vertical and Horizontal Dipole Ex- 
citation)—J. R. Wait and K. Spies, National 
Bureau of Standards, Boulder, Colo.—After 
giving a brief review of prior work , some re- 
cent theoretical developments are described. 
An attempt has been made to remove many 


of the earlier restrictions. Some of the factors ~ 
considered are: 1) influence of ground con- — 


ductivity; 2) effect of earth curvature; 3) 
stratification at the lower edge of the iono- 
sphere; and 4) influence of the earth’s mag- 
netic field. Particular attention is paid to the 


behavior of the reflection coefficients for ~ 


highly oblique incidence, since these are the 
ones which are important for calculating the 
dominant modes. It is indicated that for a 
sharply-bounded ionosphere, the earth’s 


magnetic field does modify the attenuation — 


and phase characteristics of the dominant 


modes. Furthermore, there is a coupling be- © 


1960 


tween the TE- and the TM-mode types be- 
cause of the anisotropy of the reflecting layer. 
It is seen that the full solution including 
earth curvature effects may be adequately 
treated by perturbation methods starting 


-with a simple flat-earth model with isotropic 


_ boundaries. 


_ Priedigkeit, 
- Lab., Stanford Res. Inst., Menlo Park, Calif. 


In addition to the usual assumption of a 
vertical dipole source, the treatment for a 
horizontal electric dipole is also considered, 
since the horizontal component of the radi- 
ating currents in lightning discharges and 
certain VLF antennas can be large. It is 
shown that there are both TE- and TM-type 
modes excited by a horizontal dipole, even 


__ when the ionospheric reflection is effectively 


isotropic. 

VLF Phase Characteristics Deduced 
from Atmospheric Waveforms—A. G. Jean, 
W. L. Taylor, and J. R. Wait, National 


_ Bureau of Standards, Boulder, Colo.—The 


waveforms of the electric field of atmos- 
pherics recorded at four widely-separated 
stations are analyzed to yield the phase 


' characteristics of radio waves at very low 


frequencies. It is indicated that the relative 
phase velocity for propagation to great dis- 
tances is about three per cent greater than c 
(velocity of light ina vacuum) at 4 kc. Above 
this frequency, it gradually decreases, being 
about one per cent greater than c at 8 kc. 
The form of the dispersion curve is very close 
to that predicted by the mode theory. 
Comparison of Sferics Propagated along 
the Fairbanks-Thule Great Circle*—J. H. 
Radio and Weather Sciences 


—More than 50 sferics have been identified 


as having originated on the great circle 


passing through the SRI Sferics Measuring 
Stations located at Fairbanks, Alaska, and 
Thule, Greenland. These sferics have been 
simultaneously recorded at both sferic sta- 
tions. with equipment that has a bandwidth 
of 3 to 30 kc. Spectrum analysis of these 
waveforms makes it possible to speculate on 


the relative attenuation of the various fre- 


quency components for a specific arctic 
propagation path. Comparison between 
sferic waveforms whose sources are in 
Europe or in the South Pacific make it possi- 


_ ble to investigate reciprocal path propa- 


} 


gation. 


* This work was sponsored by the USAF Cam- 
bridge Res. Center on Contract AF 19(604)-2409. 


Waveforms Consisting of Unusually 


Long Trains of Oscillations—C. J. Chilton, 
National Bureau of Standards, Boulder, 


Colo.—Waveforms consisting of unusually 
long trains of oscillations have been tran- 
scribed from magnetic tape recordings made 
by the Automatic Whistler Recorders of the 


IGY Whistlers-West Program. These wave- 


forms are characterized by a VLF head 
having a spectral peak in the 5-15-kc region 
and a duration of 1 to 2 msec. Following the 
head, unusually long trains of oscillations 
are frequently seen attaining durations of 


- 40 msec or more and consisting of 100 or 


more individual cycles. This long train is 
characterized by build-up and decay times 


of a few milliseconds and a decrease in fre- 


quency content with increasing time ap- 
proaching a frequency of approximately 2 
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kc. The character of these atmospherics is 
reminiscent of unusually long tweeks or un- 
usually short whistlers; however, difficulties 
arise in ‘attempting to characterize them. 
They are rare, which suggests the possibility 
of being associated with a unique discharge 
and/or propagation mechanism. 

Mid-Field Forward Scattering—C. I. 
Beard and V. Twersky, Sylvania Electronic 
Defense Lab., Mountain View, Calif.—Ex- 
perimental and theoretical results are given 
for forward scattering by spheres with radii 
large compared to wavelength, and with 
index of refraction ” near unity. Both the 
intensity and phase of the scattered field 
(relative to that incident) are measured and 
computed (for several spheres and several 
sets of horns) as functions of the separations 
of transmitter and receiver from the scat- 
terer. The scattering function of primary 
interest is that which reduces to the usual 
scattering amplitude in the limit of trans- 
mitter and receiver essentially at infinity— 
say, the function F such that Ff, where f 
is defined for plane wave excitation through 
the scattered far-field form (f/R)e*®-i + 
k=2I1/X. Except for the near vicinity of the 
scatterer, it is shown that F—f linearly as 
the “quadratic phase error” 


oo ka? ( 1 7) Rb> ke? 
He NIE os R 29 4T 3 4R 
vanishes; here J and R are the distances of 
transmitter and receiver from the scatterer, 
and a, 6, and ¢ are the radii of the scatterer, 
transmitter, and receiver horns respectively; 
A depends only on (n—1)ka. In the “mid- 
field region” (where the sphericity of the 
wave fronts as indicated by Q is significant), 
we find that the magnitude of the corrections 
introduced in F is of the order of Im f, and 
Im f itself is an order of magnitude smaller 
than Re f: consequently, although the finite 
geometry has only a second-order effect on 
the intensity F?, it has a first-order effect 
on the forward scattered phase arc tan 
[Im F/Re F)]. Note, however, that the 
usual forward scattering theorem states that 
Im f is directly proportional to the total 
scattering cross section; thus the sphericiy 
has a first-order effect on the intensity inte- 
grated over all angles. Hence it is significant 
that Im F (as well as the associated phase) 
may be twice Im f even in regions where the 
usual “far-field criterion” (which ignores a) 

is satisfied. 

An experimental extrapolation procedure 
has been developed to obtain f by measuring 
F for several values of T and R in the usual 
laboratory geometry. 

An Accurate Boundary Condition to Re- 
place Dielectric Media*—J. Kane and 
S. Karp, Institute of Math. Sciences, Div. of 
Electromagnetic Res., New York University, 
N. Y.—Most problems involving dielectrics 
cannot be solved exactly, e.g., diffraction by 
a dielectric wedge. It is the purpose of this 
report to describe a technique by which a 
dielectric medium can be accurately replaced 
by an approximate boundary condition at 
its surface. It is proved that (for a dielectric 


* The research in this report was sponsored in 
part by the AF Cambridge Res. Ctr., Air Res. and 
Dev. Command, under Contract No. AF19(604)-5238, 
and in part by the American Petroleum Institute. 
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half space) such a replacement leads to a 
small maximum percentage error over the 
entire far field of an arbitrarily placed line 
source. For example, we can tabulate the 
maximum percentage error for transverse 
electric excitation as 


index of 
refraction percentage D2 ea Oe eS) e270 
maximum percentage 4.5 1.1 0.4 0.2 0.1 _— 


error in far field 


The percentage error becomes very large 
for »~1, because for n=1 there is no reflec- 
tion at the interface; however, the absolute 
error remains small and bounded. 

Applications of this approximation to 
unsolvable problems are discussed: in par- 
ticular, propagation of radiation in a duct 
bored through layered media. 

Recent Studies of “Surface Waves” on 
Curved Boundaries—J. R. Wait, National 
Bureau of Standards, Boulder, Colo.—It is 
well known that a flat reactive surface will 
support a wave which propagates along the 
interface with virtually no radiation. At the 
risk of oversimplification, this wave will be 
called a surface wave, if for TM waves the 
surface is purely inductive and if for TE 
waves the surface is purely capacitive. The 
effect of curing the boundary is now con- 
sidered in some detail. The models chosen 
are circular and elliptic cylinders and 
spheres whose surfaces are reactive. It is 
shown that for large radii of curvature, the 
field existing near the structure is a quasi- 
surface wave and bears a close resemblance 
to that on a flat surface since the energy still 
“clings” to the surface. For smaller radii of 
curvature, radiation from the structure may 
be large if the surface reactance is less than 
a certain value. In this case, it becomes 
hardly appropriate to describe the field as 
any kind of surface wave since there is copi- 
ous leakage of energy from the structure. 

In the case of small radii of curvature 
where the surface reactance is greater than a 
certain value, very strong resonance effects 
may occur. In the case of a corrugated 
sphere, it is possible to resonate the sphere 
in a single mode with electric dipole excita- 
tion if the surface reactance is chosen in a 
certain way. Such resonances have been 
studied recently by Cullen for corrugated 
cylinders (Toronto URSI Symposium, June, 
1959). 

A Solution to the Equiangular Spiral An- 
tenna Problem*—B. R. Cheo, V. H. Rum- 
sey, and W. J. Welch, Electronics Res. Lab., 
Dept. of Electrical Engineering, University 
cf California, Berkeley, Calif—tIn order to 
simplify the boundary value problem and 
yet retain the essential features of the fre- 
quency independent modes, we consider an 
antenna consisting of an infinite number of 
coplanar equiangular spiral wires. By con- 
sidering solutions of Maxwell’s equations for 
which the electric field phasor equals a con- 
stant times the magnetic field phasor, we 
can express the solution in terms of a single 
scalar wave function. Since this antenna has 
an infinite number of input terminals, an 
infinite set of solutions is obtained corre- 
sponding to the various possible input excita- 
tions. The Fourier-Bessel transform of the 


* This research was sponsored by the U. S. Army 
Signal Corps under Contract DA-36-039-SC-78256. 
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wave function is a fairly simple function. 
From it, the pattern and other far-field pa- 
rameters can be calculated easily and ex- 
actly. The pattern goes to zero in the plane 
of the antenna, which is characteristic of 
any frequency independent mode, and shows 
that the current distribution must die out 
more rapidly than the radiation field. 

A New Wavequide for Millimeter Waves 
—G. Goubau and J. R. Christian, U. S. 
Army Signal Res. and Dev. Lab., Fort Mon- 
mouth, N. J.—A well-known problem in 
theoretical optics is to find a light source 
whose diffraction image has the same in- 
tensity distribution as the source. In the 
microwave range, where coherent sources 
are available, a similar but more stringent 
problem can be formulated, namely, find a 
source and the appropriate optical system 
which yields an image which coincides with 
the source not only intensity-wise, but also 
phase-wise. 

A study of this problem led to a new 
method for guiding millimeter waves. It is 
based on the fact that wavebeams of special 
cross-sectional field distributions can be 
maintained over large distances by resetting 
the phase distribution in the beam at period- 
ic intervals. An experimental model of such 
a transmission system has been built and in- 
vestigated. It consists of periodically-spaced 
lens-like phase correcting means, and launch- 
ing devices on both ends to develop and re- 
ceive a beam with the required cross-sec- 
tional field distribution. The experimental 
results obtained bear out the theory. Assum- 
ing reasonable dimensions, the theoretical 
loss of this “beam waveguide” compares to 
that of a TE-mode circular waveguide. 

Scattering of Electromagnetic Energy 
by an Acoustic Wave—E. D. Denman, 
R. W. Fetter, J. C. Gravitt, and B. L. Jones, 
Midwest Res. Inst., Kansas City, Mo.— 
Scattering of electromagnetic energy by an 
acoustic wave is enhanced, if a proper choice 
of the wavelength ratio is made. The pre- 
dictions of Tonning,* Norwood, ¢ and Eyges! 
are proven. In addition, the theoretical work 
of Brillouin? and Slater? on crystal studies 
have been applied to the electromagnetic- 
acoustic scattering problem. 

Using the Mathieu equation? as the 
starting point of the theoretical studies, the 
various scattering “modes” are investigated. 
These modes occur at the wavelength ratio 


where a is of integral values and the angle 
dependency arises from the use of separate 
antennas. With a single antenna, X-band 
energy is scattered by acoustic energy of ap- 
proximately 20 kc for the first mode. 


*A, Tonning, “Scattering of Electroma neti 
Waves by an Acoustic Disturbance in the Attbos: 
phere,” Norwegian Defense Research Establishment 
Rept. No. 18; January, 1957. : 

_, | V. Norwood, “Further Discussion of the Feasi- 
bility of Tracking Sound Waves by Electromagnetic 
Waves,” Evans Signal Lab., Signal Corps, Rept 
M1172. ; 

SIU, J. Eyges, “Proposal for Improving Tropo- 
spheric Propagation,” Lincoln Lab., M.1.T., Lexing- 
ton, Mass., Rept. No. 151. 

2L. Brillouin, “Wave Propagation in Periodic 
pumuerunes,/ Dover Publications, Inc., New York, 


“3 J . C, Slater, “Interaction of waves in crystals,” 
Rev. Mod. Phys., vol. 30, pp. 197-222; January, 1958. 
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Calculation of voltage reflection coef- 
ficients p for the various wavelengths indi- 
cates that maximum scattering occurs for 

=1; this value gives a ratio of P,/P:=10% 
for a 160-db sound wave. 

In addition to the verification of scatter- 
ing from the acoustic wave in accordance 
with the theoretical predictions, the effective 
bandwidth of the scattering agrees quite 
closely with that predicted by Tonning. 
This bandwidth is 


2Afa __0.442a 
fa sin (6/2)L 


where @ defines the scattering angle. Since 
L=n)a where L is the length of the wave- 
train, the scattering “mode” becomes quite 
narrow as , the number of waves in the 
wavetrain, is increased. 

Frequency Spectra of Transient EM 
Pulses in a Conducting Medium—W. L. 
Anderson and R. K. Moore, Electrical En- 
gineering Dept., University of New Mexico, 
Albuquerque, N. M.—vYhe energy density 
spectra of transient electromagnetic fields 
generated by a pulsed dipole source in an 
infinite conducting medium have been 
investigated for various distances from the 
source. At large distances, the frequency 
corresponding to the peak of the spectrum 
varies inversely as the square of the distance. 
This peak roughly defines a frequency wp», 
around which most of the pulse energy is 
centered. Thus, as the pulse is observed at 
various distances from the source, it appears 
that the attenuation factor corresponding 


tO Wp, 
1 / TL p 
OW) 4 = 7 fe 5 
2 


is independent of distance, due to the con- 
stancy of the product 71/,. From this point 
of view, the transient fields do not decrease 
exponentially as 7, but as inverse powers 
of 7. 

This should not be construed as meaning 
that the transient possesses an advantage 
over CW. The exponential attenuation fac- 
tor applies to the monochromatic compo- 
nents of the pulse just as to a continuous 
wave, and at large distances the energy put 
into the high-frequency components is 
wasted. 

The phenomenon is illustrated by calcu- 
lations that have been carried out for the 
case of pulses in sea water. 

Scatter Propagation at 915 mc over a 395- 
Mile Path—W. K. Klemperer, Cornell Aero- 
nautical Lab., Inc., Buffalo, N. Y.—The 
purpose of this note is to present the results 
of a detailed examination of the period of 
stationarity and the probability amplitude 
distribution for various record lengths of the 
signal received on a typical UHF scatter 
link. The period of stationarity can be esti- 
mated from data on the variability of the 
sample medians and from the after-effect 
function. The probability amplitude dis- 
tributions for the shorter records are oc- 
casionally Rayleigh, but the significance of 
fitting such a theoretical curve to the data is 
then limited by the smaller number of inde- 
pendent samples the records contain. The 
limits imposed by finite sampling are de- 
fined and the results applied to the observed 
distributions and various parameters there- 


of, such as the medians and fading ranges. A 
few contaminating effects (such as the pres- 
ence of aircraft in the antenna beams) lead- 
ing to peaks on the records are also dis- 
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cussed. The conclusion drawn is that the — 


statistics of the scattering process are not 
stationary for periods long enough to rule 
out one description (turbulence) as opposed 
to another (layers). 

Atmospherically-Perturbed Modes and 
X-Band Propagation over Optical Paths— 
T. J. Carroll, Bendix Radio, Baltimore, 
Md.—After the region of strong attenuation 
with distance in the vicinity of the horizon 
is passed, microwaves propagated into the 
twilight region somewhat beyond the hori- 
zon, in the absence of atmospheric ducts, 
become weak and randomly fading, but 
only slowly attenuated with distance. Mode 
theory interprets these fields at all distances 
as waves guided around the earth bulge by 
partial reflections in a tapered layer of air 
dielectric assumed to be terminated in free 
space at some convenient height below the 
ionosphere. So long as a rigidly static atmos- 
phere and coherence of the modes is as- 
sumed, the modes add up constructively to 
the classical lobe result within the horizon, 
and increasingly destructively to the classi- 
cal diffraction theory beyond. The twilight 
region sets in when inevitable phase and 
amplitude perturbations of the modes result- 
ing from propagation over long paths 
through the time-variable index of the lower 
atmosphere become great enough to prevent 
further mutual cancellation of the air 
guided modes. } 

Recent X-band observations within the 
optical range by the University of Texas and 
the British Navy have indicated frequent 
failure of the measured direct wave field to 
be equal to the free-space value, sometimes 
by more than 10 db. The detailed way in 
which the individual modes add up coher- 
ently to give the simple direct and reflected 
wave resultant of the lowest few lobes has 


been previously calculated for 10-cmwaves.* _ 


Relatively small but plausible phase per- 
turbations of these modal fields by the real 
atmosphere after propagation over path 
lengths of 10° or more wavelengths are a 
simple way of understanding the failure of 
X-band measured fields over long optical 
paths to equal the free-space value. These 
observations may be an experimental indi- 
cation of the onset of phase incoherence 
among modes within the horizon, even be- 
fore the twilight zone is reached. 


* T. J. Carroll and R. M. Ring, “Twilight Region 
Propagation of Short Radio Waves by Modes Con- 
tained in the Normal Air,” M.I.T. Lincoln Lab., 
yexaehan Mass., Tech. Rept. 190, chs. 7 and 8; 


On the Interpretation of Beam Sweep 
Profiles—D. E. Johansen, Hermes Elec- 
tronics Co., Cambridge, Mass.*—Experi- 
mental data recently published by A. T. 
Waterman, Jr.,{ provide “instantaneous” 
profiles of troposcatter signal strength as a 
function of orientation of a narrow beam re- 
ceiving antenna. The resulting patterns are 


* Now with Applied Res. Lab., Sylvani - 
tronic Systems, Waltham, Mass, scrape 
ip ae a Waterman, Jr., “The Mechanism of Trans- 
horizon Propagation: Layers vs Turbulence,” pre- 
aoted at URSI Meeting, Washington, D. C., May, 
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characterized by frequent strong and dis-. 


crete lobes having a half-power beamwidth 

about equal to the beamwidth of the experi- 

mental receiving antenna system. Such pat- 

terns have qualitatively been interpreted as 

evidence for a discrete ray (specular layer 
_feflection) theory of troposcatter propaga- 
_ tion. 

It is the purpose of this paper to show 
theoretically that a continuum of scatterers 
will also yield the qualitative features 
shown by the experimental patterns. A 
Monte Carlo approach is used. The mathe- 
matical model represents a reception from 

an extended source, equivalent to the limit- 
ing case of a continuous distribution of 
_ scatterers along a line. The signal emanating 
_ from each element on the line is assumed to 
-have a randomly varying amplitude and 
phase. An antenna receiving pattern is then 
_ assumed and statistics of the sweep profiles 
are derived. Using these statistics and a 
table of random deviates, a sequence of 
samples of the sweep profile are computed, 
and taken as statistically analogous to the 
experimental patterns. A large number of 
computed sweep samples show a marked 
qualitative similarity to the experimental 
data. 

Measured Distribution of the Duration 
of Fades in Tropospheric Scatter Trans- 
missions—K. F. Wright, J. E. Cole, and 
J. G. Gibson, Collins Radio Co., Tucson, 
Ariz—Although the amplitude distribution 
characteristics of a tropospheric scatter sig- 

-nal are well known, very little information 
exists regarding the number and duration of 
_ fades below a specified level. Knowledge of 
this distribution is important in estimating 
the data transmission performance of a 
_ tropospheric scatter system. 
__. This paper presents the results of experi- 
mental measurements of noise distribution 
at the output of a tropospheric scatter re- 
_ ceiver operating at 1000 mc over circuits 
100 to 150 miles in length. The results of 
these tests are presented as a family of 
- curves showing the number of times per hour 
_ the noise exceeded a fixed value as a function 
of median signal level. The accumulated 
- time the noise exceeded the specified value 
as a function of median level is also pre- 
‘a sented. The information is provided for 
both diversity and nondiversity reception. 
_ The results are compared to analytical stud- 
ies previously made. 
The special test equipment required to 
perform these tests is described briefly. 

On the Spectral Density of Multiple- 
Scattered Electromagnetic Waves in Di- 

electric Noise—D. S. Bugnolo, Dept. of 
Electrical Engineering, Columbia University, 

_ New York, N. Y.—It is well known that the 
expectation of Poynting’s vector for a mul- 
tiple-scattered field can be obtained as a 
solution of the transport equation of dif- 
fusion.* 

Since changes in the spectral density as 
well as the intensity are often of interest, 
this paper will be concerned with the intro- 

- duction of a transport equation suitable for 
this more general case. 

The spectral density in an element of po- 
_ sitional wave number space is defined by: 


ite. 7 


} 


G 


J * Morse and Feshback, “Methods of Theoretical 
Physics,” chs. 2 and 12. 
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The time-variable notions introduced in a 
previous paper will be used to construct a 
suitable transport equation under the as- 
sumption of stationarity in the wide sense 
for both the signal and the dielectric noise. 

A solution will be presented for both a 
monochromatic and band-limited source. 
Bounds on the information capacity will be 
discussed. The results will be applied to the 
special case of a tropospheric multiple scat- 
tering at very high frequencies and to mul- 
tiple scattering in the ionosphere during 
spread F conditions. 


Tae. Bugnolo, “Correlation function and power 
spectra of radio links affected by random dielectric 
noise,” IRE TRANS, ON ANTENNAS AND PROPAGATION, 
vol. AP-7, pp. 137-141; April, 1959. 


An Investigation of the Perturbations of 
the Carrier Frequency on an Over-the- 
Horizon Tropospheric Link*—S. J. Good- 
man, L. B. Lambert, and J. M. Kennedy, 
Electronics Res. Labs., Columbia University, 
New York, N. Y., and J. F. Roche and 
L. P. Rainville, Lincoln Laboratory, M.I.T., 
Bedford, Mass.—An experiment was _per- 
formed over a 161-mile path between Alpine, 
N. J., and Round Hill, Mass. to determine 
the frequency perturbations produced by 
the propagation mechanism on a highly 
stable signal in an over-the-horizon tropo- 
spheric circuit. A signal at 388.0 mc was 
transmitted from Alpine using a 10-kw 
transmitter and a 12° beamwidth antenna. 
These transmissions were received at Round 
Hill with a 5° beamwidth antenna and 
heterodyned to 416.7 mc using a highly 
stable local oscillator and retransmitted to 
Alpine. Using coherent reception techniques, 
the retransmitted signal was received at 
Alpine and heterodyned with the signal 
originally transmittéd. The difference fre- 
quency was fed to a bank of narrow band- 
width crystal filters. An analysis of the data 
obtained from these filters indicated the fre- 
quency perturbations of the signal encoun- 
tered on the two-way path, when CW trans- 
mission was employed. 


* This work reported in this paper was performed 
jointly by the Electronics Research Labs. of Columbia 
University and Lincoln Laboratory, M.I.T., with the 
joint support of the U. S. Army, Navy, and Air Force. 


Whistlers East During the IGY-Whis- 
tlers—M. G. Morgan and W. C. Johnson, 
Thayer School of Engineering, Dartmouth 
College, Dartmouth, N. H.—Data gathered 
during the course of the IGY indicate that at 
Whistlers-East stations: 1) naturally occur- 
ring noise levels are higher in the Northern 
Hemisphere than in the Southern; 2) whis- 
tlers are observed over a fairly widespread 
area; 3) stations in the Northern hemisphere 
receive mainly long whistlers, while those in 
the Southern receive mostly short whistlers, 
independent of local season; 4) at most 
antarctic stations, many short whistlers are 
followed by a burst of hiss after a time inter- 
val of one second; 5) most all antarctic 
whistlers (short) show a pronounced fine 
structure indicating four to ten coherent 
paths, while most Northern whistlers (long) 
do not exhibit this fine structure; 6) on many 
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occasions echo trains are observed simul- 
taneously at both Port Lockroy and Ells- 
worth, and can be observed at Dartmouth 
as well; 7) whistler activity seems to di- 


_minish north of N55° geomagnetic and 


south of N50° geomagnetic; 8) nose whis- 
tlers having nose frequencies less than 
7 ke are fairly common, occurring usually 
during period of high ionosferics activity; 
9) high whistler activity seems to occur in 
cycles of 10- or 11-day period; and 10) 
whistler activity peaks at all stations in 
June and July, both in Northern and 
Southern hemispheres. 

Deduction of the Electron Density Dis- 
tribution in the Outer Ionosphere from Nose: 
Whistler Observations*—L. Owren, Geo- 
physical Inst., College, Alaska.—The dis- 
persion of a whistler propagating in the 
outer ionosphere is determined by the well- 
known relation between the time of flight 
T(w) and the group velocity U(w, p, x, y) 


ds 
Tayn i ae) 
©) path U 


T() isan observed quantity and therefore 
a known function. When the path of propa- 
gation and the gyromagnetic and collisional 
frequencies along the path, x(s) and y(s), 
can be prescribed, the integral becomes an 
integral equation for the unknown electron 
density distribution over the path Ms) 
« p(s)?. An inversion of this integral equa- 
tion would permit us to determine the latter. 
If we assume that whistlers propagate in a 
strictly longitudinal mode tied to a line of 
force of the earth’s dipole field, and further 
that the local plasma frequency p(s) every- 
where exceeds the geometric mean of the 
wave frequency w and the modulus of 
z=x-++7y, the integral is well approximated 
by 


b 
fe) =i f (wo — 2)~¥%g(2)de 


where f(w) is a known function and the 
kernel as well as g(z) are analytic functions 
on the path of integration. Formally, the 
equation is a Fredholm integral equation of 
the first kind. When we neglect collisions, 
the same equation in terms of the gyromag- 
netic frequency x as independent variable 
results. Now g(x) and the kernel both have 
singularities at the midpoint of the path. In 
order that the equation have mathematical 
meaning, the effect of the collisions at the 
midpoint must be simulated by a suitable 
redefinition of g(x). The singularity of the 
kernel implies that only a principal value 
solution may be obtained. The convolution 
form of the integral equation is used to in- 
vert it by 1) the method of generalized func- 
tions, and 2) a finite Fourier transform. The 
first method gives a principal value solution 
in terms of an integral over known functions 
and the second a Fourier series. These solu- 
tions determine the functional form of the 
electron density distribution and make it 
possible to infer the field line of propagation 
from the observed nose frequency of the 
whistler. The solutions, their physical im- 
plications, and the advantages of the method 


* This work was supported by the Electronics Res. 
Directorate, USAF Cambridge Res. Center, under 
Contract No. AF 19(604)-6574, 
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over the usual numerical integrations with 
assumed electron density functions are dis- 
cussed. 

Ray Tracing for Whistler-Mode Signals 
at Low Frequencies—E. R. Schmerling, 
Pennsylvania State University, University 
Park, Pa., R. Goerss and S. Miluschewa, 
RCA, Astro-Electronics Products, Hightstown, 
N. J., and P. Hertzler and I. Pikus, RCA, 
Camden, N. J.—A number of whistler-mode 
ray-paths have been traced in an IBM 650 
computer using Haselgrov’s equations. A fre- 
quency of 5 kc was taken at a geomagnetic 
latitude of 50° for various initial propagation 
angles. A centered dipole was used for the 
earth’s field, and a simple ionospheric elec- 
tronic-density model based on Seddon’s 
(1957) composite curve. The purpose of the 
work was to examine the path spreading as 
a function of initial angle, not to obtain the 
exact conjugate points, so that the simple 
model was considered adequate. This prob- 
lem has a special bearing on second-hop sig- 
nals and satellite-originated signals, since 
signals originating on the ground are not ex- 
pected to have a large spread of angle at 
heights of the order 100 km. A decided shift 
of the downcoming rays towards the equator, 
and a large spread of the order 1000 km for 
the angular spectrum, were found. 

Observations on NSS Propagated by 
Double-Hop Whistler Mode—H. O. Peter- 
son and R. Ewing, RCA Labs, Riverhead, 
L. I., N. Y., D. Riggs and R. Lending, 
RCA, Camden, N. J., and E. R. Schmerling, 
Pennsylvania State University, University 
Park, Pa.—Signals from NSS ANNAPOLIS 
have been regularly received on low-noise 
narrow-band receivers at Riverhead, N. Y. 
and Camden, N. J. These have been identi- 
fied as propagated by the double-hop 
whistler mode from time-delay measure- 
ments. The signals are heard regularly be- 
tween the hours of 10:00 P.M. and 4:00 
A.M. During ionospherically disturbed con- 
ditions the signals have been heard at other 
times, and, in particular, during the day. 
Statistical data and correlations with iono- 
spheric disturbances are presented and dis- 
cussed. Measurements of signal amplitude, 
together with the observations of Helliwell 
on the simple bounce, enable the ionospheric 
attenuation to be estimated. 

Simple day and night absorption calcula- 
tions using plausible models of electron- 
density-height profiles and Nicolet’s (1958) 
model of collision frequency indicate the 
reason for the difference between day and 
night reception. 

Linear Array Design—J. Blass, W. L. 
Maxson Corp., New York, N. Y.—This 
paper presents diverse considerations in the 
design of linear arrays. In particular, the 
effect of mutual coupling in two-dimen- 
sional scanning arrays is discussed. The 
beam shift due to this coupling is analyzed. 
A simplified statistical analysis of the effect 
of tolerances in array construction on beam 
pointing and sidelobes is presented. The 
design features of an antiphased, linear ar- 
ray of radiating waveguides, illustrating the 
use of a differential phase shifter and multi- 
mode matching element is also presented. 

A New Technique for Electronic “Scan- 
ning’—H. E. Shanks, Microwave Lab., 
Hughes Aircraft Co., Culver City, Calif — 
The concept of time-modulated antennas 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


has recently been demonstrated as a means 
of overcoming many of the limitations cur- 
rently restricting advances in the antenna 
art. Of special importance is the mathe- 
matical possibility of generating a pattern 
complex capable of providing simultaneous 
scan operation. This characteristic is real- 
ized by periodic time modulation of the aper- 
ture distribution. This paper discusses the 
theory of simultaneous “scanning” using 
time modulation techniques and shows that 
the required 7 pattern complex is generated 
by a progressive-pulse aperture excitation. 
The fundamental equations and relation- 
ships concerning the form of pulse excitation 
and “scanning” coverage are derived. In 
addition, practical methods of physically 
generating the proper pulse-excited aperture 
are described and the necessary detection 
requirements are delineated. 

Utilization of Space Frequency Filters in 
Antenna Design—J. B. Smyth and S. 
Weisbrod, Smyth Res. Associates, San Diego, 
Calif—Recently* a theory has been ad- 
vanced which appears to satisfactorily ac- 
count for the various characteristics of 
tropospheric radio fields. A natural conse- 
quence of this theory is the “glinting-in”f of 
the radio signal from directions more-or-less 
centered around the great-circle path. 

In a homogeneous atmosphere, the sys- 
tem sensitivity may be increased by de- 
creasing the bandwidth or increasing the 
aperture of the antenna. In other words, for 
a given signal power and the quantity of in- 
formation one may trade time for space. 
Unfortunately, in a real atmosphere, this 
interchange of time and space is limited by 
the phenomenon referred to above, since very 
high-gain antennas are particularly vulner- 
able because of the narrow beamwidths. 

In this paper, the interchange of space 
and time is reviewed. A concept of space 
frequency and space noise is introduced and 
some of the basic ideas of the time-frequency 
domain are extended to the space-frequency 
domain. Methods are also suggested by 
which the difficulties of trading space for 
time may be materially reduced. 

Phase-Modulated Antenna—C. J. Drane, 
Jr., Electromagnetic Rad. Lab., Electronics 
Res. Directorate, AF Cambridge Res. Center, 
Bedford, Mass.—The resolution of a passive 
antenna system can be improved by phase- 
modulation, cross-correlation, and synchro- 
nous detection of the signals received by a 
compound antenna. In this paper, it is 
shown that signals received at various por- 
tions of the antenna structure are selectively 
phase-modulated, then cross-correlated 
(time-averaged), yielding a signal which can 
be considered to be composed of several 
terms each having a particular spatial de- 
pendence. By use of synchronous detection, 
the term of desired spatial characteristics is 
selected. Control over the shape of the an- 
tenna radiation pattern, in addition to an 
increase in the resolving power by at least a 
factor of two over conventional discrete 
antenna arrays, can be obtained by these 
techniques using fewer elements in the ar- 


_* J. B. Smyth, “Radio phase distortion—a mech- 
anism for transhorizon radio propagation,” 1959 
URSI Washington Meeting, p. 49. 

if A. T. Waterman, Jr., “The mechanism of trans- 
horizon propagation: layers vs turbulence,” 1959 
URSI Washingion Meeting, p. 37. 
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ray. In particular, analysis is carried out for 
the realization of a pattern of the form 
(sin 4/x). - 

Consideration is also given to the equiva- 


lence between the conventional mathemati-_ 


cal representation of the signal received by a 
linear, discrete additive array and its repre- 
sentation by a polynomial generated in pow- 
ers of the pattern of a much smaller array. 
This is illustrated by considering two exam- 
ples—one, an array having a uniformly 
illuminated aperture, and the other an array 
having a binomial distribution. 

Correlation Techniques Applied to An- 
tenna Pattern Control*—H. E. Band and 
J. E. Walsh, Pickard and Burns, Inc., 
Needham, Mass.—We have investigated the 
application of correlation techniques to the 
controlling of multielement antenna pat- 
terns and the enhancement of the signal-to- 
noise ratio of signals derived from such sys- 
tems. The primary objective is the produc- 
tion of single-lobed patterns of high resolu- 
tion using a minimum number of antenna 
elements. One of the simplest configurations 
involves two linear arrays of fixed lengths 
and phase center spacing. The element 
spacing of the two arrays differs, but ex- 
ceeds one wavelength. This, of course, re- 
sults in a loss of gain over that of a closely 
spaced, nonambiguous array, but allows 
reduction of the number of elements. 

Correlation of the added output of one 
array with that of the other will reduce all 
major lobes but one, provided only one signal 
of a given frequency is incident on the an- 
tenna system.-The correlator also reduces 
incident noise, especially if an additional 
fixed time delay is introduced between the 
additive array signals prior to correlation. 

We have also attempted to produce given 
patterns by judicious multiplication of sig- 
nals from ‘individual antenna elements, in- 
cluding that from a continuous aperture an- 
tenna, combined with prescribed (nonuni- 
form) spacing of the array elements. Various 


amplitude ‘distributions over the antenna ~ 


elements may be used in connection with the 
multiplicative techniques. 

For the purposes of drift-free multiplica- 
tion, amplitude modulation is imposed on 
the RF signal, preferably at the transmitter. 
The multiplier is followed by an audio filter 
tuned to the modulation frequency, from 
which the desired product signal is obtained. 

The experimental set-up for testing these 
ideas is described, and the results reported. 


* This work was performed under USAF Cam- 
bridge Res. Center Contract AF 19(604)4535. 


Switched Interferometers—R. N. Brace- 
well, Radio Propagation Lab., Stanford 
University, Stanford, Calif—“Radio inter- 
ferometers”* are a class of antennas consist- 
ing of two or more well-separated parts. An 
early example is afforded by the air-warning 
height-finding radars installed before World 
War II; the second part in this case is the 
image of the part supported on a tower. 
Exploitation of two-element interferometers 
incorporating transmission line links set in 
vigorously at the end of the war in connec- 
tion with radio astronomy. 


* R. N. Bracewell, “Radio interferometry of dis- 
crete sources,” Proc. IRE, vol. 46, pp. 97-105, Janu- 
ary, 1958. 
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Insertion of a controlled phase shift in 
_ the transmission line had led to numerous 
special developments: switched interferome- 
ters (Ryle), beam-scanning interferometers 
(Little and Payne-Scott), Mills crosses, and 
tees. The behavior of switched interferome- 
_ ters and the related devices is greatly clari- 
fied by use of spectral sensitivity island dia- 
grams. This important diagram is carefully 
explained and illustrated by numerous 
- examples. \ 
| Tropospheric Path Loss in the Arctic 
over High-Altitude Paths—A. E. Teach- 
man, Page Communications Engineers, Inc., 
~ Washington, D. C. and J. P. McMillan, 
_ Western Electric Co., Inc., New York, N. Y. 
_—During the summer of 1958, tropospheric 
_path-loss measurements were made on 
~a series of five paths extending from Baf- 
fin Island to Iceland via the Greenland 
| Ice Cap to determine the feasibility of using 
‘tropospheric-scatter communications in that 
» area. Approximately 400 hours of signal level 
data were obtained for each path. Cumula- 
‘tive distributions of the path loss are shown. 
_ A graphic comparison of these data is made 
_with overland path loss data obtained by 
~M.I.T. Lincoln Laboratory and also with 
overwater data obtained jointly by the 
Naval Research Laboratory and M.I.T. 
_ The results indicate increased loss for tropo- 
spheric transmission between points on a 
- high-altitude plateau. Fading rate test re- 
_ sults indicate that the intervening terrain 
has a bearing on the fading rate and the 
'-magnitude of enhancements. Strong en- 
-hancements were observed on top of the Ice 
_ Cap. The short-term correlation of received 
signal level with surface refraction index and 
_ dew point was generally poor. Diurnal effect 
' was not established. 
_ Simultaneous Angular Diversity-Fre- 
“quency Sweep Measurements at 2290 MC 
Over a 188-Mile path Between Round Hill 
and Crawfords Hill, N. J.*—J. H. Chisholm, 
-L. P. Rainville, J. F. Roche, and H. G. 
| Root, Lincoln Laboratory, M.I.T., Bedford, 
Mass.—Simultaneous angular diversity and 
frequency sweep measurements were per- 
formed over a tropospheric scatter path. 
' These experiments were designed to extend 
the results presented in previous papers" 
based upon separate frequency sweep and 
angular diversity measurements. 

_ Transmissions at 2290 mc from Round 
Hill, Mass., were received over a 188-mile 
path at Crawfords Hill, N. J., simultane- 
“ously on two 1° beamwidth antennas sepa- 
‘rated from 8° to 1.2°. The transmitter was 
- swept over an 8-mc band at a rate of 100 cps 
and the received signals on each of the two 
_ beams were recorded simultaneously. 

The correlation as a function of fre- 
quency spacing was determined for separa- 
“tion of 0.25 mc to 8 mc. Correlations were 
“also determined for various separations of 


with the joint support of the U. S. Army, Navy, and 
_ Air Force. 
___ ¢J.H. Chisholm, L. P. Rainville, J. F. Roche, and 
_H. G. Root, “Measurement of_the Bandwidth of 
' Radio Waves Propagated by the Troposphere Beyond 
bs the Horizon,” Bree ated at URSI Meeting, Washing- 
' ton, D. C.; April, 1958. 

1 J. H. Chisholm, L. P. Rainville, J. F. Roche, and 
- H. G. Root, “Angular reception at 2290 mcps over a 
 188-mile path,” Record of Natl. Symp. on Extended 
Range and Space Communications, sponsored by the 
TRE together with the George Washington Univer- 
sity; October 6-7, 1958. ~. 


_ * The work reported in this paper was performed 
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frequency and the angular spacing of two 
receiving beams. Comparison of correlations 
for frequency and angular separations are 
made with those predicted using some theo- 
retical scattering models. 

The possible diversity improvement to a 
system using both frequency diversity and 
angular diversity was evaluated by program- 
ming a digital computer using measured 
values of signals with several frequency and 
angular separations. 

Successful VHF Communications for 
2540 Miles at 144 MC and 222 MC.—J. T. 
Chambers, Hughes Aircraft Co., Communi- 
cations Div., Culver City, Calif—In 1956, 
a nightly test program was initiated, the 
goal of which was VHF Communications 
from the Island of Oahu and the California 
coast on a frequency of 144 mc. These tests 
were not without foundation, as the built-in 
Pacific inversion is well known, and in several 
instances VHF signals had been reported 
well beyond line-of-sight. Two-way com- 
munication was established July 8, 1957, 
and again August 18, 1957. Extensive plans 
were made for the inversion season of 1958; 
however, a large antenna was destroyed by 
the weather, ending the 1958 tests. For 
1959, it was decided to move up to 222 mc. 
Success was almost immediate. 

Signals were of great strength (approxi- 
mately 30 db s/n). The contact was re- 
peated 8 days later and on August 1, the test 
frequency was moved to 432 mc. As of the 
date of writing, no results have been 
achieved. Furthermore, the visual indica- 
tions associated with the earlier successful 
transmission have not reappeared. 

Experimental Investigations of the Tro- 
pospheric Scatter Mechanism—R. Hopkins, 
U. S. Navy Electronics Lab., San Diego, 
Calif—Simultaneous measurements of at- 
mospheric turbulence spectra and X-band 
scattered power received as a function of 
scatter angle dependence were determined 
by synchronized beam swinging tests for 
both horizontal and vertical directions. In- 
dex-of-refraction fluctuations were sampled 
at 2000-foot intervals from near the surface 
of the sea to 12,000-feet elevation. Continu- 
ous profiles of refractive index were recorded 
over the same range of heights. Some of the 
measured scatter angle dependencies have 
been found to be in good agreement with 
those predicted from the index-of-refraction 
power spectra both for horizontal and verti- 
cal beam swinging. The effect of elevated in- 
versions on the scatter angle dependence is 
shown for both directions of antenna beam 
swinging. The effect of elevated inversions 
on the scatter angle dependence is shown for 
both directions of antenna beam swinging. 

Scaled-Beam Multiple Frequency Meas- 
urements for Transhorizon Microwave 
Scattered Fields—N. R. Ortwein, U. S. 
Navy Electronics Lab., San Diego, Calif.— 
Simultaneous scaled-beam measurements at 
X, S, and L bands were obtained on a 190- 
mile overwater path using broad-beam an- 
tennas. The observed wavelength depend- 
ence is compared with that predicted using 
airborne microwave refractometer measure- 
ments of the dielectric spectrum obtained at 
the same time. Although the scattering 
angle dependence observed on a shorter 92- 
mile path in the same meteorological area 
was observed to obey the predicted de- 
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pendence, the wavelength measurements 
indicate anomalous behavior. 

Distance dependence, aperture-medium 
coupling loss, and fading rate measurements 
are also reported. 

Physical Equivalents of Mathematical 
Approximations in Propagation Problems— 
M. Katzin, Electromagnetic Res. Corp., 
Washington, D. C.—In attempting to solve 
complicated propagation problems, one is 
confronted with the necessity either of ap- 
proximating the actual problem by one 
which can be solved exactly, or of introduc- 
ing approximations in the mathematical 
solution of the given problem. It is demon- 
strated that in the latter procedure, the 
mathematical approximations often are 
equivalent to a change in the physical prob- 
lem, such as a change in the refractive index 
distribution, the shape of the boundaries, or 
both. As an example, it is shown that, in the 
rigorous theory of propagation in a homo- 
geneous atmosphere over a spherical earth, 
the evaluation of the normal modes in terms 
of the Airy function actually gives the exact 
height-gain function for a slightly inhomo- 
geneous atmosphere. Other cases are also 
discussed. 

Some Preliminary Ionosphere Rocket 
Measurements at Fort Churchill, Canada— 
W. W. Berning, Ballistic Res. Lab., Aber- 
deen Proving Ground, Md.—As a part of 
their contribution to the IGY, the Ballistic 
Research Laboratories installed and oper- 
ated the radio Doppler (DOVAP) rocket 
tracking instrumentation at Fort Churchill, 
Canada. The trajectories of more than 50 
research rockets were obtained from DO- 
VAP tracking with peak altitudes ranging 
to greater than 400 km. 

Using a technique developed at Ballistic 
Research Laboratories more than 10 years 
ago, the DOVAP tracking data furnish a 
measure of ionosphere electron densities if 
the true trajectory is known. The latter is 
closely approximated by a precise vacuum 
trajectory computed from DOVAP initial 
conditions chosen above the sensible drag 
region, but below the appreciable ionosphere. 

The ionospheric data from five flights are 
presented. In addition to electron density 
profiles from DOVAP data, profiles com- 
puted from P’-f soundings (using J. E. 
Jackson’s method) and total electron con- 
tent obtained from Faraday measurements 
are presented where available. The five 
flights chosen either illustrate some interest- 
ing features of the arctic ionosphere or 
furnish comparison data for other direct 
ionospheric measurements. 

Measurements of Ionospheric Stratifica- 
ation by High-Altitude Rockets—J. C. 
Ulwick, Geophysical Res. Directorate, USA F 
Cambridge Res. Center, Bedford, Mass.— 
Electron density distributions are obtained 
from the delay data of pulsed signals as a 
function of rocket position. The analysis is 
carried out on the IBM 704 computer for 
curved-ray paths in the horizontally strati- 
fied ionosphere. The delay data are recorded 
at several ground stations for transmissions 
to and from the rocket for rocket ascent and 
descent. 

The results of three recent rocket flights, 
two in New Mexico and the third at Church- 
ill, Canada, are considered. The data from 
the New Mexico flights are for both upward 
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and downward transmissions, whereas previ- 
ous results depended only on one or the 
other. The electron density distributions ob- 
tained confirm previously reported results of 
the E region where stratification of the 
ionosphere at preferred levels approximately 
5 km apart were noted. The results, with 
good agreement between upward and down- 
ward transmissions over different ray paths, 
could be interpreted as the variation of the 
mean electron density as a function of 
height. The Churchill results, with three 
ground stations recording the data to over 
200 km, indicate that similar stratifica- 
tions are present at this latitude and to 
higher altitudes. : 

Electron Temperature Measurements in 
the Ionosphere—N. W. Spencer and L. H. 
Brace, Space Physics Lab., University of 
Michigan, Ann Arbor, Mich.—Measure- 
ments of electron temperature and local ion 
density in the 110-km to 175-km region of 
the ionosphere have been made through ap- 
plication of the Langmuir probe technique. 
The temperatures obtained are higher than 
predicted neutral particle temperatures in 
the region, but roughly comparable to neu- 
tral particle temperatures measured by 
totally different means at a different time. 

The technique employed in measuring 
the electron temperatures involves the ejec- 
tion from a rocket into the ionosphere of an 
ordered electrode geometry designed to 
satisfy the requirements of a Langmuir 
probe as indicated by appropriate theoreti- 
cal studies. Electron temperatures and ion 
densities are deduced from volt-ampere 
curves telemetered from the probe instru- 
mentation. The computation of ion densities 
employing the measured electron tempera- 
tures results in data which are comparable 
to preliminary electron densities obtained 
from a DOVAP system used on the same 
rocket. 

The General Equation for Magneto- 
Ionic Effects Observed with Artificial Earth 
Satellites’ Radio Emission—P. R. Arendt, 
Inst. for Exploratory Research, U. S. Army 
Signal Res. and Dev. Lab., Ft. Monmouth, 
N. J.—Based on the Appleton-Hartree 
formula for the propagation of the two 
modes of magneto-ionic splitting, a general 
formula is derived for the fading period to 
be observed from a satellite’s CW radio 
emission. This period is a function of the 
continuously changing position of the satel- 
lite, that is, a function of the effective mag- 
netic field and the electric charge distribu- 
tion along the ray’s path. Without any as- 
sumption regarding the geometry of the 
ray’s path, the distribution of the charges, 
and the direction of the magnetic field, a 
general formula is derived which consists of 
two main terms and two correction terms. 
One of the main terms is proportional to the 
charge density at the satellite and also pro- 
portional to the velocity component of the 
satellite’s movement which is directed to- 
wards the observer at the ground. This ve- 
locity component is the velocity observed 
in Doppler frequency measurements. For 
many practical cases, the velocity term is of 
the same order of magnitude as the other 
main term which is proportional to the 
integrated charge density. However, the 
velocity term is applicable only for satellite 
movements within an ionosphere. The paper 
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discusses possible simplifications of the gen- 
eral formula which finally lead to the equa- 
tion first used by T. V. Evans (1956) in 
moon reflections. The applicability of such 
simplifications is discussed. 

On the Analysis of Polarization Rotation 
Recordings of Satellite Radio Signals— 
R. S. Lawrence and C. G. Little, National 
Bureau of Standards, Boulder, Colo.—At fre- 
quencies as low as 20 mc, the rotation of the 
plane of polarization of satellite signals can- 
not be assumed to be proportional to 
| NB cos 6dl along the line of sight. A meth- 
od of analysis is presented which eliminates 
this assumption and permits accurate esti- 
mates of total electron content below the 
satellite height to be obtained from 20-mc 
observations. Some of the results obtained 
using the method to determine the subsatel- 
lite electron content, through a satellite 
pass, are presented. These analyses permit 
the study of ionospheric tilts, and have re- 
vealed the presence of large-scale irregulari- 
ties in the ionospheric electron content. The 
deviation in subsatellite content of these 
irregularities is of the order 2 per cent of the 
running mean value; the lateral extent of 
the irregularities is of the order of a few 
hundred kilometers. The effects of such ir- 
regularities upon ionospheric refraction and 
satellite Doppler curves are briefly discussed. 

Integrated Electron Densities from 
Satellite Radio Doppler Frequency Observa- 
tions—W. J. Ross, Ionosphere Res. Lab., 
The Pennsylvania State University, Univer- 
sity Park, Pa.—For a satellite moving hori- 
zontally near the observer’s zenith, and 
whose radio waves propagate with small re- 
fraction through a horizontally stratified 
ionosphere, it can be shown that the iono- 
sphere reduces the Doppler frequency by an 
amount proportional to the average electron 
density up to the height of the satellite. 

In practice corrections must be applied 
for the effects of: 1) passage off-zenith; 
2) larger refraction; 3) the probable electron 
distribution; and 4) vertical satellite mo- 
tion, as well as for the possible nonuniform- 
ity of the ionosphere. 

Refractive Doppler frequencies, meas- 
ured during a typical passage of Satellite 
1958 Delta 2 near noon, are analyzed by this 
method and the above corrections listed to 
yield the columnar electron density to a 
height of 800 km. Concurrent reduced iono- 
grams are included for comparison and the 
results are discussed. 

The Scintillation of Radio Signals from 
Satellites—K. C. Yeh, Dept. of Electrical 
Engineering and G. W. Swenson, Depts. of 
Electrical Engineering and Astronomy, Uni- 
versity of Illinois, Urbana, Ill.—Signals from 
Satellites 1957a2 and 19586, recorded dur- 
ing a 20-month period, are analyzed to de- 
termine the diurnal and seasonal variations 
of the incidence of scintillation. Marked 
diurnal effects are noted, scintillation being 
much more frequent at night. Night-time 
scintillation correlates with the occurrence 
of ionospheric “spread-F” and apparently 
originates in inhomogeneities at heights of 
about 220 km and, in most cases, at latitudes 
greater than 40° north. Daytime scintilla- 
tion appears to originate in smaller, inhomo- 
geneous regions below 220 km and more 
widely distributed in latitude. 

Detection Techniques for Interplanetary 
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. 
Radar Observations*—P. E. Green, Jr., 
Lincoln Lab., M.I.T., Lexington, Mass.— 
This is a review paper intended to summa-~ 
rize the specific techniques necessary to 
most efficiently probe planetary bodies and 
interplanetary material by radar. After 
setting forth the radar equations for dis- 
tributed targets (both of the type that do 
and do not fill the antenna beam), the dis- 
cussion concentrates on specific waveform 
coding techniques appropriate to this prob- 
lem. It is pointed out that “pulse coding” 
into long sequences of individual pulses in 
principle allows one to discriminate in range 
to within the individual pulse width while 
discriminating in Doppler frequency to 
within the reciprocal of the over-all sequence 
length. Practical limitations on this pro- 
cedure are discussed and a particular scheme 
of pulse coding and received data processing 
we have used in radar probing of Venus is 
presented. 


* The work reported in this paper was supported 
jointly by the U. S. Army, Navy, and Air Force. 


Threshold Probability—R. H. Dishing- 
ton, Ramo-Wooldridge Corp., Los Angeles, 
Calif —Sometimes, in systems involving 
noise as well as signals, threshold probability 
will be the criterion for evaluating the whole 
system. This detection probability is deter- 
mined by four basic factors, false alarm 
probability, signal-to-noise ratio, noise-to- 
noise ratio, and the probability distribution 
of the output. The latter is difficult to deter- 
mine, and is often assumed to be Gaussian as 
a result of filtering and the Central Limit 
Theorem. A companion paper shows that 
the latter assumption is not necessarily true. 
This paper shows that, in most practical 
cases, the output is “equivalent” to Gaus- 
sian even where there is no filtering and the 
Central Limit Theorem does not apply. ~ 

A Criterion for the Filtering Required to 
Produce Gaussian Noise—K. Moe, Ramo- 
Wooldridge Corp., Los Angeles, Calif—The 
probability distributions encountered in 
electronic circuits often approach the nor- 
mal distribution as a consequence of filter- 
ing. This situation has frequently been de- 
scribed in connection with radar receivers. 
In the past several years, filtering problems 
have arisen in correlators and countermeas- 
ures receivers as well. The approach of this 
paper is to regard bandwidth reduction as 
equivalent to integration over m independ- 
ent samples, where 7 is the ratio of input to 
output bandwidth. An estimate is given for 
the error introduced by this simplifying as- 
sumption. The output probability density is 
then given by the Edgeworth Series in terms 
of n and the input probability density. The 
first term in the Edgeworth Series is the 
Gaussian distribution. The criterion for the 
approach to the normal distribution is that 
the ratio of the largest value of the second 
nonzero term to the largest value of the first 
term be a small number, f. The relationship 
between f and m for symmetric and skewed 
distributions is presented in analytical and 
graphical form. The first few moments of 
the input distribution are the only informa- 
tion needed to use the graphs. The method 
is intended to be of practical value to engi- 
neers who make measurements on circuits 
which include filters. 
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Optimum Signals for Finite Memory 
Matched Filters*—W. H. Kim and R. J. 
Schwarz, Dept. of Electrical Engineering, 
Columbia University, New York, N. Y.—In 
the problem of detecting a signal imbedded 
in additive noise, a matched filter gives 
maximum signal-to-noise ratio at a specified 


instant provided the noise is white or the 


filter has infinite memory. If the signal is 
subject to control by the designer, however, 
a matched filter may be optimum for any 
piecewise continuous noise correlation func- 
tion and for finite filter memory. The opti- 
mum signal, hence the optimum filter im- 


* The research for this report was partially sup- 
ported by the ON Research under contract Nonr 
266(60) and by National Science Foundation Grant 


_NSF G-3676. 


tah 


| 


a 


¥ 


le 
FI 
Ne 
; 


J 


f 


Contributors 


P. R. Arendt was born in Dresden, Ger- 
many, on July 1, 1900. In 1924 he received 
‘the Ph.D. degree in physics from the Uni- 
versity of Berlin, 
Germany (M. Plank 
and F. Haber). 

In 1924 he joined 
Siemens and Halske 
A. G., Berlin, where, 
until 1929, he par- 
ticipated in the re- 
search and develop- 
ment of multiple 
carrier, picture teleg- 
raphy over loaded 
cables, and acoustical 
s standards. From 1929 
to 1935 he worked for the International Tele- 
phone and Telegraph Company in London, 
Paris, and Berlin, as chief engineer of Stand- 
ard Elektrizitaets Gesellshaft. There he per- 
formed engineering and research in all fields 


P. R. ARENDT 


_ of communication, including magnetic sound 


recording, wired-wireless and common- 


V4 frequency broadcasting. From 1935 to 1957, 
as technical director of Allgemeine Electri- 


zitaets Gesellschaft, Berlin and Frankfurt, 
he supervised the research, and develop- 
ment, and patent policy of the concern and 
‘other associated companies, including Tele- 
funken and Osram. He was consultant to 
the president of the Board of Directors, and, 
during the war, produced an infrared prox- 
imity fuze for the V-2. Since 1957 he has 
been chairman of the Radiation Effects 
Committee at the Institute for Exploratory 
Research, U. S. Army Signal Research and 
Development Laboratory, Fort Monmouth, 


'N. J., where he has done special research on 
satellite radio propagation. 


Dr. Arendt is a member of the American 


_ Nuclear Society and Deutsche Physikalische 


fe 
_ 
‘i 


Gesellschaft. 


Contributors 


pulse response, is given by the solution of a 
linear integral equation of the second kind 
with a symmetric kernel. Approximation 
methods for solving this integral equation 
are discussed which lead directly to the filter 
realization. The performance of such filters 
is compared with that given by an exact 
solution. 

On a Characterization of Processes for 
Which Optimal Mean Square Filters are of 
Specified Form—A. V. Balakrishnan, Dept. 
of Mathematics, University of California, 
Los Angeles, Calif.—This paper presents the 
first results in an unconventional approach 
to the problem of not-necessarily-linear 
mean square optimization. Instead of ob- 
taining a representation for the optimal 
nonlinear operator for a process, we seek to 
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characterize the class of processes for which 
the optimal operator is of specified form. If 
the processes are given, so that the multi- 
variate characteristic functions are known, 
then our results can be used to tell whether 
it is possible for the optimal operator to 
have a specified form. The bulk of the paper 
pertains to the signal extraction problem 
where the signal and noise are independent 
and additive, and it is desired to estimate 
some function of the signal. Here, with a 
slight shift in viewpoint, we phrase the char- 
acterization problem in the following way: 
given say, a noise process, determine the 
class of signal processes for which the opti- 
mal extraction filter is of specified form. The 
case where the noise process is Gaussian 
comes in for special attention. 
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Association for the 
Advancement of Sci- 
ence. 
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David H. Denton, Jr. (S’57—M’59) was 
born on December 25, 1929, in Wichita Falls, 
Tex. He served in the Army from 1953 to 
1955, and later at- 
tended Texas Chris- 
tian University, Fort 
Worth. He received 
the B.A. degree in 
mathematics in 1957 
and the B.S.E.E. de- 
gree in 1958 from 
Texas Technological 
College, Lubbock. 

In 1958, he joined 
the Antenna Re- 
search and Develop- 
ment Section at the 
Sandia Laboratory, Albuquerque, N. M., 
where he has been engaged in work on mis- 
sile antennas, dielectric lenses, and wave 
propagation in dissipative media. He is con- 
currently carrying out graduate studies at 
the University of New Mexico, Albuquerque. 

Mr. Denton is a member of Eta Kappa 
Nu and Tau Beta Pi. 
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Joseph Fainberg was born in Passaic, 
N. J., on October 18, 1930. He received the 
B.A. degree from the College of the Univer- 
sity of Chicago, Chi- 
cago, Ill., in 1950. In 

1951 he received the 
B.S. degree in mathe- 
matics and in 1953 
the M.S. degree in 
physics, both from 
the University of 
Chicago. 

From 1951 to 
1957, he worked as a 
research assistant in 
cosmic rays and mes- 
on physics at the 

University of Chicago. In 1957 he joined the 
Radiation Laboratory of Johns Hopkins 
University, Baltimore, Md., where he is 
presently employed, and where he has 
worked on electromagnetic scattering and 
diffraction problems. 

Mr. Fainberg is a member of Phi Beta 
Kappa, Sigma Xi, and the American Associ- 
ation for the Advancement of Science. 
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William J. Fay (S’46-M’57) was born in 
New York, N. Y., on November 8, 1919. He 
received the B.S. degree in electrical engi- 

neering from Stan- 


ford University, 
Stanford, Calif., in 
1956. 

From 1940 to 


1942 he worked with 
the Bethlehem Steel 
Company, New York, 
N. Y. From 1942 to 
1946 and again from 
1951 to 1953, he was 
with the U. S. Navy, 
where he gained ex- 
perience in fire con- 
trol, ship gyroscopes, electronic and me- 
chanical computers, hydraulic drives, servo 
systems, and radar and communication sys- 
tems. He worked on the installation and 
maintenance of telephone exchange systems 
with the Bell Telephone System from 1947 
to 1950, and from 1956 to 1957 he worked 
with the U. S. Navy Electronics Laboratory 
in San Diego, Calif. Since 1957, he has been 
with Smyth Research Associates, San Diego, 
Calif., where he has done research work in 
ionospheric propagation, meteor trail propa- 
gation and ionospheric physics, and has de- 
veloped experimental equipment and tech- 
niques for meteor trail studies. 
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Robert C. Hansen (S’47—A’49-M’55— 
SM’56) was born on August 8, 1926, in St. 
Louis, Mo. He attended the Missouri School 
of Mines and Metallurgy, Rolla, from which 
he received the B.S. degree in electrical en- 
gineering in 1949. He received the M.S. and 
Ph.D. degrees in 1950 and 1955, respec- 
tively, from the University of Illinois, Ur- 
bana. 

While at the University of Illinois he 
worked at the Antenna Laboratory, on fer- 
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rite loops and streamlined airborne anten- 
nas. From 1955 to 1959 he was at the Micro- 
wave Laboratory of Hughes Aircraft Co., 
Culver City, Calif., 
where, as senior staff 
engineer, he worked 
on surface-wave an- 
tennas, slot arrays, 
and related fields. At 
present he is senior 
staff engineer at 
the Telecommunica- 
tions Laboratory of 


. Space Technology 
Laboratories, Ingle- 
R. C, HANSEN wood, Calif. 


Dr. Hansen is a 
member of the American Physical Society, 
Commission VI of URSI, Tau Beta Pi, Sigma 
Xi, Eta Kappa Nu, and Phi Kappa Phi. 
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Charles W. Harrison, Jr. (SM’57) was 
born on September 15, 1913, in Virginia. 
He attended the U. S. Coast Guard Acad- 
emy, New London, 
Conn., and received 
the B.S.E.E. and 
E.E. degrees in 1939 
and 1940, respect- 
ively, from the Uni- 
versity of Virginia, 
Charlottesville. He 
received the M.S. de- 
gree in communi- 
cation engineering in 
1942 from Harvard 
University, Cam- 
bridge, Mass., and un- 
der the sponsorship of the ONR, received the 
M.E. and Ph.D. degrees in applied physics 
from Harvard in 1952 and 1954, respectively. 

He completed the Navy course in radar 
engineering at the Massachusetts Institute 
of Technology, Cambridge, in 1942, and sub- 
sequently was engaged in lecturing to officers 
of the Armed Forces assigned to the radar 
schools at Harvard and Princeton Univer- 
sity, Princeton, N. J., for several years. He 
has had four tours of duty in the Electronics 
Design and Development Division, Bureau 
of Ships; two at the U. S. Naval Research 
Laboratory; one at the Signal Corps Engi- 
neering Laboratories (Evans Signal Lab- 
oratory); one at the Philadelphia Naval 
Ship Yard; one as Electronics Officer, Staff 
of Commander Operational Development 
Force; and one on the Staff of the Chief, 
Armed Forces Special Weapons Project. He 
left active service as a Commander in the 
regular Navy in 1957 to join the Scientific 
Staff of the Sandia Laboratory, Albu- 
querque, N. M. 

Dr. Harrison is a member of the Re- 
search Society of America, the American 
Scientific Affiliation, URSI, and Sigma Xi. 
He is a registered professional engineer in 
Virginia, the District of Columbia, and 
Massachusetts. 
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Gedaliah Held (A’54) was born in War- 
saw, Poland, on January 4, 1926. He at- 
tended the Hebrew University in Jerusalem 
and received the M.S. degree in physics in 
1950. Shortly thereafter, he came to the 
United States as a graduate student at the 
University of California, Berkeley, where he 


January 


received the Ph.D. degree in electrical eal 
gineering in 1954. 

From 1952 to 1954, he was a member of 
the technical staff of | 
the University of | 
California Antenna | 
Laboratory and an / 
instructor in the de- 
partment of  elec-} 
trical engineering. He © 
then joined the staff 
of the University of | 
Washington in Seat- 
tlé;-where he is pres- 
ently an associate 
professor in electrical 
engineering, special- 
izing in microwave radiation and propaga~ 
tion. 4 

Dr. Held is a member of Sigma Xi. :. 
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James L. Heritage (A’49-M’55) was born 
in Baltimore, Md., on July 11, 1920. He re-_ 
ceived the B.S. degree in electrical engineer- 
ing from the Univer-— 
sity of Alabama, 
University, Ala., in- 
1942. . 

From 1942 to 
1943 he worked with | 
the General Electric 
Co., Schenectady, 
N. Y., and from 1943 
to 1946 with the U. S._ 
Navy. He was with 
the U. S. Navy Elec- 
tronics Laboratory, 
San Diego, Calif., 
from 1947 to 1955 as an electronic scientist, — 
where he did development work in communi- 
cations, diversity systems and high power 
transmitters, and was in charge of a group 
engaged in research studies concerned with - 
ionospheric and VLF propagation problems. — 
He is now with Smyth Research Associates, 
San Diego, Calif., where he is a senior engi- — 
neer, engaged in system studies, research in — 
ionospheric physics and meteor trail studies, — 
and antenna development. % 
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Akira Ishimaru was born on March 16, — 
1928, in Fukuoka, Japan. He received the | 
B.S. degree in electrical engineering in 1951 _ 
from Tokyo Univer- | 
sity, and the Ph.D. — 
degree in electrical - 
engineering “in 1958 
from the University 
of Washington, Se-— 
attle. P 

Having been a 
research engineer at 
the Electrotechnical — 
Laboratory in Japan, — 
ir and an instructor at 

soe ELAR the University of - 
Washington, he was 
then employed by the Bell Telephone Labo-— 
ratories where he worked on antenna prob- 
lems. Now assistant professor of electrical 
engineering at the University of Washing- 
ton, he has done research in microwave an-_ 
tennas, and antenna synthesis problems. 
Dr. Ishimaru is a member of Sigma Xi, _ 
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Ronold W. P. King, for a photograph 
and biography please see page 115 of the 
January, 1959 issue of these TRANSACTIONS. 
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Roger Manasse (M’56) was born in New 
York, N. Y., on April 9, 1930. He received 
the B.S. Geo ree in niysicas in 1950, and the 

lei B) degree i in phys- 
ics in 1955, both 
from the Massachu- 
setts Institute of 
Technology, Cam- 
bridge. 

During the period 
1950-1952, he was on 
the staff of the M.I.T 
Instrumentation Lab- 
oratory, where he 
was engaged in re- 
search and develop- 
ment of components 
for inertial guidance systems. From 1954 to 
1959 he was a staff member of the M.1.T. 
Lincoln Laboratory, Lexington, Mass., 
where he was mainly concerned with the ap- 
plication of statistical methods to the analy- 
sis and design of radar systems. In Septem- 
ber, 1959, he joined the MITRE Corpora- 
tion, Bedford, Mass., where he is asubdepart- 
ment head in the Radar Systems and Tech- 
niques Department. 

Dr. Manasse is a member of Sigma Xi. 
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John J. Myers (S’43-A’45-M’47-SM’50) 
was born in Columbus, Ohio, on August 3, 
1920. He received the B.E.E. degree from 
Ohio State Univer- 
sity, Columbus Ohio, 
in 1943 and the M.S. 
and Ph.D. degrees in 
electrical engineering 
from the University 
of Illinois, Urbana, 
Ill, in 1947 and 1959, 
respectively. 
In 1943 he went 
on active duty with 
the U. S. Navy and 
_ was assigned to the 

Fire Control Section 
of the Radio Division of the Naval Research 
Laboratory, Washington, IDs (G;, as a. de- 
velopment engineer for monopulse radar. In 
1946, upon return to inactive duty, he joined 
the Radio Direction Finding Laboratory of 
the University of Illinois as a Research As- 
sociate and remaining there during the pe- 
riod 1946-1949, during which time he com- 
pleted the required course work and exami- 
nations, except the thesis, for the doctorate. 

_ During the academic year 1949-1950 he 
conducted a radio propagation survey in the 
Hawaiian Islands for the Hawaiian Tele- 
phone Company, Honolulu, returning to the 
University of Illinois Radio Direction Find- 
ing Laboratory for the 1950-1951 academic 
year. In 1951 he joined the Automatic Elec- 
tric Co., Chicago, IIl., as Division Manager 
for microwave communication systems. In 
1954 he was sent to Milan, Italy, to organize 
and head the Electronics Department of the 
Automatic Electric affiliated organization, 


J. J. Myers 
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Autelco Mediterranea. After his return to 
the U. S. in 1956, he was a member of the 
administration staff of the Automatic Elec- 
tric Laboratories (now General Telephone 
Laboratories), Northlake, IIl., until he 
joined Stewart-Warner Electronics, Chicago, 
Ill., in 1956. In 1957 he returned to the Uni- 
versity of Illinois as a Research Associate in 
the Coordinated Science Laboratory (for- 
merly the Control Systems Laboratory). He 
was then appointed Research Assistant Pro- 
fessor and was engaged in radar counter- 
countermeasures, high-resolution radar, and 
antenna studies. 

He is presently affiliated with the Hoff- 
man Science Center, Santa Barbara, Calif., 
as head of the Industrial Electronics Group. 
In this position he is responsible for new 
product studies in industrial and transpor- 
tation electronics. 

Dr. Myers is a member of Sigma Xi and 
of Eta Kappa Nu. 


Louis E. Raburn (S’41—A’44—M’46- 
SM’50) was born in Manhattan, Kans. on 
June 4, 1919. He received the B.S. degree in 
communications en- 
gineering from Kan- 
sas State College, 
Manhattan, Kans. in 
1941, and from 1942 
to 1943 did graduate 
work at Harvard 
University, Cam- 
bridge, Mass., spe- 
cializing in antenna 
and field theory. 

In 1941 and 1942 
he was a carrier engi- 
neer with the Ameri- 
can Telephone and Telegraph Company. 
From 1942 to 1945 he was a research associ- 
ate in the Harvard Radio Research Labora- 
tory developing electronic countermeasures 
modulators and receivers. He was antenna 
group supervisor at Electronics Research, 
Inc., Evansville, Ind., from 1946 to 1953. 
Here he supervised the development of air- 
craft radio antennas, radar antennas, and 
commercial antennas for FM broadcasting 
and mobile UHF reception. From 1954 to 
1957 he was the staff consultant on antennas 
at the Crosley Division of AVCO, where he 
participated in the theoretical analysis of 
large-aperture antenna cross polarization. 
From 1957 to 1959, he was coordinator of 
antennas and special systems for General 
Electric’s Missile and Ordnance Systems 
Department, and there supervised the de- 
velopment of several antennas, and ancillary 
components. He came to Philco Corp., Phila- 
delphia, Pa. in 1959, where he is now man- 
ager of the Antenna and Microwave Com- 
ponents Section in the Government and In- 
dustrial Division. : 

Mr. Raburn is listed in “Who’s Who for 
Engineers of the Midwest.” 
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Dipak L. Sengupta, for a photograph and 
biography, please see page 306 of the July, 
1959 issue of these TRANSACTIONS. 
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S. R. Seshadri, for a photograph and bi- 
ography, please see page 443 of the October, 
1950 issue of these TRANSACTIONS. 


~ 


Raymond Tang (S’53-M’55) was born 
on December 18, 1933 in Shanghai, China. 
He received the B.S.E.E. degree from 
the Polytechnic In- 
stitute of Brooklyn, 
Nowy, in 1955;nand 
the M.S.E.E. degree 
from the University 
of Southern Cali- 
fornia, Los Angeles, 
Calif., in 1958. 

From 1955 to 
1959, Mr. Tang 
worked at the An- 
tenna Department of 
the Microwave Labo- 
ratory of the Hughes 
Aircraft Co. at Culver City, Calif. He trans- 
ferred to the Microwave Department of the 
Radar Laboratory of the Hughes Aircraft 
Co. at Fullerton, Calif., in 1959. He has been 
engaged in work on microwave antenna de- 
sign and development since 1955. 

Mr. Tang is a member of Eta Kappa Nu. 
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Thomas T. Taylor (A’43—M’50) was 
born in Montpelier, Ind. on April 18, 1921. 
He received the B.S. degree in physics from 
Purdue University, 
Lafayette, Ind., in 
1942 and the M.S. 
and Ph.D. degrees in 
physics from the Cal- 
ifornia Institute of 
Technology, Pasa- 
dena, in 1953 and 
1958, respectively. 

From 1942 to 
1946, Dr. Taylor was 
employed as an engi- 
neer by the General 
Electric Company 
and was connected with several radar and 
microwave projects; from 1946 to 1954 he 
was with the Hughes Aircraft Company as a 
research physicist specializing in antenna 
theory. Although primarily engaged in grad- 
uate studies from 1954 to 1958, he also 
served as a part-time consultant for the 
Consolidated Electrodynamics Corporation 
of Pasadena, Calif. 

Dr. Taylor was a part-time instructor in 
the engineering extension, University of 
California, Los Angeles, during the years 
1947-1950 and 1957-1958. Since 1958, he 
has been with the Division of Physical Sci- 
ences, University of California, Riverside, 
as an assistant professor of physics. 

Dr. Taylor is a member of the American 
Physical Society, the American Association 
for the Advancement of Science, Sigma Pi 
Sigma, and Sigma Xi. 
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Steven Weisbrod (S’49—A’50—M'55), was 
born in Warsaw, Poland, on July 30, 1925. 
He came to the United States in 1939, and 
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received the B.S. degree in physics in 1949 
from the California Institute of Technology, 
Pasadena, and the M.S. degree in engineer- 
ing in 1959, from the University of Cali- 
fornia at Los Angeles. During World War II 
he served with the 
American expedition- 
ary forces in Europe. 
From 1949 to 1955, 
he was employed as a 
physicist at the Navy 
Electronics Labora- 
tory, San Diego. 
Calif., where he spe- 
cialized in problems 
of ionospheric radio 
propagation, back- 
scatter and diversity 
systems. In 1953, for 
work on the High Frequency backscatter 
system, he received the Navy Superior Ac- 
complishment Award. In 1955, together 
with colleagues, he helped form Smyth Re- 
search Associates in San Diego. He is now 
senior physicist there, and in this capacity 
is continuing basic research in the field of 
ionospheric physics, electromagnetic wave 
propagation and meteor and field aligned 
scatter. 

Mr. Weisbrod is a member of the Ameri- 
can Mathematical Society. 


S. WEISBROD 
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William J. Welch was born in West 
Chester, Pa., on January 17, 1934. He at- 
tended Oberlin College, Oberlin, Ohio, and 
received the B.S. de- 
gree in physics from 
Stanford University, 
Stanford, Calif., in 
1955. From 1956 to 
the present, he has 
been at the Univer- 
sity of California, 
Berkeley. During 
1956 and 1957, he 
was a Research As- 
sistant in the Anten- 
na Laboratory, and 
in 1958, he received 
the M.S. degree in engineering science. 
Since 1958, he has been a Teaching Associ- 
ate in the Electrical Engineering Depart- 
ment and is currently completing the re- 
quirements for the Ph.D. degree in engineer- 
ing science. His major interest is in the scat- 
tering and diffraction of electromagnetic 
waves. 


W. J. WELCH 
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Tai Tsun Wu was born in Shanghai, 
China, on December 1, 1933. He received the 
B.S. degree from the University of Minne- 

sota, Minneapolis, 
i and the 
M.S. and Ph.D. de- 
grees from Harvard 
University, Cam- 
bridge, Mass., 


spectively. — 

He was a Junior 
Fellow of the Har- 
vard Society of Fel- 
lows -from 1956 to 


T. T. Wu 
: on research during 
the summers at Brookhaven National Lab- 


oratories, Upton, N. Y., at Stanford Uni- 


versity, Stanford, Calif., and with Bell 
Telephone Laboratories, New York, N. Y. 
and also spent a year at the Institute 
for Advanced Study in Princeton, N. J. 

At present, he holds the position of as- 
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1954 and 1956, re-| 
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1959. He has carried » 
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sistant professor of applied physics at Harv-_ 


ard University. 


Dr. Wu is a member of Tau Beta Pi, Eta 


Kappa Nu, Sigma Xi, the American Mathe- 
matical Society, and the American Physical 
Society. 
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Short Helical Array Elements: Jul 279 
Impedance Parameters in a Coupled An- 
tenna System, Approximation of: Oct 
373 

Impedance Properties of Complementary 
Multiterminal Planar Structures: Dec 
$371 

Interfaces, Waves on: Dec $140 

Interferometers, Radio, Synthesis of Large 
Radio Telescopes by Use of: Dec S120 

Ionized Gases, Propagation of Electromag- 
netic Waves in: Dec S340 

Ionosphere, Electron Densities of Utilizing 
Pockets: Oct 414 

Ionospheric Ray Tracing Technique: Oct 
393 

Isotropic Radiators, Directivity of Broad- 
side Array of: Apr 197 


K 


Knife Edge Diffraction in the Shadow Re- 
gion, Computing: Apr 198 


L 


Lenses, Spherically Symmetric: Jan 32 

Lenses, Spherically Symmetric, Generaliza- 
tions of: Oct 342 

Linear Systems, Network Theory and Its 
Relation to the Theory of: Dec S435 


M 


Matching of Parallel Dielectric Plates to 
Free Space: Dec S288 

Meteor Trails, High-Density, Scattering by: 
Dec $330 

Mirror, Stepped Zone, for Microwaves, Ex- 
perimental Test of: Dec $125 

Modes in Rectangular Waveguides Partially 
Filled with Transversely Magnetized 
Ferrite: Dec S471 

Multipath Distortion, Effect on the Choice 
of Frequencies for High Frequency Com- 
munication: Oct 397 


N 


Near Field Analysis, New Method of: Dec 
$458 

Network Theory and Its Relation to the 
Theory of Linear System: Dec S435 


O 


Omnidirectional Patterns, Circular Arrays 
to Obtain: Oct 436 


P j 

Phase Velocity, Calculated, of Long End- 
Fire Dipole Arrays: Dec S424 

Phase Velocity of Propagation Along Yagi 
Structure: Jul 234 


Planar Structures, Complementary Multi- 


terminal, Impedance Properties of: Dec 
5371 


Plasma, Propagation Through a Hypetetay 


cally Produced: Jul 240 
Propagation: 


through Anisotropic Layers: Dec 5296 4 
Beyond-the-Horizon, Sweep-Frequency ; 


Studies in: Oct 428 


Beyond the Radio Horizon, Tropo- 


spheric, Diffraction Theory of: Jul 
261, 268 
Ground Wave Pulse: Jan 1 
through Hypersonically Produced 


Plasma: Jul 240 
in Ionized Gases: Dec $340 


| 
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; 


Scatter Experiment Using Six Pao | 


loids: Oct 419 
Scattering of Waves, ~Modified WKB 
Methods for: Dec S320 


along Yagi Structure, Phase Velocity — 


of: Jul 234 
Pulse Return from a Sphere: Dec S43 
Pulses, Diffraction and Refraction of: Dec 
S78 


R 


Radar Investigations, 400-MC, of Auroral 
Echoes: Apr 127 
Radars, Circularly Polarized, Rain Cancel- — 
lation of: Apr 199 
Radiation: 
and Guided Waves: Dec $191 
between Parallel Plates, Cylindrical — 
Antennas: Apr 162 


i 
> 


Pattern, Current Distribution over a 


Cone Surface for a Prescribed, Cor-— 


rection to: Jan 104 


from Ring Sources in Presence of Cone: © 


Apr 168 
from Slot Arrays on Cones: Jul 213 
from Thin Wire Loop Antenna Em- 
bedded ina Spherical Medium: Oct 
345 


Radiators, Isotropic, Directivity of Broad- 


side Array of: Apr 197 

Radio Line, A 215-Mile 2720-MC: Apr 117 

Radio Links, 
Power Spectra of: Apr 137 

Radio Telescopes, Synthesis of, by Use of 
Radio Interferometers: Dec S120 

Reactance Surfaces, Sinusoidally-Modu- 
lated, Guided Waves on: Dec S201 

Reflector Antennas, Finite-Size Corner, 
Gains of: Jul 281 

Reflectors, 
Design of: Apr 146 

Reflectors, Spherical, as Wide-Angle Scan- 
ning Antennas: Jul 223 

Refraction, 
Computed With Observed: Jul 258 


Refraction and Diffraction of Pulses: Dec ~ 


S78 


Resonance and Supergain Effects in Loaded — 


Biconical Antennas: Dec S414 
Rhombic Antenna Arrays, Design of: Jan 39 


Rhombic Antenna, Gain and Current At- — 


tenuation of: Apr 188 


Rockets, Electron Densities of the Iono-~ 


sphere Utilizing: Oct 414 


S) 


Satellite Emissions, Doppler Shift of: Jan 99 
Scanning Antenna Arrays of Discrete Ele- 
ments: Oct 435 
Scattering of Waves: 
and Antenna Problems, 
Solution of: Dec S402 


Back Scattering from Cones and Sphe- 


roids: Dec S67 


Correlation Function and ~ 


Inverse Scattering Problem in — 


Atmospheric, Comparison of — 


Numerical — 


Back Scattering at High Frequencies 
from a Conduction Cylinder with Di- 
electric Sleeve: Dec S468 

Back Scattering, Near-Field, Geometri- 
cal Optics Approximation of: Oct 434 

Far Field, Experimental Determination 
of: Dec S77 

from Feed of Cheese Antenna, Reduc- 
tion of: Jul 226 

by High-Density Meteor Trails: Dec 
So30,aee 

by Large Conduction Bodies: Apr 150 

Microwave, by Turbulent Air: Jul 245 

Modified WKB Methods for: Dec S320 

Off Path, Filling in of an Antenna Null 
by: Jul 277 

Propagation Experiment Using Six 
Paraboloids: Oct 419 

Propagation 1954-1957, Tropospheric, 
Research on: Jan 80 

by Quasi-Periodic and Quasi-Random 

= Distributions: Dec $307 

of a Surface Wave: Jan 22 

~Slot Arrays on Cones, Radiation from: 

= Jul 213 

Slots, Closely-Spaced Transverse, in Rec- 

tangular Waveguide: Oct 335 

' Slotted Dielectric Interfaces, Properties of: 

= Jan 62 

_ Spherical Reflectors as Wide-Angle Scanning 

_ Antennas: July 223 

’ Spiral Equiangular Antenna: Dec $117 

_ Stepped Zone Mirror for Microwaves, Ex- 

- perimental Test of: Dec $125 

_ Supergain and Resonance Effects in Loaded 

- Biconical Antennas: Dec S414 

Surface Waves: 

Anatomy of: Dec S133 

4: Antennas, Scanning: Jul 276 

- along Corrugated Structures: Jul 274 


Decay Exponents and Diffraction Co- 
efficients for: Dec $52 

Launchers, Theoretical 
Dec S169 

Launching, by a Parallel Plate Wave- 
guide: Oct 359 

over a Lossy Conductor: Dec $227 

Papers, Preface to: Dec S132 

Propagation Trajectories Associated 
With the Sommerfeld Problem: Dec 
$175 

Research in Sheffield: Dec S219 

Scattering of: Jan 22 

Supported by Cylindrical Surfaces: 
Dec $147 

Sweep-Frequency Studies in Beyond-the- 
Horizon Propagation: Oct 428 


Results for: 


T 


Terrain, Rough, Height-Gain Curves Taken 
Over: Oct 405 

Transmission Characteristics of a Guide: 
Dec $183 

Transmission Coefficient from a Trans- 
mitting to a Receiving System, Theorems 
on: Dec $118 

Transmission Line, Two-Wire, Dipole An- 
tenna Coupled to: Oct 386 

Transmission, ‘Tropospheric 
Range, Status of: Oct 439 

Traveling-Wave Cylindrical Antenna De- 
sign: Jan 74 

Tropospheric Extended-Range ‘Transmis- 
sion, Status of: Oct 439 

Tropospheric Propagation Beyond the Radio 
Horizon, Diffraction Theory of: Jul 261, 
268 

Tropospheric Scatter Propagation 1954— 
1957, Research on: Jan 80 


Extended- 


U 


URSI Report on Antennas and Waveguides 
and Bibliography: Jan 87 


Vv 
Virtual Height, Measurement of: Jan 11 


WwW 


Waveguides: 
Anisotropic, Discontinuity Problem at 
the Input to: Dec 5261 
Finite Range Wiener-Hopf Integral 
Equation and a Boundary Value 
Problem in: Dec $244 
Modes in, Partially Filled with Ferrite: 


Dec $471 

Parallel Plate, Launching Surface 
Waves by: Oct 359 

Rectangular, Closely-Spaced Trans- 


verse Slots in: Oct 335 
Rectangular, Leaky Wave Antennas: 
Oct 307 
URSI Report and Bibliography: Jan 87 
Wedge and Septate, Attenuation in: 
Dec $279 
Waves on Interfaces: Dec $140 
Wedges and Cone Surfaces with Varying 
Surfaces Impedance, Properties of: Dec 
$231 
Wiener-Hopf Integral Equation, Finite 
Range, and a Boundary Value Problem 
in a Waveguide: Dec S244 
WKB Methods, Modified, for Propagation 
and Scattering of Waves: Dec $320 


Né 


Yagi, Antennas, Obtaining Maximum Gain 
from: Oct 379 

Yagi Structure, Phase Velocity of Propaga- 
tion Along: Jul 234 


AP TRANSACTIONS INDEX—7 


~ ex 
ty ~ A 
A 
bo \ 
* 

Y ) 
wy 
AA 
“ 

. 

a) 

- . 

he ‘ 

= 


STAVID 


ADVANCES NE i PROCEEDINGS OF THE 
TECHNIQUES \ /- 4 | URSI INTERNATIONAL 


SYMPOSIUM ON  ELEC- 
TROMAGNETIC THEORY, 
Toronto, Canada, JUNE 


15-20, 1959 
M@ When long-range detection devices are required, STAVID 


is in the vanguard creating and advancing the state-of-the- 
art. Mi STAVID‘s continued expansion provides several : 
excellent career opportunities for engineers who possess a Wig sto sore Delt Ece Bes evap ace 
BSEE with a minimum of 4 years’ experience in design and Eoropane day qrens: edecemadcae ay, 
development of UHF-Microwave Radar and Communication able to The Institute of Radio En- 
Antennas; RF rotary joints and radar receiving and duplexing gineers, | East 79th Street, New York 
systems; microwave monopulse antenna systems for military 21, N.Y., at the following rates: 
search, guidance and tracking radar applications; lens 
antennas and radar antennas of parabolic, horn, slot array, 
polyrod and pillbox types. Mf 


PGAP members and subscribers are 


Price per 


Copy 
Send Complete Resume In Confidence To: PGAP Members $ 8.00 
Mr. J. R. Clovis, Personnel Dept. I, Other IRE Members $11.00 


STA VID Engineering, Ine. Libraries $12.00 


U. S. HIGHWAY 22 PLAINFIELD, NEW JERSEY : Nonmembers $16.00 


AVAILABLE BACK ISSUES OF IRE TRANSACTIONS ON 
ANTENNAS AND PROPAGATION 


PUBLICATION PRICES 


Group IRE Non-* 
Members Members Members 


Vol. AP-g, April, 1954 D2. $3.00 $6.00 
Vol. AP-4, Oct., 1956 $2. $3.15 $6.30 
Vol, AP; 7 Jan., 1957 D3. $4.80 $9.60 
Vol. AP-5, April, 1957 $1.7! $2.60 
Vol. AP-5, . 3, July, 1957 $2. as 
Vol. AP-5, A, OCt., © 1957 DI. 2.55 
Vol. AP-6, ; Jan., 1958 $3.8r $5.80 
Vol. AP-6, . 2, April, 1958 Ld $1.75 
Vol. AP-6, No. 3, July, 1958 
Vol. AP-6, Oct. = 1558 
Vol. AP-¥, ; Jan., 1959 
Vol. AP-7, No. 2, April, 1959 
VoloAP7; . 3, July, 1959 
Vol. AP-7, No. 4, Oct., 1959 
VoleAP-7; 09; Dec. 1959 $12. 
i TOW 


i rC é 2 IRE r rate. 
* All libraries and subscription agencies may pul chase at the IRE Member ra 


+ Special supplement. 


EXPANSION 


to keep pace with 
the growing challenge of 


ELECTRONICS 


at GRUMMAN AIRCRAFT 


Grumman Aircraft Engineering Corporation’s long and continuing re- 
sponsibilities for the design of Avionics Systems for ASW, AEW, Recon- 
naissance, and all-weather attack aircraft has necessitated vast facili- 
ties expansion. A new five million dollar Avionics Center will provide 
62,000 square feet of floor space devoted exclusively to activities in- 
volving test, evaluation and integration of Avionics Systems. 
Concurrent expansion of our staff of electronics engineers and scien- 
tists has created positions for men anxious to participate in varied and 
intellectually stimulating programs utilizing the most modern of facilities. 


% Communications Engineer. EE 
or Physicist with knowledge of com- 
munication theory including advan- 
tages of various modes of modulation 
and effects of propagation within and 
out of the atmosphere. To keep ad- 
vised of the state of the art of com- 
munications systems for data, voice 
and video links for air-to-ground, air- 
to-air, space-to-ground transmissions 
and reception; to recommend radio 
frequencies and modulation tech- 
niques for various missile and space 
craft communication applications; to 
conduct preliminary design of com- 
munication systems in order to esti- 
mate weight and power requirements; 
to propose and conduct research on 
advanced communication systems. 


%* Radio Interference Control En- 
gineers. Engineers to analyze the 
source of conducted and radiated 
interference caused by the interaction 
of complex electronic equipments and 
systems, and develop methods and 
techniques to suppress the interfer- 
ence in the advanced design state of 
aircraft and missiles. 


%& Radome or Antenna Design En- 
gineer. BSEE or Physics degree with 
a minimum of 3 years’ experience in 
radome design. Background in clas- 
sical Electromagnetic theory and ad- 
vanced math essential. Work consists 


of analysis and synthesis of radomes 
or antennas on current and advanced 
designs including the use of the IBM 
computer facilities to develop design 
techniques. 


%& Communications Equipment 
Engineer. BSEE with a minimum. of 
5 years’ experience with thorough 
knowledge of single sideband theory 
and its application. Should possess a 
complete understanding of AM, FM, 
PM and single sideband modulation 


processes and their application as well 


as techniques. Must have experience 
in analyzing and testing communica- 
tions receivers and transmitters, and 
should be thoroughly familiar with 
HF and UHF antennas and associated 
propagation problems. A background 
in digital equipment, encoders, de- 
coders and magnetic storage devices 
is an important consideration. 


%& Radar Systems Engineer. BSEE 
with a minimum of 5 years’ experience 
in design development and analysis of 
advanced radar systems. Capable of 
integrating the Radar into complex 
airborne Avionics Systems including 
the following specific skills; Analysis 
of System, Compatibility with Weap- 
ons System, Preparation of Specifica- 
tions, Vendor Liaison and Direction, 
Test and Evaluation, Flight Develop- 
ment. 


You are invited to investigate these opportunities by sending your resume 
to Mr. A. Wilder, Engineering Personnel Director, Dept.GR-71, who will 
arrange an interview at your convenience. (U.S. C. itizenship required), 


GRUMMAN AIRCRAFT ENGINEERING CORPORATION 


Bethpage 0 Long Island ° New York 


For Information 
Concerning Advertising 
Rates Contact 
Mr. Delmar C. Ports 
Jansky and Bailey, Ine. 
1359 Wisconsin Ave., 
NW. 
Washington 7, D.C. 
Telephone: 


Federal 3-4800 
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FILEB IN STACKS INSTITUTIONAL LISTINGS 


The IRE Professional Group on Antennas and Propagation is grateful for 
the assistance given by the firms listed below, and invites application for 
Institutional Listing from other firms interested in the field of Antennas and 
Propagation. 
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ANDREW CORPORATION, 363 E. 75th St., Chicago 19, Ill. 
Antennas, Antenna Systems, Transmission Lines, Development and Production. ~_ 


ifs gph 


ANTLAB, INC., 6330 Proprietors Rd., Worthington, Ohio 
Antenna Pattern Range Systems—Recorders & Mounts. 


BLAINE ELECTRONETICS, INC., 14757 Keswick St., Van Nuys, Calif. 
Antennas, Paraboloids, Scale Models, Antenna Radiation Pattern Measurement Towers. 


DEVELOPMENTAL ENGINEERING CORP., 1001 Conn. Ave. N.W., Washington, D. C. and Leesburg, Vi 
Research, Development, Installation of Antennas and Antenna Equipment for Super Power Stations. —_ 


| 


THE GABRIEL LABORATORIES, Div. of the Gabriel Co., 135 Crescent Road, Needham Heights 94, Mas 
Research and Development of Antenna Equipment for Government and Industry. + 


HUGHES AIRCRAFT COMPANY, Culver City, Calif. 4 
Research, Development, Mfr.: Radar, Missiles, Antennas, Radomes, Tubes, Solid State Physics, Computers. 


I-T-E CIRCUIT BREAKER CO., Special Products Div., 601 E. Erie Ave., Philadelphia 34, Pa. : 
Design, Development and Manufacture of Antennas, and Related Equipment. | 


JANSKY & BAILEY, INC., 1339 Wisconsin Ave. N.W., Washington 7, D.C. 

Radio & Electronic Engineering; Antenna Research & Propagation Measurements; Systems Design & Evaluation 
: 
| 
| 


MARK PRODUCTS CO., 6412 W. Lincoln Ave., Morton Grove, IIl. 
Multi Element Grid Parabolas, Antennas for Two-Way Communications, R & D. 


THE W.L. MAXSON CORP., 475 Tenth Ave., New York 18, N.Y. 
Research, Development, & Manufacture of Airborne, Missile 8 Ordnance Systems & Equipment. 


TRANSCO PRODUCTS, INC., 12210 Nebraska Ave., Los Angeles 25, Calif. | 
Res., Design, Dev., & Mfr. of Antenna Systems & Components for Missile, Aircraft 8& Ground Installations. _ 


WEINSCHEL ENGINEERING COMPANY, INC., Kensington, Md. 
Antenna Pattern Receivers; Bolometer Amplifiers; Modulated Microwave Sources; 
Insertion Loss Measuring Systems 


WHEELER LABORATORIES, INC., Great Neck, N. Y.; Antenna Lab., Smithtown, N. Y. | 
Consulting Services, Research and Development, Microwave Antennas and Waveguide Components. : 


WIND TURBINE COMPANY, West Chester, Pa. 
Complete Antenna Systems and Towers 


The charge for an Institutional Listing is $25.00 per issue or $75.00 for four 
consecutive issues. Application may be made to the Technical Secretary, 
The Institute of Radio Engineers, 1 East 79th Street, New York 21, N. Y. 


